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All weak interactions are assumed to violate the conservation law of parity, contrary to the case 
of strong interactions. Such correlation between two conservation laws of parity and of hyperonic: 
charge can be achieved by a new interpretation of hyperonic charge. The phenomenological hyperonic 
charge is expressed by the expectation value of a new operator C275. Nucleon and J&-particle are 
assumed as the eigenstates of this operator, and two t-spin doublets recombined from A-and Y-particles 
are assumed as the eigenstates of ¢37;, which anticommutes with ¢o75. If we assign the suitable c- 
dependence to the tensor matrices associated with K- and z-mesons, we can arrive at the correlation 
mentioned above. In the course of the construction of our scheme, the problems of the so-called 
particle mixture, and of the particle image under the coexistence of the parity-conserving and noncon- 
serving interactions are used as the stepping stones. The introduction of the new matrix ¢ and the 
¢-dependence of the tensor matrices associated with bosons allow us to assign the generalized hyperonic 
charge to leptons, and to exclude the unwanted processes, z>e+v, (K->e+yv) and P+p—>P+e, owing 
to the assignment. The connection of our scheme and the interpretation that hyperonic charge can 
be understood as the parity in isotopic spin space suggests some internal correlation between the Minkowski 
space and the isotopic spin space. The possibility of such correlation is discussed. In Appendix, the 
spinor analysis in the six dimensional space, which partly reproduces our phenomenologically obtained 


results, is described as a tentative model. 


§ 1. Introduction 


Assigning of isotopic spin and strangeness to baryons and mesons, and classifying of 
interactions into weak and strong ones’ have marked an epoch in the study of elementary 
particles. The strong interactions are characterized clearly by the conservation of strangeness 
and isotopic spin, and parity is also conserved there. Therefore, it seems to be meaningful 
to introduce these conserving quantities as new quantum numbers as far as we are con- 
cerned with strong interactions, in addition to spin, parity, mass and charge, which are 
considered usually as the quantum numbers of elementary particles. On the other hand, 
the weak interactions show that these new quantities have characters quite different from 


the old quantum numbers of elementary particles. Namely, we assigned strangeness to 


* The preliminary results were reported at the annual meeting of Japan Physical Society held at Tokyo 
University, November 1957, and published in the “ Soryushiron-kenkya ’’ (mimeographed circular in Japanese) ,, 
15 (1957), 496; 16 (1957), 130, 261 and 14 (1957), 481. 
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elementary particles in such a way that the sum of the quantum numbers changes by se 
unit in the transition, and isotopic spin is not conserved there, too. Further, the violation 
of the conservation of parity is observed not only in weak Fermi interactions”, but also 
in the decay of A particle”, in which neutrino plays no role explicitly. The so-called 
7*—@ puzzle can be understood easily, if the parity conservation is violated in the con- 
cerned weak interaction.” 

The facts that parity and strangeness are conserved in the strong interactions and 
that neither of them seems to be conserved in all weak interactions*’ may be considered 
to suggest the existence of some correlation between these two conservation laws. Then, 
we can take up this correlation as a key to understand the singular character of the new 
quantum numbers. In this article, we want to understand this correlation by intreducing 
a new set of Pauli-type matrices ¢;’s, and reinterpret hyperonic charge, which is the 
equivalent parameter to strangeness regarding to the selection rule, as the expectation 
value of the matrix £,7,. The so-called hyperonic charge is only a kind of phenomenolo- 
gical c-number parameter, but the problem of the particle mixture’’ suggests that it is 
more promising to understand hyperonic charge as the expectation value of some operator, 
as will be explained in the next section. On the other hand, hyperonic charge does not 
always conserve. Therefore, the operator will not be expressed by a simple generating 
operator associated with any group, as energy-momentum or angular momentum. We take 
account of this situation by assigning the different operators to baryons with hyperonic 
charge + 1 and the ones with hyperonic charge zero as the constants of motion which 
are connected to hyperonic charge. It is more convenient to recombine - and \’- 


particles into two isotopic spin doublets Y and Z with hyperonic charge zero, as was 


done in Gell-Mann’s” article on the grobal symmetry. Nucleon and 5-particle with 
hyperonic charge +1 are assumed to be the eigenstates of f.7;, and Y-and Z-particle are 
formulated as the eigenstates of the other matrix 7,7,, which anticommute with 7.7 


<A 
In this way, we can arrive at a phenomenological scheme, which expresses the correlation 
of the two conservation laws, if we assign the suitable f-dependence to the tensor ma- 
trices associated to bosons. The appearance of the matrix 7, in the hyperonic charge 
operator is a reflection of the concerned correlation. 


In the next section, we shall introduce the matrix £ in connection with the modi- 
fication of the particle image in the case where the parity-conserving and nonconserving 
interactions exist simultaneously. There the guiding principle is that the clothed free 
particle should have the same particle image as the bare particle. The fundamental 
equations of spinor fields are modified so as to regain the desired particle image. The 
properties of the three equations, which are possible from the correspondence-theoretical 
point of view, are analyzed. The correspondence of the types of spinor field to physical 


baryons is determined in such a way that the concerned correlation between the two con- 


) It is not established yet that the conservation of parity is always violated in the weak baryon in- 
teractions. For exemple, this violation is not confirmed for the S-decay.5) But here we assume that parity 
is not conserved in all weak interactions, at least in the lowest approximation. 


New Interpretation of Hyperonic Charge and its Generalization to Leptons 585 


servation laws is achieved. In order to reproduce the usual selection rule about hyperonic 
charge, it is necessary to go through some suitable virtual states for some interactions. 
But the additional procedure does not disturb the selection rule and the correlation. The 
situation that it is sufficient for the phenomenological hyperonic charge to get the selec- 
tion rule between the initial and final states will be emphasized in Appendix I. 

The concerned correlation between the two conservation laws may be brought about 
by some physical entity such as / particle in Sakata’s composite particle model.” But, 
if we take account of this correlation along the line which will be described in § 2, we 
can systematically understand not only the phenomena in which only baryons and 
mesons take parts, but the weak interactions in which leptons also participate. In § 3, 
we shal! assign the types of spinor field to leptons so as to exclude the unwanted pro- 
cesses T>e+v, (Ke+yv) and P+p—>P-+e, and to allow the reactions z>y+y, K> 
U+Y, p-capture, Ye +y-+y and f-decay. There we shall assume the conservation of lepton 
number, and that #~ is particle. There do not occur any parity-conserving interactions 
(consequently, strong interactions), when leptons participate. In § 4, few explanations 
about the idea proposed in this article will be supplied, and the problems which may be 
comprised in the line of our considerations will be enumerated. Especially, the connec- 
tion between our scheme and the interpretation that hyperonic charge can be understood 
as the parity in isotopic spin space will be discussed. It may be emphasized here that 
our interpretation of hyperonic charge is formulated without reference to isotopic spin 
space. In Appendix II, a preliminary model of the spinor analysis in the six dimensional 
space, which leads the modified wave equations, will be analysed, in order to facilitate 
the understanding of the idea, and to interpret the prcblems which are not sufficiently 
explained in the text. Further, it may help us in getting deeper understanding about 
the parity violation, and in surmising the internal correlation between the isotopic spin space 


and the Minkowski space. 


§ 2. New interpretation of hyperonic charge 


Strangeness is really a good dynamical parameter for the phenomena in which the so- 
called strange particles participate. But hyperonic charge seems to be more suitable, in order 
to formulate the symmetry character basing on isotopic spin space,” the mass-multiplicity, 
the dynamical properties of mesons," and the grobal symmetry.” Therefore, in the follow- 
ing, we use hyperonic charge instead of strangeness, and consider the atch & gee 
hyperonic charge +1 and (Y, Z) with hyperonic charge zero as the physical entities in 


a more symmetrical world, along the line of Schwinger and Gell-Mann.” Here Y and 
Z are two isotopic spin doublets suitably recombined from A- and >'-particles, and may 
ea ay wes . 
be defined as Y=(S1*, 452+ )and Z=(4F2+, 31>) 

\ V 2 \ Vv az 


We are embarrassed firstly by the problem of particle mixture,” when we want to 


take account of hyperonic charge as the new quantum number of the strange particles. 
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The @ meson, which decays into two 7 mesons, is not a //” meson with a definite hyperonic 
charge 1, but a @,” meson defined by 
o> = (ims 41>), 
v2 

if C- or PC-invariance is satisfied in the decay. (Here # means the antiparticle of a /’- 
meson.) Owing to this situation, the #” meson has two kinds of lifetime, contrary to 
4,°. If a particle should have its unique lifetime, as supposed by Pais and Gell-Mann, 
@,° is considered to be a particle. But, 4,” has not a definite hyperonic charge. Thus 
there appears a discrepancy between Pais-Gell-Mann’s particle image and the one which 
supposes for a particle to have a definite hyperonic charge. 

We can obtain a new particle image by utilizing this dilemma,* if we take into 
account the fact that #,° and @,° have definite parities with respect to the operation of 
particle-antiparticle conjugation. Namely, it is sufficient to solve this discrepancy to sup- 
pose that hyperonic charge is not a c-number but an expectation value of some operator 
4, and that this operator does not commute with the operator for particle-antiparticle 
conjugation** A. Then, it will be possible to formulate the theory in such a way that 
the expectation value of 7 is observed in the production of #-meson, and that the parity 
with respect to A is observed in its decay. 

We had to assign the mass multiplets concerning the isotopic spin beforehand when 
we introduced strangeness. Therefore, it is natural to try to understand this parameter 
in the frame of isotopic spin space. But this problem is postponed to the end of § 4, 
and here we use hyperonic charge as a kind of phenomenological parameter describing the 
usual selection rule, which will be explained in detail in Appendix I. In order to deter- 
mine the commutation relation between 7 and A, we can use the fact that we assumed 
for the hyperonic charge of the antiparticle to have the inverse sign and the same magni- 
tude to the one of the corresponding particle. This situation is formulated as*** 


{4, 7} =0. (2-1) 
This requirement compels us to modify the wave equations in such a way that the new 
equations contain some new operator. Because, the operator 7 is to be understood to contain 


some operator which does not appear in the conventional wave equation, and the operator 
A is the one associated with the wave equation. 


* Tt might be possible to assume that C- and PC- (consequently T-) invariances fall down in the decay. 
But there is no evidence until now that T invariance is violated in the nature. Further, the 62° meson with 
a long life is really observed.1) 


** The conjugated field to the field ¢ is expressed by 


ec=Apg. 
** The proof of this equation is as follows. We get 
7 Alparticle > = y|anti-particle> = —U |anti-particle > 
and 
An| particle > = UA|particle> =U] anti-particle >, 
for the arbitrary one particle state with hyperonic charge U. 
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Here we turn our attention, for a little while, to the particle image under the 
coexistence of the parity-conserving and -nonconserving interactions. If we calculate the self- 
energy of some particle under such situation, the intrinsic parity of the clothed particle 
will be different from the one of the corresponding bare particle, generally. Therefore, 
the equation of motion of the clothed nucleon, with the Fermi-interaction proposed by 


®) will become 


4 (Fy O,(1+67;) +m’) d’ =0, (2-2) 


where the coefficients a4, b and m’ are required to be real by the hermitian character of 


Lee and Yang, 


Pin 9. Os 79,0, and i. The b-term comes from the self-energy graphs, in 
which odd numbers of parity-nonconserving interactions participate. In fact, the lowest 
order calculation in the Green function method gives non-zero value to the coefficient b, 


except for the special types of interactions 


oe Ges ‘Table 1). Now, 
AG | i 
Fat : ‘ ’ | | pas andsspee aig, (d+ bye)i*s 
iY B L B i vita Lie he 
Pp’ L B bh) sapenB inp BL satisfy the same commutation relation, as 
Ki B L | -B L will be expected from the fact that we 
A’ donk pe 8 obtain Klein-Gordon’s equation from the 
ms Ble? Bl. equation (2.2) by the iteration as in the 
In this table, such combinations of H, and H,, that case of Dirac’s equation. Therefore, there 


er ee 2 the ole exists such transformation V that satisfies 
tion (2.2) are marked by B for the nucleon self- 


energy, and by L for the lepton self-energy. H, 1 a pen ViboncVecte 3) 
and H,, mean the parity-conserving and-nonconserving of tes an we 15 hub + 
interactions, respectively, which act at each vertex in 


the lowest order self-energy graph. The panies of We can solve this equation, for be ea 
the interactions are used after Lee and Yang!*). The 


difference between the cases of nucleon ard leptons get 
is due to the way that the extra 7; matrix enters in Veze-fto (2-4) 
the closed loop. It is not essential here that the 


mass of neutrino vanishes. fies 


1 
fe= cooi—— — 
if 2 y1—e 
That is, the equation (2.2) can be reduced to the usual Dirac’s equation 
ian Oy ae M,») ue 7% 0, 


if we put 


* Here, we assumed the T-invariance, for simplicity. This assumption is not essential to the follow- 

ing discussions. If we do not require this invariance, the equation (2-2) must be replaced by 
a{7,0, (1+b7s) +m’ (1+ crs) }¢’=0. 

This equation also can be reduced to Klein-Gordon’s equation. But there remains 75 term in the mass term, 


when we perform the transformation (2.3), which is defined uniquely in order to reduce the 7,0, (1+675) 


(2-2) 


term to the ordinary form 7,0,- 


~ 
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b=y/a eft Wl. (2-5) 

This substitution is a kind of renormalization. The renormalization of the wave operator 
is the multiplication of the ordinary number, in the parity conserving theory. Here the 
renormalization contains the multiplication of e/*° and this factor mixes the two types of 
field, <b’ and 7,(’, which have the different intrinsic parity. (In other words, the mixing 
rate of the large and the small components must be renormalized.) Therefore, it becomes 
objectionable to the renormalization theory to treat parity as the quantum number of 
particles, if the parity-nonconserving interactions exist. Further, it is desirable for some 
quantity to be renormalized to appear in the starting form of the theory, in the renor- 
malization philosophy*. 

Taking account of such situations, we propose** to modify the fundamental equation 


of spinor fields as 
{(@+ 875) 7p 9, +m} d=0, (2-6) 


and suppose that this equation reduces to the ordinary wave equation correspondence- 
theoretically in the limit, where the parity asymmetry disappears in the nature, (i.e. @—> 
1 and §-—>0). It is more convenient for our present purpose to make the equation (2.6) 
couple with the equivalent one for 7,(/, which has the different intrinsic parity from ¢ 
by the minus sign. Such equation is obtained by multiplying the equation (2.6) by 7, 
from left, as 


{(@+F75)7.9,—m} (759) =0. (2-7) 


Then, we understand these equations as the coupled equation for ¢ and j-.<', or for some 
two independent linear combinations of them. If we introduce a new set of Pauli’s 


OSes trom ta : 
matrices*** ¢,’s (i=1,2,3), this coupled equation can be written in the following three 


modes. 
1) {i(@+ BE) Co¥s7 0, —m} PF =0, (2-8-I) 
a: lh 
vi=(.", ). (2-9-1) 


2) {i(a+ ff) C1 sipOn +m} PT ,=0, (2-8-II) 


Z ies oak 
In the renormalization theory, it is assumed for the clothed particle to be represented by the same 
irreducible representation of the Lorentz group as the bare particle. 
Cae ‘ ; ‘ ‘ 
It is possible to consider that the existence of the Parity-nonconserving interactions has no meaning 
as far as we treat the clothed but free particles. But the transformation (2.5) produces a weaker parity 


nonconserving interaction from a parity conserving interaction ~70¢’, generally. That is, 
Y’0p’ 9, eST8 O eS Ts g,. 


1S / . . . . 
Of course, ¢”OW’ keeps its form invariant, if O commutes with 75. 


““ In this article, the representation of ¢,’s is fixed as 


only aa( spent | 
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Piy=( ) (2-9-II) 


. iT 
3) {(B+ 465) Cirs7.9, +m} V,7=0, (2-8-II1) 
aif hier.) (230 2 
Pin= (17) foo ): (2-9-IIT) 


Indeed, if we substitute (2.9) in the equations (2.8) respectively, we obtain the equa- 
tions (2.6) and (2.7).* Further, the matrices £,7,, £7, and ¢,7, are the constants of 
motion in the equations (2.8-I~III), respectively, and %,, /,, and ¥,,, are their 


_ eigenstates with the eigenvalue +1, as will be seen easily. In the following, we denote 


them as 
gs ea) 
Cal's Dye ck Uys = £( £7, hb MN (2-10-I) 
y (E) ~ 
Cy, Put=+ Pyt= +( +i7,® )? (2-10-I) 
and 
ley 2 b= 
C375 Prt = + Fi t= +( qk - pee ) 5 (2-10—IIT) 


where ¢*? satisfies the equations (2.6) and (2.7) and ¢/~ satisfies the similar equations 
with the opposite signs of 7 and m. In the following, it is assumed that ¢'~’ has the 
same intrinsic parity as ¢/*?** 

Now, we may attempt to set up some relation between the operators 7 and € in 
such a way that the equation (2.1) is satisfied and that we get the correlation between 
the two conservation laws of parity and of hyperonic charge, which is assumed in the 


Introduction. The particle-antiparticle conjugation operators for the equations (2.8—I~III) 
are given by*** 
Alf, Goat (2-11-I) 


Ay=C; {3 % NS, (2>b1 >IT) 


* Therefore, the three equations in (2.8) are equivalent concerning this point. But each of them plays 

a different role in the following, when they are considered simultaneously. Further, they are essentially 
different from each other in the spinor analysis in the six-dimensional space, as will be seen in Appendix II. 
** This assumption is necessary to get the results included in this article. At this stage, we can say 
nothing about the relative parity between ¢ and ¢(, as we have no formal foundation to treat the 


parameter fi yet. 
*** With respect to the 7 matrix, we used the standard representation, that is, 


Ts= 03) Te= 0. and ;—=—(}. 
The representation of Weyl-Pauli, 
T= Te=—O2.cx% and 7>=— $2, 


gives the same results for the relations (2.12). 


~ 
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and Aaya cg (2-11-III) 


: ' F ain 
respectively, where the operation K means to perform complex conjugation. The operators 


Liss Co, and C7, satisfy the relation (2.1), if we use the corresponding operators A, , as 


{C,7%s, 47} =0, (2-12-I) 
{Cis A,;} =0, (2 > 12—II) 
and Cif a ees (2-12-IID) 


Therefore. the three equations (2.8) are equivalent, as far as we are concerned with the 
relation (2.1). If we select out one of the three £,7;’s, [a/'s, as the operator 7, we can 
describe the nucleon field with hyperonic charge +1 by the spinor ¥,-, and the = 
field with hyperonic charge —1 by the spinor ¥,-. As to the Y- and Z-field with 
hyperonic charge zero, we assume that they are described by the spinors /,+, which are 
the eigenstates of ¢,7; different from £,7;. Then the expectation values of 7=T,/'5 
in these states become zero*. Thus, we can reexpress hyperonic charge at least in the 
kinematical feature of baryon fields, along the line proposed in the beginning of this 
section. 

The operator (,j'5, which is to be identified with the hyperonic charge operator 7, 
and ¢,7;, which is the constant of motion of Y- and Z-fields, can be selected out of the 
three (;75;s by taking account of the dynamical character of hyperonic charge. In this 
article we assume that the conservation law of parity is always violated in weak interac- 
tions, contrary to strong interactions, as was explained in the previous section. Therefore, 
we must formulate our scheme in such a way that the following requirements are satis- 
fied: a) parity is conserved in the interactions which conserve hyperonic charge, b) the 
conservation law of parity is violated in the interactions which change hyperonic charge 
by one unit, and c) all interactions, which change hyperonic charge by the amount more 
than two, are forbidden. 

The Yukawa type interaction between two spinor fields / and 4%’ and one boson 
field 2 can be rewritten as 


(FO'W") 2=sp(0" FG), (2-13) 


where G=O! and O is some combination of 7-, 7- and <-matrices. (In the follow- 
ing, we restrict ourselves to the non-derivative couplings). The operator G is a tensor 
matrix associated with the boson field 2. In the conventional field theory, the 7-depen- 
dence of the tensor matrix G associated with some boson field is determined by the 
transformation properties of spinor fields, as will be clearly seen in the so-called fusion 


* The proof is as follows, 
Pryrteats Y,+=1/2- V,+t (Cots: Cats ttalth Cots) Vyt 


— 1/2: Vy +t (Crile =o) V,+=0 . 
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method.'® In the present theory, the fundamental equations for spinor fields (2.8) are 
considered to involve some essentially new elements, and to be formulated as the represen- 
tation of some group wider than the Lorentz group. But we cannot say anything about 
the new group at the present stage, and we want to try to determine the ¢-dependence 
of the tensor matrix G phenomenologically in such a way that our requirements are fufilled. 
If we can find the suitable ¢-dependence, which is common to all interactions of 7- (K-) 
meson, we may expect that the nature suggests us some possibility to extend the Lorentz 
group. 

In order to analyse the interactions (2.13), we must construct the adjoint field ¥, 
to Y; in such a way that they satisfy the corresponding adjoint equations to (2.8-I~III) 


P{i(@+BC,) Co757,0,—m} =0, (2-14-I) 

Pi {i(@ + Bo) £77 .9,+m} =0, (2.14-II) 
and 

Piri (B+OL5) Cais u9. +m} =0. (2-14-IIT) 


These spinors can be obtained easily as 


P= Pfs l= GO, EF" 7), (2-15-1) 
Pt Pye te ,= ($®, iby) (2-15-I]) 
and . 
Fys= Cryepli=(G zip > fist le. (2- 15-1) 
: eZ, 2 
Table 2. 
<i Seen a he eee Se ee ee ee 
j VrOr7 | z7 10 P/O Tri, | pe 
VO, ia iL | ah al = - I “al tah = oe. | ¥ oe 
(a) | (b) | (a) | (b)) (@) |} ®)) |) | (a) | (b) | | i 
Vs 2 ee : ee 


(1=Fi)(S+iPS) | (1=b7)(S—iPS) 
rs “EPS 0 O |+iPS) 0 |) S$ | (1-1) PS (1i)PS) S (PS) (14i)(S+iPS) | (1Fi)(S—iPS) 
Co | 0 +iPS+PS| 0 | 0 |FiPS|\(171) PS (4141) PS FIPS) iS \(41+1)(S—iPS) (F1+i(S+iPS) 
goo) s-leoxiils (Bpsitid leat nser ati se [os -epsieeei(Ssipsy |: (17%) (S+5PS) 
ys | PS.) 0+, PS| 0.| PS) 0 | (Q=i)PS (+)PS +8 | PS (+1+i)(S—iPS) (+:1—i(S+iPS) 
Ys0i] HS |. 0.) O- |FiS|0..|, PS | (eli) S) (E14) S|) PS FS | (14+1)(S—iPS) (1—i)(S+iPS) 
Yabo] 0, +S ae, ) O jiS | (411)S, (4141)S FiS | iPS | (1F1)(S+iPS) Mane oiee) 
2 5 NE PS|+S | 0 | (1+i)PS (1-i)PS | PS 48 (+1—i)(S+iPS) (421+ i)(S—sPS) 
a ee en a 


In the column (a), the matrix elements for the cases, where the sign of the eigenvalue of V is the same as 


Pee eae) OF) ASS A SENS | Mays Le PSs |S. 


the one of @, are written. rae 
In the column (b), the matrix elements for the cases, where the sign of the eigenvalue of V is different from 


the one of @, are written. . . 
The upper sign added in front of S or PS is to be taken for the case, where the eigenvalue of Y is +1 


and the lower sign is for the another case, and § and PS mean scalar and pseudoscalar, respectively. 
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respectively. Further, these spinors have the properties, 


P40 75= Se T, +, (2.16—I) 
P yl of s= +P 7+, (2-16-II) 
and P12 tae Pir, (2-16—IIT) 


as will be easily seen by their definition (2.15). The matrix elements between six paris 
of spinors VY, and O;(i, j=I, I, IIL) are tabulated in table II, for (,’s and 75f;'s. 

For simplicity, we fix the types of spinor fields for baryons beforehand, and determine 
the ¢-dependences of the tensor matrices G,, Gx, and Gx for 7-, K and anti-K-mesons, 
respectively. It will be easily found that there is no other correspondence which satisfies 
the requirement about the dynamical characters of hyperonic charge. The sole possible 


correspondence is given by* 
Py=Py,+, Ps=Fn-, 

and (2-17) 
P= F174, F2=F ar 


In order to find the desirable ¢-dependence of G_, we first consider the case in which 
the concerned two spinor fields are Yy and Wz. We must exclude the interactions 
(FyOPs) = and (P20 y) =, which change hyperonic charge by +2. This requirement 
is satisfied if we choose the combination of 1, fs, 7;, and £,7;, which commute with 
Cols, as the matrix O, that is, the ¢-dependence of G,. Among these matrices, 1 and 
Cos gives only scalar the biproducts (7yOVy) and (¥sOF ) as will be seen by Table 
II. Therefore, the ¢-dependence of G,, must be 


G,=xfy+ 975. (2-18) 


Secondly, we study the biproducts between Yy and YW, all of which conserve hyperonic 
charge. The matrix C, anti-commutes with £375, and gives the contributions only to 
(PF 77,408 ),,#), namely (F,OP,) and (¥,0 Vy). The matrix 7; commutes with £,7;, and 
gives the non-vanishing contributions to (¥",,,+O¥),)+), namely (¥,.0 Py) and (¥,08,). 
Both of them are pseudoscalar. At last, parity must not be conserved in the interactions 
(f7,,0 P1,)%, which change hyperonic charge by +1. The contributions from ¢, and 7; 
do not conserve parity generally, as will be seen from Table Il. If x= —y, nates 
cannot couple with nucleon, and the couplings between 5-particle and 7-meson are exclud- 
ed for the case x=y. The coefficients x and y are not determined, as far as we are 
concerned with the interactions between baryons a 
to Gx and Gy But in the next section sl ee. it ; _ <e ae a 
for lepton problems. Therefore, we su Syd ROC — 
. ppose to put x=y in order to keep the direct 
NN7 interaction, and make the interactions of 7-meson with = particle go through the 


For instance, the equation (2-8-II) has four independent so‘utions, apart from the spin assignment 
They correspond to N, N, & and & states, accoding to the signs of energy and ¢o75. 
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virtual states. For instance, 


BS K+AD K+ (Ata) S E47, 
and (2-19) 


Se kKtA> (N+ A) OA eet, 


where > and —> mean the transitions by strong- and weak-interactions, respectively. This 
situation will give rise to the splitting between 5- and N-levels, and it will also make 
the Y-level shift from the Z-level indirectly. The splitting between (N, =) and (Y, ZB) 
will be induced by the asymmetry of their weak interactions with the K-meson, as_ will 
be given in the following. 

The ¢-dependence of Gy and Gx can be determined in the following way. A nucleon 
(= particle) can emit a K- (anti-K-) meson in the transitions to Y or Z, but cannot 
emit anti-K- (K-) meson. Such situations can be taken into account by making G» and 
Gx include the projection operator (1+(.7;) /2 and (1—¢,7;) /2, respectively. Further, 
these interactions must conserve parity. From these requirements, Gx and Gx can be. 


determined as 


4 1 (Gear 
Ger~ (Ci-G) ete: (2-20) 
and 
T s 1 Co} s 
Gx aM angio) tr ta: (321) 


as will be checked by Table IJ. Here, for definiteness, we supposed that K- and anti-. 
K-mesons are the pseudoscalar quantities, and that the four-spinors ~’s associated with N, 
=, A, and 3’ have the same intrinsic parity. Next, K- and anti-K-mesons can couple 
with the biproducts between /} and YW, and the interactions change hyperonic charge 
by +1. Therefore, these interactions must not conserve partiy. In fact, Gy and 
Gx contain four matrices £,, 63, £,7; and (,7;, and the coexistence of these matrices 
mixes the scalar term and the pseudoscalar term, as will be seen from Table II. 
At last, we check the interactions with the pairs of Yy and Ys. The interactions 
(PyOVs) K' and (P2O0¥y) K', which change hyperonic charge by +3, are excluded owing 
to the projection operators. Our definitions (2.20) and (2.21) mix scalar and pseudoscalar 
for interactions (420%) K' and (PO Ps) Kt. The remaining four direct interactions 
(P,,#O8 +) Kt and (¥),40P),+) K’, which change hyperonic charge by +1, are ex- 
cluded in our scheme. In order to reproduce these transitions, we must go through the 


suitable virtual processes. For instance,* 


* In the last step of (2.22), we used the interaction NNzx. Here we may use the KKz7 interaction 
similar to the one proposed by Schwinger.1 In order to construct the parity conserving KKr interaction, 
which conserves hyperonic charge, we must consider the scalar K’-meson. The tensor matrices associated 
with K/’- and K/-mesons must be taken as 

Gitt~ (1 +63) (1+ E275) /2 (2-207) 
Girt~ (¢, +63) (1—Cors) /2 (2-21’) 
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N> A+K>(N47)4+K>D N+K. (2-22) 


Thus we have succeeded in regaining the dynamical character of hyperonic charge by 
the assignments of (2.17), (2.20) and (2.21). Further, the tensor matrices G,, Gx 


and Gx have the following properties, 


lei sGn 5 Glos (2 F 23) 

C7;Cx= —GCx75=Gx, (2-24) 
and 

C7 sGe= —GRE5= — GE. (2-25) 


We may define the hyperonic charge of boson as a, when 
C736 = —Gt7,=aG (2-26) 
and as zero, when 


l7sG =GLo's > (2-27) 


13) 


after the methed to define chirality by Watanabe. Then, the assignment coincides with 
the usual one of hyperonic charge and the problem of particle mixture, which was picked 
up in the beginning of this section, is reflected in the difference of the sign in the projection 
operators of Gy and Gz. We may call attention to the point that the structure of G_, 
Gx and Gy makes us expect to get the deeper understanding on the new equations (2-8). 
It will be explained in more detail in Appendix II, by means of a tentative model for 
the extended six-dimensional space. 


§ 3. Lepton problems 


We arrived at the equation (2.2), starting from the coexistence of the parity-conserv- 
ing and ~nonconserving interactions, and interpreted the matrix £ in connection with 
hyperonic charge. The coefficient 6 is different from zero generally, except for the cases 
of the special types of interactions. The same situation occurs for the self-energy of 
leptons (see Table I), and we must consider that the wave equations of leptons also have 
the same forms as the equations (2-8). Therefore, we must consider that leptons also 
have some quantity which has the character of hyperonic charge, notwithstanding we 
have not still succeeded in the assignment of hyperonic charge or isotopic spin for leptons, 
contrary to the case of baryons and mesons. 

Before entering into the assignment of the generalized hyperonic charge e 
a remark on neutrino may be added here. In a case of oe o sap Ala 
Civy'8, are the constants of motion in the equations (2.8), as there, je no mass term. 
aceoore 75 becomes the constant of motion. For instance, if we pick up the eigenstates 
with the eigenvalue +1 of f;'s from (2.9), the properties 


C, P74 Mes Oa, (3-1-T) 
CoP 2 P = 4+ Pp)2™, (3-1°iy) 
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and C3 Ft P=4+ Fy 2 (3- 1-III) 
give ry=+¢, (3-2) 


for the 1st and 2nd types of spinor, and for the 3rd type of spinor we have the structure 


r) /2-cA 
Bye =( ee hg i in (3-3) 


Therefore neutrino has the definite spirality as in the two component theory.’? Owing 
to this property, all interactions, in which neutrino plays a role, give the maximum viola- 
tion of the conservation of parity, regardless of the type of spinor field assigned to 
neutrino. 

In order to assign the generalized hyperonic charge to leptons, we assume the con- 
servation law of lepton number. Further, for -meson, we assume /4 to be particle,* 
taking into account the analysis on Michel’s p-parameter."” The types of spinor fields 
associated with leptons can be determined in such a way that the assignment excludes 
the direct interactions for the so-called unwanted processes.’ 

First we take up the fact that 7-meson does not decay into (e, v)**. The direct 
interaction for the decay can be excluded, if we assign ¥;,;- to the spinor of electron Y,. 
This is due to the projection operator 7;(1+,7;)/2 in G, and to the form of the 
concerned interaction described in the footnote. If we require to forbid the direct in- 
teraction*** for the reaction P+—->e+P, we can determine the type of VV, as Wy,+. 
The reason is as follows. The concerned Fermi interaction is (Y,O¥%,) (Y,0¥,), where. 
the matrices, which are inserted between the baryon pair and the lepton pair, are expected to 
be the same in the future theory (see Appendix II). The ¢-dependences of O which give 
the non-vanishing contribution to (Y,O8,) must be the ones which commute with 6.75, 
as V,, is the eigenstate of ¢,7;. If we put %,=V,,+, such matrices make the matrix 
element (¥,O,,) vanish owing to the previously given assignment ”,=V),-. By a similar 
consideration, the existence of the /3-decay excludes the possibility Yy=%),+, and the #- 
capture process excludes Y,=Y,,-. Therefore VY, must be Y, or V7, As to ¥,, we 


* Then, the concerned direct interactions have the following forms, 
(UY Git ¥,) for K+>et+y 
(Gat VU.) for K->e~+9 
(F Gxt Vy) for Kt>yt+y 
and (U Git) for K->y-+y. 
If we assume p* to be particle, we have 
(PZ GytV,) for Ktopt+y" 
(U,GRY,) for K->y7 +. 
The similar interactions for z-meson decays are obtained by replacing Gy and Gx by G,.+ and G,.-, respec- 
tively. 
*k We did not discuss the decay through baryon loops, and it will be necessary to study in more detail. 
But there remains no question, if we use the V-A coupling.' 


*K The interactions for y-capture and for f-decay give rise to the concerned reaction in the second order, 


but we restrict ourselves to the direct interaction in this article. 


~ 
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put Y,=;,;, on account of the parallelism to the case of baryons and of the ses 
Further, our assignment allows the direct interactions for the decays 7>p+y», petneeleiiae» 
and K-ye-+v, but makes the direct interaction for K+ vanish. The last decay is 
obtained through (Y,OV,) (UV,O¥%,), and the strong interaction (7 ,OF,)Gx’. 

If we want to call the expectation value of 7,7; the generalized hyperonic charge for 
leptons, as in the case of baryons, electron, // -meson and neutrino have the charge — 1, 
+1 and zero, respectively. But, there is no simple selection rule between the generalized 
hyperonic charge as the one for baryons and mesons. Further, we must distinguish the 
generalized hyperonic charge of leptons from the hyperonic charge of baryons and mesons. 
For instance, the decay process 7~-—>y--+Db has the different change of the parameter 
from the one in the process K->p-+¥, if we do not distinguish the two kinds of 
parameters. 

There may be considered another possibility, 7,=7,;-, in order to exclude the direct 
(e, v)-decay interaction of 7-meson. But such assignment is not relevant. 7, must not 
be ¥Y,,+ for the existence of the interaction, which describes the s-capture process. If 
we put Y,—%),-, the absence of the direct interaction for P+s—->P+e requires ¥,= 
Y,,+, and then the existence of the §-decay interaction excludes the possibility y= Vz,- . 
There remain two possibilities, %,=—V,=%,+ or %;- and O=€, or £,7;, and ¥,=¥)+, 
V.= 0, and O=1 or 75, in order to exclude the reaction P+p-—P+e-, as will be 
easily seen from Table II. But these possibilities depend on the types of interactions. 
Further, the entrance of ¥, is not preferable, as mentioned before. 

It may be remarked that we can exclude also the direct interaction for the (e, »)- 
decay of K-meson if we put x=—y in the equation (18). If we assign as Y= %y,+, 
F.=),- and Y,=¥),,, the direct interactions for the decays K->e+yv, Z>e+v, and 
for the reaction P+y—->P-+e vanish, and the one for the decays K>y+y, 7 >u+y, 
pPoetv+yv, N>P+e +», and for the capture are allowed. However, we must make 
the couplings of z-meson with nucleon go through the suitable virtual states in this case. 

If we allow j#* meson to be particle, the reaction P+ u*—>P-+e® is forbidden owing 
to the conservation law of lepton number. Therefore, there remain many possibilities. 
There are two kinds of assignments to exclude the direct interaction for = >e+y, as in 
the case where fZ~ is particle; (a) Y,=W,,-, and (b) ®=V,,-. First, we study the 
assignment (a). The existence of -decay excludes Y= %),+. The j-meson capture, 
P+p->N-+), requires that Yy4¥,,- if V,=Vj,+. Therefore, we must have %=, 
Of Oar at P,=0),+, and QY=P,,- or VY, or Fy, if Y.=7),,-. The possibilities 
P,=V,- and ¥,=V),- make the direct interaction for s-decay of =-meson vanish, and 
V,=W,- excludes the direct interaction for the (4, v)-decay of K-meson, and then these 
decays are obtained through (¥,OV,) (¥,OV,) and (¥,O" eB (F,08,), respectively. 


‘The existence of ¢t—>e+-+y+> does not give any new restriction. The direct interaction 


* As will be seen in Appendix II, it seems to be difficult to construct the spinor analysis in such a 
‘way that all equations of (2.8) can be introduced simultaneously. 


New Interpretation of Hyperonic Charge and its Generalization to Leptons 597 


for (e, v)-decay of K-meson is not excluded, except for the case Yy=),-. Further, 
P=, or Wy, is not excluded. Here, we must supplement a remark that such com- 
binations as Y= Y= W,+ and O=¢, or fy, and Yy= V4, U.= F;= and O=I of 7;, 
make the interaction for the -meson capture vanish, as will be seen from Table II. 
Secondly, we consider the assignment (b). In this case, the direct interaction for the 
(e, v)-decay of K-meson is also excluded. The existence of the interaction P+p->N 
+v excludes Y,=%j,+. The existence of 2-decay requires /’,A W),+. The direct interac- 
tion for “%°—>e*+v-+y does not give any new restriction. The direct interaction for the 
(4, v)-decay of 7z-meson is always forbidden. Further, the direct K—>p-+-y interaction 
vanishes, if Y,=Y,,;-. But these decays can occur through the baryon loops. | There- 
fore, there remain many possibilities, namely, %,=V),- or VY, or Vy, and P= VP y)- 
or ZY, or P77. 

Summarizing the above analysis, we can assign the types of spinor fields to leptons 
so as to exclude the direct interactions describing 7—>e+y», P+p—oP+e (and K->e-+y) 
and to allow the direct or indirect reactions, K>y+v, T>p+y, poety+y, p-capture 
and -decay. The most preferable assignment is to assume #2 to be particle and ¥,= 
Py -, E,=Py,+ and Yi,=Vj,, If we allow p* to be particle, there are many possibi- 
lities; 1) P= Fy-, >= Py=P uy, 2) P= Fy-, FH" y+ of Fy- and = Py, 
3) P= P= F,=0n-, 4) FHF, and 2, =a Faas) Ya e= uy and 

Pj,=V,,-,and 6) ¥,=P,=V),- and V,=V,,. The W, type spinor field is omitted. 

Here we may add a remark on the types of the Fermi interactions. There arises 
the possibility to classify the interactions into two groups, the (STP)-group and the 
(V A)-group, owing to the € matrices which appear between two spinor fields. For 
instance, in the case where the concerned two spinor fields are of Y;, type, there remain 
only (S, T, P) interactions in (¥ 1-0, &) and (¥ fo:O; ), and only (A, V) interactions 
in (£ Ce OF) and. (EF ¢, O; ©), as will be easily seen from the commutation properties 
between £,0,’s and ¢,7;. Here, O,’s are the usual five 7 matrices. Further, it may be 
noteworthy that we cannot construct the parity conserving (consequently strong) interac- 
tions in which leptons participate. This is due to the conservation law of lepton number 


and our assignment. 


§ 4. Discussions 


In § 2, we have succeeded to correlate the two conservation laws of hyperonic charge 
and of parity. We had to go a roundabout way to get the same selection rule as the 
one of the phenomenological hyperonic charge. Namely, we had to go through the 
virtual loop to arrive at the reactions like (2.19) when we put x=-+y, or ese a 
self-energy graph for (2.22). But such additional procedures are consistent with the 
selection rule and the correlation, and it is sufficient to get the usual selection rule for 
the comparison between the initial and final states, as will be seen from Appendix I. 
Therefore, our new interpretation of hyperonic charge makes it possible to unify the two 


characteristic features in strong and weak interactions, namely hyperonic charge and parity. 


~ 
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Further, the interpretation has the merit that it describes many problems somes which 
are up to now treated separately. Firstly, we can get a particle image which gives o a 
consistent interpretation about the problem of particle mixture. Secondly, the new —— 
(2.8) include the modification of the particle image under the influence of the parity 
nonconserving interactions. They will help us in obtaining the deeper understanding about 
the problem of the parity-violation. At the present stage, we know nothing about the 
reason why the coupling constants of the parity-nonconserving interactions are weak, and 
here we assumed a priori that the interactions which conserve parity are strong. A clue 
to solve this problem might be obtained, when we can formulate the theory concretely 
under some more fundamental requirement in such a way that our ideas explained in the 
previous sections are included. Another significant merits obtained by the introduction of 
é-matrix are that we can select out the direct interactions for the (e, ») decay of = (and 
K-) mesons and: the reaction P+-—>P+e, and that we can assign the generalized hyperonic 
charge to leptons, as were shown in § 3. Further, the Fermi interactions can be classified 
into the (STP)-group and the (VA)-group, and the strong interactions in which leptons 
participate are excluded. 

In the remaining of this section, we want to supplement a few explanations about 
the idea proposed in this article, and to enumerate the problems which may be comprised 
in the line of our considerations. 

A) We assigned the different operators to (=, N) and (Y, Z) as the constants 
of motion, which are connected to hyperonic charge, that is, fj; and [,7; respectively. 
Such situation seems to be very complicated from the point of view that we want to 
formulate hyperonic charge as a quantum number of particles in some sense. But the 
fact that hyperonic charge is not always conserved seems to show the difficulty to assign 
a common hyperonic charge operator to all baryons as for the absolutely conserved quantity. 
Hyperonic charge is only a kind of phenomenological parameter, and it seems to be too 
simple to express it by a simple operator. The facts that we can obtain the satisfactory 
assignment of the generalized hyperonic charge for leptons also by fy’, and Cs7's, and 
that the tensor matrix associated with bosons are characterized by £,y; make us hope to 
get a deeper understanding of our scheme. 

The situation that the mass multiplets come out due to the shift from the more 
symmetrical world may be sketched inversely as follows. The (=, N) and (Y, Z) pairs 
are unified in the equations (2.8-II) and (2.8~—III), respectively. Further, both of them 
correspond to the same coupled equation (2.6) and (2.7). 

B) At first sight, it seems to be queer for 7, to appear in the operator y. But 
there is no reason to exclude the appearance of 7; under the interpretation of hyperonic 
charge as the expectation value. On the contrary, it will be seen that the 75 matrix is 
necessary in order to formulate the correlation between the conservation laws of parity 
and of hyperonic charge. In the text we used the equations (2.6) and (2.7) as the 
correspondence-theoretical base, but we may consider such simpler form as 


(pO. +m) $=0 
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Gos =m) (75) =0; (4-1) 


instead of them. Then it means that we start from the wave equations for the elemen- 


tary waves ¢ and 7;¢) composing the wave packet (2.5).* The equation (4.1) can be 


written as 
(7 .0n-+me,) T=0. ; (4-2) 
Here, let us consider more general forms** as 
Fast intr.) P=0, (4-3) 


Then, we may follow the idea proposed in § 2 by taking a suitable ©, as hyperonic 
charge operator. If we can attain our purpose by describing N and = as the eigenstates 
of the €, and Y and Z as the ones of some other ¢;,(6a), we shall get a simpler 
scheme. The solutions of the three equations (4.3) which are the eigenstates of ¢, are 


given, after simple calculations, as 


h f/ 
aa f ) and ee ) fori chased: in) 


7,—( )and ' “=f ) for €;=C., (4-5) 
and 
P=( ) and ( ia) for £,=C,, (4-6) 


respectively. Here, # and ¢/’ are the solutions of the equations 
(757 p9, —™)  =0 

and (4-7) 
(irr ,B, +m) ff =0, 


By any two of /,’s in equations (4.4~6), we cannot obtain the desired scheme, as will 


be easily checked by repeating the discussions exhibited in § 2. Further, there are some 


mathematical defects in such equations. Both ¢, and ¢,7;(j#i) are constants of motion 


in the equation, but these two operators anticommute with each other. Secondly, there 
are two kinds of particle-antiparticle conjugation operator. 

C) The appearance of £-matrix in the wave equation will induce many modifications 
We proposed in 1953’ to modify the wave equation of nucleon 


in the field theory. 


* The renormalization of the wave operator can be interpreted as constructing a kind of wave packet 
which corresponds to the observed wave. There, it is assumed implicitly that the elementary waves of the 
packet satisfy the same wave equation (or have the same propagation character). If we start from the coupl- 
ed equation (4-1), the requirement is satisfied. 

** We added 7; to the second term in this equation, in order to make the five matrices 7 and (75 
anticommute with each other. The following discussions are not changed, if this 7, factor is omitted 
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from the consideration about the anomalous magnetic moment of nucleon. We could not 
formulate the idea concretely at the time, owing to the insufficiency of the knowledge 
about isotopic spin space. But now the new matrix £ has been introduced in the funda- 
mental equation. We may expect to atrive at the desired modification, when we introduce 
the electromagnetic interaction into our equation. 

Further, the situation about the well-known divergence problem might be improved 
owing to the new degree of freedom £, which is connected to the Minkowski space, as was 
emphasized in the previous paper. In Dirac’s hole theory, the situation was improved 
by the passage from the non-relativistic theory. There the matrix ¢ plays an important 
role. 

D) The conservation law of hyperonic charge is formulated in isotopic spin space 
by many authors.) Then, hyperonic charge U can be connected to the parity w in the 


Space* as 
w=, (4-8) 


Our selection rule is shifted from the one obtained by them, as we must perform the 
additional procedures mentioned in the beginning of this section. But both selection 
rules are almost the same. Therefore, we may try to connect the two interpretations. Of 
course, we may take the other standpoint that hyperonic charge has no connection with 
isotopic spin space. Because, we have obtained the equivalent selection rule by our new 
interpretation, without reference to the space. But, there remains an important problem 
that the electric charge is given by 


U 
(Qs Aor anary (4-9) 


where I, is the third component of isotopic spin of particle. This problem might be 
solved in connection with the unification of the two kinds of charge concepts. Namely, 
at the present stage, we characterize the charge for some particles by the complex property 
of the wave function on the one hand, and for some other particles by introducing isotopic 
spin multiplets on the other hand. Further, if we enlarge isotopic spin space to the four- 


dimensional one in such a mode as will be given in the following (eq. (4-12)), ¢ 


matrix is embedded in the enlarged space. Therefore, if we impose some invariance chara- 


cter in the space on the whole theory, the behaviour of * matrix will automatically give 
some restriction to the change of the three-dimensional isotopic spin in weak interactions** 


Moreover, it is interesting from the purely academic standpoint to explore some connec- 


tion between the Minkowski space and isotopic spin space. Namely, if there is some 


internal correlation between the two spaces, we shall be able to get the systematic under- 


* Therefore, if we succeed to connect our scheme to the one of d'Espagnat and Prentki, it will sug- 
gest the possibility to formulate the whole theory so as to be invariant when we perform the inversio = 
the Minkowski space and in isotopic spin space simultaneously. a4 

** Even in this case, 


ce it will be difficult to give the ratio between the interactions with |AI|=1/2 and 
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standing of the quantum numbers of elementary particles inclusive of charge, on the pat- 


tern of the connection between the particle image and the space-time structure in the 
conventional field theory. 


The equation (4.8) can be rewritten as the operator equation which operates on the 
spinors in istopic spin space, as 


P. eer (4 fi 10) 


where P. means the inversion operator in the space, and 7 is the operator whose expecta- 
tion value gives hyperonic charge. If we identify the operator 7’ with 7=C,7;, then we 


get 
P. — ei(m/2)t275 ae (4 Sri 1) 


This relation suggests to extend isotopic spin space to the four-dimensional one*, in which 


the reflection matrices are represented as 


a ony (teal 233) 3 
(4-12) 
Ty=6; (j#2). 


Because, the inversion of the three-dimensional + space embedded in the enlarged space is 
expressed as 


Po T,T,T,= £9, 


and this coincides with the equation (4.11) apart from the 7; matrix, which is equiva- 
lent to unit matrix in isotopic spin space. 


Such an extension of isotopic spin space requires** the recombination from A and 
S} to Y and Z, and here the departure from the scheme of d’Espagnat and Prentki 
occurs. The part of the K-meson interactions in their Lagrangian” 


NKA+NtSiK+ 2e,.K*A+873,7,K* +herm.conj., (4-13) 
where 
Kt (—K* \_./—K » 
K=( xp aaa eat =i( Kon =i K- ) 


is rearranged in the form 


* Generally, the inversion of the 2n-dimensional space can be represented by a rotation in the 
enlarged (2n+1)-dimensional space, as well known. The situation is very different, if the dimension of the 
original space is odd. But, by the analogy with the case of the even dimensional space, the inversion of the 
three-dimensional space can be written as the product of a rotation in the enlarged four-dimensional space 
T,T2T3T, and the reflection with respect to the fourth axis T. 

** Tt will be difficult to formulate the idea proposed in 42 in such a way that we can construct the 
field which has the spinor character with respect to y matrix and the tensor character with respect to ¢ 
matrix. If we use A and ¥ as it is, we must construct such fields. 
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NY K®-+ NZK* +2 YK- + £ZK? + herm.conj. (4-14) 
Namely, K meson cannot be arranged in the form of the spinor in isotopic spin space. 
But the form (4.14) suggests us to unify the strong interactions of K-meson into the 
form 
Ly, % Pitt (4- 15) 


where 


Gan mae is r r | j 
Ppa tits gp 4 tee aE SP yA Fe; 
: ; ( ) 
4-16 
1i-Gds Pin=Prt Fe, 
¥ 


4 
Pin= Z ae Y tp 


ae - 7 i—(CJZ; oe o y 
4 = (¢,—¢,) $= teh Gag See ae 


2 % ; 2 
=G, +G% 
—_ I= Cal's G et 
2 


uegest Toa +Gz 1 -_ fs 


=GrtGytGry-+Gn. (4-17) 


Of course, we cannot say anything at the present stage about the reason why the opera- 


ie Fi . . 
tors At Gls pick up the various charge states of K-meson.* 
Zz 


The ¢-matrix is related to the Minkowski space through the parity mixture on the 
one hand, owing to the fact that it is contained in the wave equation. On the other 
hand, it is also connected to isotopic spin space by the equation (4-12). Therefore, 
if we enlarge the Minkowski space in such a way that the wave equation can be derived 
from the structure of the enlarged space as in the conventional theory, the enlarged space- 
time will not be orthogonal to the four-dimensional isotopic spin space. The non-ortho- 
gonality is due to the existence of the ¢ matrix. Now, the appearance of the £-matrix 
is combined with the nonconservation of parity. Therefore, the nonorthogonality may be 
considered to be small, as the strength of the parity nonconserving interactions is small. 
Further, it will disappear in the limit where parity is conserved. Then, the orthogonality 
between the two spaces in the conventional theory is to be considered to have its mean- 
ing in the appproximation where parity is conserved.* 


* The additional projection operator (1£¢s75)/2 does not disturb the correlation between two conserva- 
tion laws of hyperonic charge and of parity. 
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The idea that the isotopic spin space has some internal correlation to the Minkowski 
space will change the conventional space-time concept radically, and seems to be too 
drastic. In the conventional theory, we start from the preliminarily arranged space-time, 
and fit the particle image to the framework. But the space-time structure is to be un- 
derstood through physical phenomena. Namely, we must learn the particle image through 
the dynamics, and find some new structure of the space-time by means of the modific- 
ation of the particle image**. 

Of course, the required modification may not be such a simple one as to extend the 
four-dimensional Minkowski space to some six-dimensional space-time**, or to treat the 
isotopic spin space on the same foot as the Minkowski space. It will require some new 


type of field theory or mathematical tool to formulate the idea. 


Appendix I 


Here we want to emphasize that hyperonic charge is only one of the 2X0©C possi- 
bilities of the phenomenological parameters which have the following properties, and that 
the essential point is the selection rule between the initial and final states. The selection 
tule is given by the following three requirements, as well known: a) the parameter is 
conserved through the production of baryons and mesons or their scattering. b) It 
changes by one unit in the decays of them. c) The reaction, in which it changes by 


more than two units, are forbidden. 
At first, we may assign the parameter to baryons and mesons as follows : 


a for x, b for N, 
c for 0°, f for A, 
d for K*,g for >}, 
e for K-, h for &. 


Here we did not add #/°, because the production of it is not observed directly and in the 
decay it appears in the mode #,° or @,’. If the production is observed, it can be treated 
in the same line as follows. Further, we grouped S)* and 5S} into one >’, for simpli- 


city, but it is not essential. In order to determine the values, it is sufficient to use the 


following nine events : 


* Here we want to emphasize that the two spaces are not orthogonal in any sense, if we identify the 
é-matrix itself with the t-matrix in the wave equations. 

** The concepts of space-time and particle image are kinematical ones. In the conventional theory, the 
law, which prescribes the possible interactions (dynamics), is already comprised in the kinematical part of 
the theory. Namely, the Lagrangian of the free field is determined by the irreducible representation of the 
Lorentz group and the interactions are assumed to be invariant under the group. Therefore, if we keep such 
a ring, some modification of the dynamical part will induce the corresponding modification in the kinematical 


part. 
*** A tentative model of such extension will be described in Appendix II. 
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production and scattering events 
m+ por+h, 
1 oY omer a es oH 
K-+p>>\ +7, 
K-+po"+, 

decay events 
>a” +p, 
a atten? 
P58 a, 
E- 3 LER, 

forbidden process 
ntnoA+A. 

Then, after the elementary calculation, we get the following solutions, 


a2 $= dS eS 


(A-I-1) 
and 
a=0, bated =—er] , 
(A-I-2) 
f=g=a—1, b=(a—1) +1. 
If we take into account the event'”* 
nt+n>2-+p+K+R’, 
the value 4 becomes 
h=a+2 (A-I-3) 
for the set (A-—I-1), and 
h=a—2 (A-I-4) 


for the set (A-—I-2). 
If we put a=0, the parameter is equal to strangeness, and the two sets (A-I-1) 
and (A-I-2) are different only in the sign. If we put a=1, the set (A-I-2) gives 


* There are three possibilities about the two K-mesons appearing in the final state, that is (K°, K°), 


(K®, K°) and (K®, K). But only (K°, K°) gives the consistent solution. We may assume that the change 
of the parameter is -+2 in the forbidden process, and use the forbidden process n+n—>A+ A, without referr- 
ing to the above event. But the requirement (c) mentioned above is more general. 
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hyperonic charge. 


Usually, @° was introduced in the following way. The charge and the concerned 
parameter of K* and K~ have the same magnitude and the inverse sign. Therefore, 
they are related to each other as particle and antiparticle. On the other hand, the pro- 
perties of K* and (” are very similar, apart from the charge. Then, K* and 0” were 


considered as the isotopic spin doublet. Consequently, #° has its antiparticle state 0°, 
corresponding to the relation between K* and K~. Therefore it appears to be essential 
that K-meson has the isotopic spin 3. Indeed, the route of the consideration was very 
powerful, but, at the present stage, it may be necessary to reinvestigate the scheme of 
elementary particles, irrespective of the image. (See the discussion (D) in § 4, especially 
the equation (4.14).) Concerning this problem, the essential point will be to construct 
the theory in such a way that K° and K* have the same behaviour apart from the 
charge. 


Appendix II. 


We duplicated the number of the components of spinor, in order to interpret some 
phenomenological problems inclusively. Now, we must start from some six or seven- 
dimensional space in spinor analysis to treat the spinor whose number of components is 
eight.” It is very difficult to connect such an enlarged space to the Minkowski space. 
We know the theory of conformal transformation group”? as the theory that makes a six- 
dimensional space correspond to the Minkowski space. But this theory includes some 
elements which make us hesitate to accept this group as a physical one. 

In this appendix, we try to construct a six-dimensional space in such a way that we 
can get the equations (2.8-II) and (2.8-III). Then we assume for simplicity that the 
first four axises coincide with the ones in the Minkowski space. Of course, the future 
theory, which reproduces the idea explained in the text, will not have such a simple form. 
The following model is exhibited only for the purpose of facilitating the understanding 
of our idea, especially on the problems of the hyperonic charge of bosons and of interac- 


tions. 
We associate the hermitian matrix H,, which satisfies the commutation relation 


EH V0 Gj=d,2544 6), (Aqll=1) 


with the unit vector x in the direction of the i-th axis in our space. Then we can 


associate the matrix 


Assinghd, 
with an arbitrary vector x, and we have 
(x, ys) =ECXKY+ YX). 


If we consider a reflection with respect to a plane whose unit normal vector is given by 


the vector matrix X is transformed into 


X'/=—NXN", 


n;, 
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and we can define the spinor 7 as the quantity which is transformed into 


Alaa NX 


under the reflection. 


The arbitrary transformation in our six-dimensional space can be 


decomposed into the product of some reflections, as well known. If we express the p-th 


reflection operator by N“, the concerned transformation is represented as 


A =k « 
where 
S=NYN*Y.--NON®, 
Then, the vector matrix X is transformed into 
cake 
under the transformation,* and we obtain the relation 


H,a,=oSHS™, 


4975 
for the coordinate transformation 
—— ee a 
The inverse operator of J can be rewritten as 
St =a, NON@ NO, 


if we take into account 


N?=(nn,) = +41, 


according as the direction of the vector n is space-like or time-like. 


spinor Z. associated with Z as 
L=2B 
by means of the matrix B, which satisfies the relation 


N'*B=— BN 


for an arbitrary reflection matrix N. Then we can derive the relation 


o'B=o,BS— 
at once. Therefore, the spinor / is transformed into 


N=ocdS-, 


* , . 
o, o, and oy are the sign functions defined as 


o=(—1)¥, o,=(—1)% and o,=(—1)%s, 


(A-II-3) 


(A—II-4) 


(A-II-5) 


(A-II-6) 


(A-II-7) 


(A-II-8) 


Next, we define the 


(A-II-9) 


(A-II-10) 


(A-II-11) 


(A-II-12) 


where v, v, and ys are the numbers of the total, time-like-and space-like-reflections involved in S. 
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under the transformation S. The matrix B depends on the metric in our space, and we 


may suitably assume the fundamental form as 


supposing x, to be pure imaginary and all other coordinates to be real. Then we have 
Bally (A-II-13) 


Here we introduce the /’-system defined by 


tp tigt land | = Pee (A-II-14) 
where 
inhleNe Ras © (A-II-15) 
As to the /’-system, we have the relations 
Pa,=SPS~* (A-11-5)) 
and 
Oe zoe oot (A-II-11’) 


instead of (A-II-5) and (A-II-11), respectively. Therefore, the adjoint spinor 7%, 
defined by 


L=i7'T,, (A-II-9’) 
is transformed into 


Sods, (A-II-12’) 
and ZZ becomes the scalar quantity, except for the factor o, We can take 


L=L (Ll, 0,+k)2 (A-II-16) 
as the most general invariance, (except for the factor o,), from which we can derive the 


wave equation. 
In the following, we fix the representation of /';’s as* 


Le == sty > 
yeas (A=t14i7) 
and =f, 


in order to derive the equations which are introduced in the text. Then the eigenvalue 
equations for the matrices ¢,j/’;’s, the equations (2.10), are written down in terms of the 


* In the spinor equation, the representation is of no importance, as far as we are concerned with this 
six-dimensional space. The speciality of some ¢ matrix appears in connection with such extended isotopic 


spin space as given in the equation (4.14). 
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representation as 


Cine (A-II-18-I) 
TDs thee (A-II-18-II) 
and WT PoX yy t= +4 Ni, (A-IJ-18-III) 


respectively. 


The Lagrangian density, £,,, which gives the wave equation for ¥,,, (2-8-II), 
must be invariant for the substitution (A—II-18—II). The term involving /’; does not 
satisfy this invariance character. Further, the kterm has the same character as the /’, 


term in our equation, as will be seen in the following. Therefore, we may put 


Lur=X (CP, Op +1 o9q) L- (A-II-19-II) 
The wave equation 

(0, +19.) 427=0 (A-II-20-II) 
can be transformed into 

(emare [' O,+m) Fy=0, (A-II-21-II) 


if we assume the x,-dependence of 4,, as 
ky=e ure vy, . (A-IT—22-IT) 


The equation (A-IJ-21-II) can be written, in terms of the representation (A-—II—17), 
as 


(1(@+ Es) Cis pO,. +m) F,=0. (A-II-23-I]) 


This equation coincides with the equation (2.8—II).* 


The corresponding equations for Z%,,, are obtained similarly as 


Lin=hin(ly Oy +19s) Lin (A-II-19-III) 
(1',9, +1595) Xp7.=0, (A-II-20-II]) 
(e-Mmet's FO, +im) F)),=0, (A-II-21-III) 
A= Fy, (A-II-22-II1) 
and 
{ (4+ 685) 6,757.9, +m} V,,,=0. (A-II-23-III) 


* . . 
sis We can consider x, as the parameter, which represents the order of the parity mixing, because the 
imit mero corresponds to the limit @—>1 and 8-0. The situation that the transformation (A-II-22-II) is 
not unitary may be considered as unsatisfactory, but it corresponds to the same situation for the transforma- 


tion Q5). The equation (A-II-21-II) can also be interpreted as the one for a parity doublet state, if we 
rewrite the equation as 


(PO, + meres) YW, =0. (A-II-21/-IT) 
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The last equation has the same form as (2.8—III). 

The substitution (A—IJ—18-I) keeps the Lagrangian (A~II—13) invariant, except for 
the k-term, but it is impossible to derive the equation (2-8-—I) for /, from this Lagrangian*. 
We need not labour at the formulation which derives all types of spinor fields. simultaneously, 
as we can analyse the concerned phenomena without referring to Y). Further, it may 
be interesting that we can write (A—IJ—22-II) and (A-II-22~-III) as 


Laem Perot pa omeryp, (AII-24) 
where 

KOK, tor pe 
and 

ee x, Vionbadiae 


if we take (A-—II—18) into account. 
The particle-antiparticle conjugation operator in our space can be determined so as 


to satisfy the relation 


1 (Py Oy +L 5 O5+1's Oph) X° 


SUPE BALE 40S 8—b2, Ma 732 
or 

Xe Pe Kea” PP HP 
and 

Foye lyr ar. (A-II-26) 
If we put 

act, (A-II-27) 


the requirements (A—II-26) impose the relations 

OCT 

(A-II-28) 

| Mie Nn Ae Be ©: 
on the operator C. In our representation (A-II-16), these relations determine the 
operator C as 

ey O. (A-II-29) 
In the text we used the operator 4 defined by V °— AP, and this operator can be ex- 


pressed as 


* We can derive the wave equation (2.8-I), if we put X=eimeslsl'6Y in the equation (A-II-20-I]). 


Therefore, it may be permissible to consider that the equation (A-II-20-II) contains such possibility. 


A=G erg K 
ead (A-II-30) 


Me} 


= 
a 


This operator coincides with the operator A,, given in the equation (2-11-II). Further, 
our definition of the adjoint spinor, (A-II-9’), is just the same one as the definition 
(2.15-II), if we take into account that v ,=), 7,0, is equivalent to Piet s*Tas 
Pat O75 T 

We may consider that our six-dimensional space is the suitable one for the particle 
image of the field /,,, as the concepts of adjoint and conjugate fields are determined 
by the structure of the fundamental space. As to ¥;;;, our space can introduce the 
wave equation for /,,,, equation (A—II—21—III), but Y,,, and %,, are different from 
the ones defined in the text.* Further, it may be considered as a reflection of this 


situation that the transformation which connects /,,, to Z,,,; is unitary, contrary to the 
transformation (A-IJ-22-II). But such space is sufficient for our purpose, as the essen- 
tial point is the operator £,7; which characterizes the spinor /;,. 

Thus, the idea explained in the text can be represented by introducing the six- 
dimensional space whose fundamental reflection operators are given by (A-II-17) and 
(A-II-14), as long as we are concerned with spinor fields. But we cannot accept this 
space as the physical one as it is, because the meaning of the x, and x, coordinates, 
which are added to the Minkowski space, is not clear.** 

In the conventional field theory, the structure of the space is represented by the 
spinor representation, and the properties of boson fields are derived from the representa- 
tion by means of the so-called fusion technique’. In our scheme, the space is only a 
temporal model, and it will be questionable to extrapolate the technique to our space. 
Nevertheless, we are obliged to use the method with a slight modification, as there is 
no other way to extend the theory to boson fields at the present stage. 


We introduce a tensor G which has the same transformation character as ZZ’. Then 
G is transformed into 


G’=0,SGS-', (A-II-31) 


as will be easily seen from the equations (A-II-2) and (A-II-12’). This tensor can 
be expanded by means of the 64 independent matrices as*** 


G=A+AT, 44,0, 4i4/ 7,7, 
+iA, Py +id’,, Py Pi +i Aig Vise, (A-II-32) 


where 


Py=t Ci Ly— 0,2) 


2 cotiah Ai y ; : . 
The space which is suitable to ¥,7, is obtained if we assume x; to be imaginary in addition to x, 
oeoK . . . . - 
The magnitudes of x; and x, have some physical meaning, as mentioned above. 
of the rotation in the plane, which includes X; Or xq, is quite obscure. 


The factor i is added in such a way that G is hermitian when A...’s are real. 


But, the meaning 
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and 
Vays 3 ha Ma tae Bea BF ol ba 8 Gi ad Beg 
es at lo ple ly ll pie 

It can be easily shown that the coefficients 4, A’, A, A/, A,;, A,,', and A,,, have the 
character of scalar, pseudoscalar, vector, pseudovector, second rank tensor, second rank 
pseudotensor, and third rank tensor with respect to the transformation in our six-dimen- 
sional space, respectively, as will be proved by means of the properties (A-II-31) and 
(A-II-5’). 

The necessary field quantities are the ones which have the pseudoscalar character 


with respect to the transformation in the Minkowski space embedded in the six-dimensional 


space. If we pick up such world-pseudoscalar, they are given as*’ 
AT, + A4AD5+4 0 +id' 020. . (A-II-33) 
Here we rewrite the pseudoscalar part of G in terms of ¢ and 7 matrices as 
Ga C7 Aa 4eCot A seis: (A-1i24) 
In order to introduce hyperonic charge, we construct the tensor matrices G,,;+ as 


1+OxIs ¢ 


2 


ee 


= ssa { (A, FIA) 04+ (Agg+ Ae) 7s} « (A-II-35) 


The tensor matrices G$?+ and G$)+ defined by 
G%4= (A, FiA’)- ae ie 

and (A-II-36) 
GS _— (A's alle a) eye iis 

have the properties 
Coy Git= —G}$? Lis= +G¥P+ 

and (A-II-37) 
ie LORIE se Gr) Ek ona ee “5 G¥}+, 


respectively. If we compare these properties with the equations (2.23~25), we may 
try to identify G,, Gx and Gy with G+, GS)+ and G})-, respectively. The only 
difference between them is the 7;-dependence of Gy and Gy. Namely, Gy» can be rewrit- 


* For instance, the term A,J’, transforms under the Lorentz transformation, in which the matrix S 
involves only 7, (“4=1,2,3,4), as 
AE 20,8 (Agl5) S1=06 Als. 
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ten as At Gal's (¢,-—C,) = Ia Ges. (—iy,—1)¢,, contrary to G$)+. Here we study the 
5 ae 4 


properties of these tensors for the particle-antiparticle conjugation. Taking into account 
ate ae ; 
the transformation (A-II-27) and the definition that G transforms as Zi’, G is trans- 


formed into 
SCP arin. (A-II-38) 
under this transformation. Therefore, G”’ and G™” are transformed into 


G$)+— — (A, +i’) +1 Foes Ss C39 
and (A—II-39) 
: is f2 
CRs >— (Ay 4)* 7, 


respectively. Namely G$)+ is converted into Gj?-, and this character corresponds to the 


particle-antiparticle relation between K- and K-mesons, as will be expected. But, G$}-, which 
may be identified with G,, is transformed into G{?-. This situation and the unsuitable 
7;-dependence of Gx show that the use of the fusion technique in such a simple manner 
is unsatisfactory for our scheme. 


The Yukawa type interaction is expressed as 
sp(G  @), (A-II-40) 


where G is given by (A-II-34). This expression is a scalar in the six-dimensional space, 
as will be easily seen. In order to show the way in which the possible interactions are 
picked up, we take as an example the case where Y= ,,, and @=¥V,,+. Then 


sp (G Py, v, +) 


=sp(G a 14s) 


=sp( : BEG Pry F,+) 


=sp{ (G$}++G9+) Vy,F 2+}. (A-II-41) 


Therefore, there are NAK, NK, NA and N2'z interactions. 


The total Lagrangian is invariant under the transformation 


XT, %, (A-II-42) 
but the meaning of this transformation is not clear at the present stage. 
Before concluding this appendix, we want to make a speculation to connect the 
Minkowski space to the isotopic spin space. In our representation, the reflection operators 
H; and H, are given by &,y, and —€,s)'s respectively, but we can reconstruct our scheme 
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in such a way that H;=¢, and H,=¢,. If we put €;=€, in the equation (4-12), we 


Si 


have T,=H;, and this can be understood as to show that the x; axis has the same role 
as the fourth axis in the extended isotopic spin space, with respect to the reflection. In 
our scheme the baryon fields have 8X 2=16 components. On the other hand, we have 
six coordinates x, in the extended Minkowski space, and four coordinates t, in the ex- 
tended isotopic spin space. If we identify ¢, with x,, there remain nine coordinates. 
Generally, the spinor in the nine-dimensional space has sixteen components, and this 
number coincides with the number of the components of our spinor. Of course, the 
connection between the two spaces is not such a docile one as the simple nine-dimensional 
space, and some new mathematics will be necessary to treat such connection, even if such 
classical connection has any physical meaning. The correlation between two spaces dis- 
cussed at the end of § 4 may be described only by the quantum theoretical method, for 
example, through the structure of Hilbert space. 
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The Hamiltonians are presented which are equivalent to the Heisenberg model of ferro-, antiferro- 
and ferri-magnetism and which have the form of finite power series of the Bose operators. 

A technique for calculations of partition function for a system with such a Hamiltonian that 
contains a term of infinite potential is presented and discussed in connection with the theories of a 


ferromagnetic spin system by Van Kranendonk and Dyson. 


$1. Introduction* 


Bloch’ introduced the spin waves as the lowest excitations of the Heisenberg model 
of ferromagnetics and succeeded in explaining the T** law of the variation of the 
spontaneous magnetization, by neglecting the interactions of the spin waves. The spin 
wave introduced by Bloch follows the law of Bosons, while the spin reversal operators 
S$=S,,+i5,, at a lattice site j follow that of Fermions. Hence, to get the spin 
wave picture, we must write S$ in terms of some operators of the Bose nature, 4, a™. 

This was done by Holstein and |Primakoff”. However, this was done in such a 
form as to express JS? in an infinite power series of a, and a*, though in a simple analy- 
tic form. When we start with their Hamiltonian in terms of a, and 4), we are forced 
to cut the infinite series retaining only a few terms with small powers. In such an approx- 
imation, it is pointed out that many divergence difficulties arise and they are attributed 
to the spreading out of the Hilbert space caused by the neglect of the higher terms.” 
On the other hand, the spin wave formalism has been applied to the antiferromagnetics 
by Anderson" and shown to lead to a good estimation of the antiferromagnetic ground 
state energy. To this case Holstein and Primakoff’s way to write the Hamiltonian in 
terms of the Bose operators is applied by Kubo.‘ In this case also, difficulties arise, 
which are attributed to the spreading out of the Hilbert space. It will be impossible, 
however, to cope with these difficulties by considering the infinite series in full terms. 

It is the purpose of this paper to present a Hamiltonian that has the form of 
a finite series of Bose operators and is equivalent to the Heisenberg model of ferro-, anti- 


ferro- and ferri-magnetism.** This can be done very easily when we introduce an infinite 


* Quite recently a review article has been published by Van Kranendonk and Van Vleck”) in which 
the spin wave theory is discussed without including their interactions. 

** The purpose of this paper is to present a definite basis on which the theory of magnitism can be 
constructed. The construction of the theory on this basis will be a subject of future investigations. 
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potential to prevent the spreading out of the Hilbert space. This is the correspondence, 
for the cases of spin S=1/2, of the proof due to the author") that the eigenvalue 
problem of a Hamiltonian of a Bose lattice gas with hard core is equivalent to that of 
the Hamiltonian of an anisotropic spin system with spin 1/2. The latter fact has been 
proved in a more elementary but less general way by Van Kranendonk” in the reverse 
direction to the authors. Then Van Kranendonk,’"” using this picture calculated the 
characters of ferromagnetics by treating the equivalent Bose lattice gas instead of the ferro- 
magnetics directly. This is just the reverse of the treatment of Matsubara and Matsuda’”*’ 
who treated the equivalent spin system to investigate the properties of a Bose lattice gas. 

The Hamiltonian to be obtained contains an infinite potential, accordingly in our 
development the difficulties due to the spreading out of the Hilbert space may well be 
said to be replaced by those due to the infinite potential. Even with them, the Hamil- 
tonian to be obtained has a feasible character in the physical point of view because of the 
form of finite power series. 

In S§ 2,3 and 4, are obtained the Hamiltonians equivalent to those of ferro-, anti- 
ferro- and ferri-magnetics, respectively, with anisotropy and a magnetic field parallel to the 
axis of anisotropy. 

At last, in §5, we discuss a technique available for the calculation of the partition 
function for a system with such a Hamiltonian that contains a term of infinite potential 
which restricts the Hilbert space. In connection with this technique, the theories of Van 


Kranendonk"”” and Dyson'’!”’ are compared with. 


§2. Ferromagnetism 


In this section, we consider the Hamiltonian of ferromagnetics of spin JS, each on L 
lattice sites, with an anisotropy and a magnetic field H parallel to the axis of anisotropy ; 


which is chosen to be z axis: 


L 
KX -  pocas (S Sp. =F Si Sry) - 2 dem oe a ADS. 


<jk> <yk> j=l 
IL 
<jk> <jk> j=! 
SF =S;, +155, , (2:52) 


where J and J’ are exchange integrals in x and y directions and z direction respectively, 
SS. and S. are well-known angular momentum operators in the unit of , and (jk) means 
cy z 


the summation over the nearest neighbor lattice sites pairs. Because of their definition, 5} 


satisfy the commutation relations : 
575; +S; 5S; =25(S+1) — 25}. , ae 
[57; Sj |= — 20,4 Sie, (SH; Sf) == 0. 


That is to say, 5;’s and S;'’s are commutative for different lattice sites, while they are not so 
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for a lattice site. In order to write the Hamiltonian in terms of the spin wave operators, 


a tee * 
we must first write the Hamiltonian in terms of the Bose operators, 4; and a¥, which 


ate commutative also for a lattice site: 
[4,, dg |= 0, 4 [a,, a,|=0. (2-4) 


This was done by Holstein and Primakoff®) by noticing that Sj, Sj and JS, in the 
representation where S,, is diagonal, are equal to the parts O<n,=47aj52S of 


(25) 1"? (1—a¥a,/28)*"a, 
sa il eat (2-5) 
S—a¥a, 


respectively, in the representation where a¥a, is diagonal, and that, when these are used 
in place of S# and S,, in the Hamiltonian (2-1), the Hilbert space of eigensolutions is 
seperated into the regions where a¥a,<28 and a*a,>2S."° That is, our problem reduces 
to the eigenvalue problem of 


y= —LSf' — LSH + (288]! +H) Sia} a,—2]'>)a¥a,aFa, 


<jk> 
1} Vip, *. \IP 
== 25 rae sae seal 4%.) + a yr PD HH 
J> a’ (- a a;(1— = ) (2 + ) a,} 
(2-6) 
in the Hilbert space* 
IT}; (a¥) 0, (aaO, ly-::, 28), (2-7) 


where @, is the state satisfying 
a,P,=0 for all ; 


and (%, %,) 40; z is the coordination number of the lattice. The spin wave theory 
of Holstein and Primakoff” is to develop (1—a¥*a,/2S)'? in powers of a¥a; in (2-6) 
and neglect the higher powers of a¥a, than the first order and to solve the eigenvalue 
problem in the Hilbert space 


ITju1 (af) ™@, (n;=0,1,->-, 00), (2-8) 


neglecting the restriction of n,<2S (i.e. neglecting the so-called “ kinematical interactions’) . 
Now, we expand (1—a¥a,/25)' as** 


* This Hilbert space is identical to the original one : 


IT! 51 (S~5) "9D, (nj=0, 1,-++, 28) (2-74 
where @ is the state characterized by 
S*;0)=0 for all j 


and (Do, M) = 0. 
** The author was remarked 


hal’ chi pend ap 
Reet via 8k) sic that this expansion has already been used by T. Kasuya in Busseiron- 
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* WR oe 
d;da G 
he er’. = fe n Kn on 
1 ) ape ey vee (29) 


then the parts On, =a; d, 25; of 


2S—1 
2 c, i 
(252 z aX"ata, 
n=0 n! 
(2-10) 
28— 
(25) "ats 1 fn gen 
=) u 
n! 

in the representation where aja, is diagonal, are also equal to S} and S; in the represen- 
tation where S;. is diagonal. So that, our problem can be taken also as the eigenvalue 


problem of 
= — LzS?J'— LHS-+ (2zSJ’+H) 2G 4p BT Sah aaah Ae 
j I 


( 2S—1 ESS 1 
—28J3}} 4} an Shes Cn ay"a mS) “nad a, +a, Sh aka m Sis Cn stds 2 5a, (2 * 11) 
<jk> Yet nl ace m! m=0 m!\ n=1 


in the Hilbert space (2-7). The coefficients c¢,’s are calculated in Appendix. 

Our next step is to remove the cumbersome restriction nj<2S. For this, we have 
only to add to our Hamiltonian (2-11) a term which is infinite when the state is outside 
the original Hilbert space (2-7) and is zero when the state is inside it. Even when 
such a term is added to the Hamiltonian (2-11) and its eigenvalue problem in the 
Hilbert space (2.8) is solved, the set of eigenvalues and eigenfunctions is obviously un- 
changed, except for the appearance of states with infinite eigenvalue. As such a term we 


can take 


i! ee ia y= oO. (2-12) 


As the result, we get the Hamiltonian 


H=H,+H6' 
=Egq. (2:11) +Egq. (2-12) | (Dink) 


in the Hilbert space (2-8) as an equivalent to the Hamiltonian (2-1) in the Hilbert 
space (2-7’). 

It is noticed that this Hamiltonian commutes whith S}j_,a¥a; Then, this Hamil- 
tonian is a Hamiltonian of N(=}j_,a¥a,) interacting Bose particles. The presence of 
Y= co introduces the difficulties analogous to those met in the theory of liquid or gas 
which is caused by the divergence of the Fourier transform of the potential of inter- 
action. 

Using the result of Appendix for the values of c,’s, we write down this Hamiltonian 


explicitly for S=1/2, 1 and 3/2 in the following : 
For S=1/2* 
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‘ L 
sip : Si ata,—2J'> a*a,afa, 
= ——_f'— LA J +H): ah ay 20 a ap 
L 
—J>)\(ata,+afa;) + dlaFaF aja, , tj = 00. (2-14) 
<jk> j=! 
Hora) = 1 


L : ss 
Nos —1zf =LH+ (22) +H) Safa;—2 J > Fase 4, 
= <jk> 


S, ae ego 
—2J>:\ ay(a—V 4 ata, (1 _ Pa, ax a, )4e 


<gk> 2 
f2—-1 Y2-1 es oe ae aul 
Ti eae ya ata, 1— ow) a; 4; Ja;+ + 19>°45 “35 Ss 
i \ Vv j=! 
3 (2-15) 
Bor J=3/2 
L 
6 ee 7 pee eT, Caer PAY Saha 2g Siataata, 
4 2 j=! <jk> 
J 3—/f2z “SF —2y/ 2 +1 soe 
sil SH ape reer “hashes ecco GO) 
<ik> V 3 21 3 
bisa ar oy ce ee > ery 
x(p_V¥3ry 2 orate ¥ pe aK a¥*a; Ja; tec. 
tend ana 
L 
FUR laF a; , Y= 0. (2-16) 
Ys 


Van Kranendonk”™ has derived (2-14), rewritten it in the coordinate representation 
of N Bose particles and calculated the thermodynamic properties applying the usual Virial 
development of the theory of low density gases. 


$3. Antiferromagnetism 


The case to be considered in this section is the case where the Hamiltonian describ- 
ing the system is given by (2.1) with negative J and J’, the lattice of the system is 
constituted of two sublattices 4 and B and any lattice site of A is surrounded by sites 
of B and vice versa. Then our formulation of the previous section gives us as the equi- 
valent Hamiltonian (2-13). Hence, for instance, for S=1/2 and H =0 this case cor- 
responds to a Bose lattice gas with negative mass and repulsive potential energy and the 
lowest eigenvalue E, of the Hamiltonian (2-13) is expected to be of the form a or 5, 
of Fig. 1 as a function of N/L: It is a decreasing function of N/L when N/L is 


Mannari™) has quite recently published a paper in which he assumes that the Heisenberg model 
of a ferromagnetic can be represented by a non-ideal Fermi lattice gas. The Hamiltonian assumed by him 
is equal to the one obtained by taking the Bose operators, aj and a;*, in the Hamiltonian (2-14) to be the 
Fermi operators ; which is justifiable for one dimensional case, because of the presence of a hard core in the 
interaction (cf. e.g. T. Morita: Busseiron-Kenkyu No. 89 (Oct. 1955) 5 peda). 
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small and symmetric around N/L=1/2.* Hence the 

ground state is expected to be either the state with E, 

N=L/2, case a, or at least a state with N~L/2, { . 

case b. Therefore, if we are to treat the antiferromagne- 

tic case by using the Hamiltonian (2-13), the problem 

becomes that of high density fluid even for very low 

températures, and no powerful method to treat the latter 

is known. The merit of (2-13) compared with the 

Hamiltonian which will be derived below rests on the 1/2 1 

fact that the former commutes with S}/_,a*a,. —~ N/L 
Now, we turn to the Hamiltonian which is believ- Fig. 1 

ed to be useful for the treatment of antiferromagnetics 

in very low temperatures. As we started in the previous section with the Hamiltonian 

due to Holstein and Primakoff, we will now start with the Hamiltonian due to Kubo. 
We are to write the Hamiltonian in terms of the Bose operators a*, a; related to the 

lattice sites of A and bx, h, related to the lattice sites of B. We notice here the cor- 


respondences 


aad. 1/2 25-1 ; 
S;~ 25)'"(1— 2% ) 4, ge 25) 2 ay nq. 
Is / 


ey 4 Vd 
1/2 aya; pee ie, ae: Kn 
So~ (28) 'Pa sae ao = (25) i-3 av"a (3-1) 
S;.~S—aFa; 
related to a lattice site j of A, and 
b*b 1/2 ; 25—1 Cc 
a 125% i k ~S DS. 1/25%* Von BE" hb” 
Se~ (28)'64( +E) (28)'"6E SD) Pos 
* N 25-1 
Se~ (25)1"(1— EV ~ (25) SS BEB (3-2) 


Six pi S+ by by, 


related to a lattice site k of B: Here the correspondence ~ is in the same sense as 
those of (2:5) to S;, S; and S,. in the previous section. Our eigenvalue problem be- 
comes to be that of the Hamiltonian (2-1) with (3-1) and (3-2) in the restricted 


Hilbert space 


* If there were no interactions, a particle with negative mass would have less energy when it has 
larger momentum, and then all particles in system would have the largest possible momentum. 
Further, the lowest energy for a given number of particles is symmetric around N/L=1/2 because it 


should not depend on the choice of the positive direction of z axis. 
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TFS (af) all G GB) (n, m=0, 1, ---, 25), (3-3) 
where the basic state , satisfying 
a,0,=0 for all j on the sublattice A and 
b,F,=0 for all k on the sublattice B, 


is the state where all the spins on the sublattice A direct to the positive z direction and 
on the sublattice B to the negative z direction. 


As in the previous section, we transform the problem to that in the extended Hilbert 
space 


ITE (az ‘) "TEES (bey "ee, (n,, n,,= 0, i goes co ) (3-4) 


by adding to our Hamiltonian a term 


L/2 


He! =a 4 eae a Thay Sone fay = Up, (3-5) 


which is infinite outside the original Hilbert space and zero inside it. That is, we have 
the Hamiltonian 


H = — LS? 


Lj2 Lj2 
|+ (225|]’| +H) S’aFa,+ (2258\J’| —H) SbF b,—2\]"| Safa bf by 
j=! k=1 <jk> 


{ 28-1 28-1 gs—1 25-1 
(ss ae 
+25|J|>0 ay =) ea ht a*"a nos >) Cm bF™be + Sy on a¥"a"a, oy On be" br b, | 
<jk> n=0 ni moat) m! a n! pases * m! 
9 1 aa 1 ° 
+a S+1 gist +n Npees+1ges tt Up = 00, (3-6) 


in the Hilbert space (3-4) as an equivalent to the original Hamiltonian (2-1) in the 
original Hilbert space (2-7’). 


For S=1/2, it gives 


A= — 7 Lely! + (ely! +H) Dafa, + (ely!|—H) S621" | Srahasbitbe 


+Ul>5 (abi + aby) +i diay a; jasas+v oF bE bib, , Up= &. (3-7) 
E 
This Hamiltonian does not commute with ‘S Vyhatea, SW2b*b, or their sum... As 


the result, the situation is not so simple as is the case for the ferromagnetics where the 
simple interpretation as the Bose lattice gas is possible. 


$4. F errimagnetism 


In this section, we treat a system of L lattice sites, which consist of two sublattices 
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A and B, and on which the sites of A are occupied by a spin S, and of Bby a spin S, 
and the site A is surrounded by sites of B and vice versa. The cases of positive J and 
J’ and negative J and J’ are treated seperately in 4a. and 46. Only the results will be 
presented, as the derivations will be obvious from the preceding sections. 


4a. Case of positive J and J’. 
A= —Lz5,8,J'— ; LH (t4S4+ 42S) 


1/2 


1/2 2 
+ (2z5,J’ + Hal) Dasa (2284 J'+ U2H) diaga,—2]'>\aFa,aj'a, 
j= k=1 <> 


2S ,—1 2S ,,—1 
Ss A R 
x c c - 
—2// 5,8, J> [ « : ; dj "a; > : aymara,+ c. | 


<jk> n=0 n! m=0 m! 
L|2 L {2 
aa *2S .+1 28 +1 = N \ ¥2S 41 28 1 < 
+ 243 AY dy A* Uy dp Bd, Be, Y= 0. (4-1) a 
j= k=1 


4b. Case of negative J and J’. 


5 eS Ke ee 


7 LH (p484—t2Se) 


2 ales 
+ (2z5|J'| + pAH) Savas + (2284\J'|— nH) >) bi b.— 2|J'|d aja bit by 
j=1 k=1 <jk> 


Sane BIS es 
28 1 2S, 1 


, : 
/ ph ales C, * 7a x Cc mm 
7/55, (I> [4 51 Se gthanpe 5), Sm pmpm tc. 
<jk> n=0 nl m=0 ml! 
Le. LI2 
onan Sk Ss 1 oN 28 n+ 2s 1 7 = 
5 vodi4y 4 ‘di Ay + M24 Seid ala CR ge es (4-2) 
Vs’ — 


$5. Partition function for a Hamiltonian with infinite potential 


We have introduced an infinite potential to the Hamiltonian to restrict the Hilbert 
space in the correct region. When we calculate the partition function for the Hamilton- 
ian, containing an infinite term which restricts the Hilbert space, we may make use of 
the following technique. 

The procedure used in §§ 2, 3 and 4 is a special application of the theorem that 
the eigenvalue problem of 36, in a Hilbert space R, is equivalent to the eigenvalue 
problem of +H’ in a Hilbert space R=R,+R’ when ' is infinity in R’ and is zero 


Miehgsn ie, 


* 4 and pp donote g-factors of electrons on the respective lattice site, multiplied by the Bohr 


magneton. For the cases of ferro- and antiferro-magnetism, we have had this factor included in H. 
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He! =U>\¢. > <ul, U7 OO» (5-1) 
ma 


where ¢), is a complete set of the Hilbert space R’. As the consequence, the parti- 
tion functions of J6, in space R, and of 26 in space R coincide. When we write com- 


plete setes of R, and R as V,, ,, we have two formulae for the partition function Z 


Z=T[e**|=3)(@, |e **|9,), (5-2) 


ZT fe OP i ele | ad 
aa 


=S1(P, |e |D,) (P| Eno|Px), (5-3) 
LA 
Exn=>di| %.) (Pil. (5-4) 


We may use any of eq. (5-2) and eq. (5-3) for the calculation of Z. In the 
calculation by use of (5-3), the presence of the projection operator may introduce some 
difficulties. However, when we calculate the partition function by using some methods, 
in the process of which intermediate states appear—as the method of path integral—, the 
intermediate states are taken over R without restriction, while they are restricted inside 
R, when (5-2) is used. 


It is noted that, when 2€ is given, H,, is ambiguous by a term of the form 


M6! = diy, | ¥,) CF als Up > — 2 (3- 5) 
u 


which does not change the eigenvalue problem because 
IO"'E,=0 for all pe. (5-6) 


Hence we may add to 36, in (5-3) a term 26” of the form (5-5). 

As an example, we consider an isotropic ferromagnetic with spin 1/2. The Hamilton- 
ian is JG given by (2-14) with J=J’. The most natural choice of 2€, will be the 
one, 6 minus Uy dWj-14; 44,4; From the result, we find that Dyson has calculated (5-3) 


with IH, 
=H — Md ahaa, + J>iaF ag (45+ ay) ; (5-7) 
<jk> 


the last term has the property (5-6). 

On the other hand, Van Kranendonk has used eq. (5-2) directly. The discrepan- 
cies of their calculations are attributed to their ways of approximation in the calculations. 
This point will be investigated in the following paper. 

For the case of 51/2, the discrepancy of eq. (57) of Dyson’s paper and our eq. 
(2-13) minus o> oiat?S*aS*! will deserve further investigations. Our Hamiltonian 
is Hermitian while eq. (5:7) of Dyson’s is not so. But in our case, the presence of 
many body interactions makes the problem more difficult. 
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$6. Conclusion 


We have obtained the interacting Bose lattice gas equivalent to the Heisenberg model 
of ferro-, antiferro- and ferri-magnetism. When we neglect the interactions, the Hamilton- 
ian obtained reduces to that of spin wave. With our Hamiltonian obtained we can apply 
the theories of low density gases to the problems of magnetism which has been applied 
to the ferromagnetism with spin 1/2 by Van Kranendonk and Dyson. The interaction 
is two-body force when S=1/2, three-body force when S=1 and generally (45—1) body 
force for S>1. When we are interested in a state where the magnetization is far from 
the saturations, the presence of infinite potential makes the method unapplicable at present, 
because the problem reduces to that of high density fluid for which we know no good 
method at present. 

In the last section, we have presented a technique to calculate the partition function 
for Hamiltonian with an infinite potential. In connection with this, further investigation 
about the choice of JG, is desired. 

Although there may remain several points to be investigated in connection with our 
Hamiltonians, we have obtained the Hamiltonians which are equivalent to those of the 
anisotropic spin systems and which have the form of finite power series of the Bose 
operators and for which we have no such problem as the inevitable cut-off of infinite 
power series reults in the spreading out of the Hilbert space as was the case with the 
Hamiltonian of Holstein and Primakoff for ferromagnetics and the Hamiltonian of Kubo 


for antiferromagnetics. 


The author wishes to express his sincere thanks to Dr. K. Hiroike for his helpful 


discussions. 


Appendix: Calculation of c,’s 


¢,s ate defined by eq. (2°9)": 


* \ 1/2 © 
(-= da ) we Cn ade (A-1) 
2S n=0 nl 
Operating this to %, a*D,, a*a*@,, ---, we have 
0 
Pi =c%, (A:2") 
\.1/2 
ae = ) a* Dy = (y+) a*@, (A-2') 
\ 2S 
\,1/2 - 9 
(1 ee Seek) ata* MD, = (cy +2¢,+ 2 "ata (Amr2s) 
\ 20, 2! 


Generally, operating it to a*"%,, we have 


m=0 
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Solving (A-2) successively, we obtain* 
q=1, 
ae aunt os (A-3) 
eal —20.1/25) "Eas: 
For S= ieee 
qg=l, qg=—le 


Por J=1, 


For S32, 
GQ=1, qG=—141/2/3 , e@=1—2)/2/3 +1// 3,----> 
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The nuclear reactions **Na(MN;@p)*2P and Na (4N;a2p) *'Si are analysed on the basis of 
the compound nucleus model. The ratio of the cross sections in both reactions at 26 Mev bombarding 
ion energy seems to be fairly well reproduced in terms of the usual compound nucleus picture, but the 
absolute values of these cross sections are anomalously small. Taking account of the effects of depress- 
ed Coulomb barrier height, we obtain the right order of magnitudes for the excitation cross sections 
of both reactions. According to the present investigation, it seems to be rather premature to argue 
definitely for the presence of buckshot type nuclear reaction, but suggestions and discussions concerning 


the reaction mechanism of the heavy ion induced nuclear reactions are given. 


§ 1. Introduction 


A number of experiments on heavy ion induced nuclear reactions so far presented are 
classified into two categories according to the type of the reaction mechanism. One is the 
multiple evaporation type nuclear reaction proceeding through the compound nucleus form- 
ation process, and it leads to the residual nuclei a few mass units lighter than the com- 
pound nucleus. The other is the nucleon transfer reaction which results in reaction pro- 
ducts one mass unit lighter or heavier than the initial nuclei involved in the reaction. 
The latter process has been treated theoretically by Breit and Ebel’ and it has been 
clarified that the reaction mechanism is closely related to nuclear structure. -On the other 
hand, we have analysed in a previous paper” the multiple evaporation process in “N-+'°C 
reaction in which it has been pointed out that the gross feature of the excitation cross sections 
is fairly well interpreted in terms of the compound nucleus picture. Although the compound 
nucleus formalism may be applied to the interpretation on gross feature of the cross sections 
of heavy ion induced nuclear reactions, some kinds of direct interaction must not be neglected 
to obtain better agreement with experiment. In the previous work”, it has been shown 
that the partial capture process may contribute in the case of '"C(™N; 2@)"F reaction. 
This kind of direct interaction may be interpreted as the so-called buckshot type reaction 
mechanism since the nuclei involved in the reaction are broken-up already before they 
come into contact. 

The possibility of buckshot type nuclear reaction is discussed in some detail by Chackett, 
Fremlin and Walker®) for “N+ Al nuclear reaction. According to their suggestion, the 
higher the Coulomb barrier is, the more pronounced is the buckshot type process, and when 
the buckshot type process occurs the capture cross section is larger than the single bullet 
process. But it seems to be difficult to account for the effect only by the buckshot type 


nuclear reaction, because the effect of fall-down of the Coulomb barrier is not taken in 
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their discussion. In fact, in our preliminary report in which the reactions *Na(“N; 
ap)”P and *Na(™N ; a2p)"'Si were analysed based on the compound nucleus model, we 
have pointed out that the ratio of the cross sections in both reactions at 26 Mev bom- 
barding ion energy agrees with the experimental results”, but the absolute values of these 
cross sections are largely scattered from those of experiments. This discrepancy seems to 
be explainable by the fall-down effect of the Coulomb barrier rather than by the buckshot 
type nuclear process. 

The importance of the fall-down effect of the Coulomb barrier height has been 
pointed out already by Breit, Hull and Gluckstern” in the case of heavy ion bombard- 
ment on multi-charged target nucleus. They have considered the distortion effects in 
nuclei involved in the reaction on the basis of the liquid drop molel. Another investi- 
gation on this subject has been made by Kikuchi’) who has shown in analysing the reaction 
7Al(n; a)*Na that the diffuseness of nuclear surface makes the penetration of the Coulomb 
potential barrier easier. 

In the present work, the experimental results") of “Na (4N ; ap) *P and “Na(“N ; @2p) 
"Si reactions are analysed again by means of the compound nucleus model slightly modif- 
ed by taking into account the depression of the potential barrier height. Our interest 
lies chiefly in the mechanism of the nuclear reaction induced by heavy ions, and if the 
effect of the buckshot type nuclear process or of the distortion of nuclei exists, it will be 


more appreciable in “N-+**Na reactions than in “"N+"°C reactions analysed previously. 


§ 2. Excitation cross sections 


In the calculation based on the compound nucleus model, all decay processes energe- 
tically possible must be taken into account as the competitive processes. The treatment 
for the calculation of excitation cross section of multiple evaporation nuclear reaction is 
shown in a previous paper’), in which three particles or gamma rays emissions are taken into 
account as the competitive processes, so that we will follow the procedure described there. 

The cross section of the nuclear reaction (J; i, j,&) is expressed, in general, as 


—_ 


mn. p 


o (l; i, bs k) =o (E,) Kix/> Ra, SE (E,) Bose > (1) 


where of (E,) is the cross section for the formation of a compound nucleus by the im- 
pinging particle / with incident energy E,, and J’, is the decay probability for having 


emission i, j and k from the compound nucleus. In the calculation of Bin, the constant 


4 appearing in the level density formula w(E) =c-exp(2)aE ) is chosen as 0.42 Mev~ 
for “P according to the previously proposed relationship’. The effect of the depressed 
Coulomb barrier height must be taken into acccount in the evaluation of eq. (1), not 
only for of? (E,) but for 8,,.. 

The distortion effects in nuclei, suggested by Breit et al®. is taken into account by 
assuming the form of the nuclear deformation as 


Or(0) =[a,+a,P, (cos 4) |, 
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Fig. 1. A typical illustration of the compound nucleus formation cross sections by proton and 
alpha-particle on a phosphorus target (Z=15). The solid curves refer to the calculated 
cross sections using the usual Coulomb barrier, and the dashed curves are those using 
the depressed Coulomb barrier. 


where @, must be determined from the condition of potential minimum after the Coulomb 
energy is averaged over # and r. Taking account of their consideration into the present 
case, one may find that the effective Coulomb barrier height is about 90% of the usual 
one, and for the purpose of the present investigation it is not quite effective. On the 
other hand, the effect of the diffused boundary of the nuclei results in the ratio of the 
effective Coulomb barrier height to the usual one of about 2/3. In this estimate we 


supposed the potential as follows : 


B@= Vike HV OO for r>R, 
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Fig. 2. Comparison between the calculated and experimental results for the nitrogen induced 
nuclear reactions on sodium. The solid curves refer to the calculated cross sections and 
the dashed curves are those of the experiments. The compound nucleus formation cross 
section for 4N-+25Na is shown also. 


where V,, and V, are the nuclear potential and the Coulomb potential, respectively, which 
are given by 


rine refieen SE Dp 


V(r) = ZL /¥. 
Then one may find 
Buce/Bo=1—1.7/R, 


where R is the nuclear radius in unit of 107"cm, and expressed as 1.5 A’. With the 
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effective Coulomb barrier height, diminished by the above mentioned effects, the cross 
sections of compound nucleus formation are evaluated for proton, alpha-particle and nitrogen 
ion, and these cross sections are illustrated in Fig. 1 for proton and alpha-particle. Fur- 
thermore, for the case of neutron, the compound nucleus formation cross section is affect- 
ed also by the rounded-off nuclear potential as was pointed out by Kikuchi”. 

We make the calculation of the excitation functions based on the compound nucleus 
Picture with above mentioned modification. In Fig. 2 the experimental and the calculat- 
ed excitation cross sections under consideration are illustrated. Also the cross section of 
compound nucleus formation for impinging nitrogen ion on sodium target is illustrated in 
this figure. Though the cross section at 26 Mev using the conventional theory is about 
430 mb, the present calculation with the diminished Coulomb barrier gives about 700mb 
for this cross section. In the evaluation of the compound nucleus formation cross section 
when incident nitrogen ion collides with sodium target, the channel radius is taken some- 
what smaller than the sum of the radii of “N and “Na nuclei and larger than the radius 


of the compound nucleus “A. 


§ 3. Discussions 


From Fig. 2 it is seen that the overall behavior of the excitation cross sections of 
both reactions is fairly well reproduced by the present calculations. It must be noted, 
however, that the discrepancies in these curves seem to suggest us many imports. 

In the first place, if the calculated curve of o(”P) is shifted to right by about 4 
Mev in scale of incident energy it coincides with that of experiment, and for the case of 
o(*Si) it has to be shifted to left by about 1.5 Mev. Therefore, provided that the 
separation energies used here are unsuitable, a possibility of improvement is expected. In 
the present calculation, however, the separation energies were calculated from the mass ex- 
cess data listed by Bethe and Morrison”, and thus it is unlikely to give rise to a mistake 
of about 5.5 Mev in difference of separation energies for both cases. Therefore, we are 
obliged to consider a special mechanism for nuclear reactions induced by heavy ion bom- 
bardments in order to explain these discrepancies. As a different point of view, if we 
compare the calculated excitation function of *Na("N ; @p)*P with that’ of RC (NS 
a)”Na, a close similarity in the discrepancies may be found. In the previous case, the 
discrepancy is discussed in terms of the isotopic spin selection rule in nuclear reactions 
but in the present case it is premature to make such interpretation because of incomple- 
tion of our knowledge on the isotopic spin assignment to the complex nuclei taking part 
in the reaction. 

Next, let us consider the possibility of occurrence of the buckshot type nuclear process. 
Recent experiment” on the angular distribution of reaction products of nitrogen induced 
nuclear reaction seems to be a typical example indicating the existence of buckshot type 
nuclear process though the original author makes no mention of buckshot type reaction. 
Zucker has measured the angular distributions of protons and alpha-particles from the 


reactions “Al(“N:p)*K and “AI(“N;@)"A. The protons from the former reaction 
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are emitted isotropically whereas the angular distribution of alpha-particles shows the de- 
finite forward peak. Since the type of this experimental result is not multiple evapor- 
ation type, one cannot emphasize immediately the existence of the buckshot type reaction 
in the multiple evaporation type nuclear reactions. However, taking account of the fact 
that the emission of alpha-particles occur frequently in most cases of the multiple evapor- 
ation type reactions, we may expect the break-up process of impinging nitrogen ion such 
as “N—->a@a+'B. Here we assume that the alpha-particle is scattered directly, while the 
boron nucleus is captured in the target nucleus of sodium to form a compound nucleus 
- 8, and one proton and gamma ray or two protons are evaporated from the compound 
nucleus “S successively. Estimating the branching ratio 7(*P)/o("Si) in this case, 
one finds smaller values compared with the calculated results for the complete compound 
nucleus formation process (Section 2) over the range of the incident energy under 
consideration. This tendency is just what we look for, but unfortunately we cannot make 
quantitative discussions at the present time since it is not known what amount of the 
incident energy is shared to the compound nucleus produced by the partial capture of 
boron nucleus. Therefore, it is desired to design the experiments so as to measure the 
angular distribution and energy spectrum of alpha-particles from the multiple evaporation 
type nuclear reactions as in the recent experiment’ on heavy ion induced nuclear reaction 
with one kind of reaction product. 

Finally, the compound nucleus formation cross section for impinging nitrogen ion on 
a sodium target is quite similar to calculated excitation cross section for “Na(“‘N ; ap) *P 
reaction, as is seen from Fig. 2. It stands for the constancy of Y8,,, in eq. (1) over 
this large energy region. Similar situation was pointed out by Reynolds and Zucker™ for 
the case of *Be("'N ; an)'‘F reaction in which the similarity lies between the compound 
nucleus formation cross section and the experimental excitation function. Accordingly, it 
does not seem to be so surprising a fact that, in the case of “Be(*N; an)"F reaction, the 
ratio of the reaction cross section to the total cross section (cross section for compound 
nucleus formation) remains nearly constant over the large incident energy region. 

The author would like to express his gratitude to Professor K. Husimi for his gui- 
dance and encouragement. He is also indebted to Messrs. T. Kammuri and S. Yamasaki 


for many helpful discussions. 
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We report here a consistent variation calculation of the interaction energy between two normal 
helium atoms from the repulsive region to the van der Waals region. The LCAO MO method within 
single configuration approximation is used and two variation parameters are included in the wave 
function in such a way that the bonding and the anti-bonding orbitals can be deformed separately. 
The result of the calculation is satisfactory. 


Introduction 


The calculation of the interaction energy between two normal helium atoms is one 
of the most fundamental problems in the quantum theory of molecular systems. It has 
received various kinds of treatment. If we try to tackle this problem by the method of 
the molecular orbital in the single configuration approximation, it is natural to adopt one 
bonding orbital @,(c,) and one antibonding orbital ¢,(¢,,) and assign two electrons with 
opposite spins to each of these orbitals, according to the Pauli principle. Thus, the wave 
function for the total system which consists of two normal helium atoms, separated by 


finite distance, may be written as 
B= (1/24) ""S(—-1) Plea) e222.) G44) 


where P, is the operation permuting the electron coordinates, 1, 2, 3,4, and a and § are 
the usual spin eigenfunctions. The functions, 9,, %,, @ and /%, are all supposed to be 


normalized to unity. 


Griffing and Wehner” adopted the so-called LCAO approximation for ¢, and 9, ; 
P,=N,(Sat5) 3 Tq (2) 
GO, =, (5,— 55) 5 Cus (3) 

where N, and N,, are the normalization constants and 
Sa= (Z3/7)*” exp(—Zra),  S9= (Z?/7)'” exp(— Zr). (4) 


Here Z is the parameter of the theory and 7, and 17, are the distances of the electron 
from nucleus a and 6 respectively. 5, and 5, are simple Is-functions, Z, the effective 
nuclear charge, is taken as 27/16 in the calculation of Griffing and Wehner, according 
to a variational calculation on the atom. They made an attempt to improve the calcul- 
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ation by minimizing the energy with respect to the parameter Z for each internuclear 

distance, only to find that departures from the value Z=27/16 bring about alec always 

no significant improvement. Then they concluded that “the variation of effective se 

charge is unimportant in the He, problem from the view-point of decreasing the energy. 
As is well known, the wave function / given in (1) consisting of the molecular 


orbitals g,~5,+5, and 9,~5,—5, can be recast into the following form : 
P~S}(—1) Pasa (1) a (1) 54 (2) 4 (2) 55 (3) @ (3) (4) 3 (4) I (5) 
x 


Hence, in this case, the molecular orbital theory and the valence bond theory are equi- 
valent in the first stage of approximation. 5, and s, are the Is atomic orbitals given in 


(4). If we express them in the prolate spheroidal coordinates, 
sy~exp [— (ZR/2)$— (ZR/2) 4] 
s,~exp [— (ZR/2)€ + (ZR/2) 7] 


(6) 


where 
f= (ra+1)/R, = (ta—tr)/R, 
or conversely 
Ta= (R/2) (F +7), m= (R/2) (S—7). 


Sakamoto and Ishiguro” attempted a refinement in the valence bond scheme by adopting 
the modified atomic orbitals introduced by Inui® and Nordsieck*’, namely 
seep (a8 Fy), a 
5s~exp (—asS+ 7), 
where @ and / are the independent parameters. Note the relation between (7) and (6). 
In this way, they attempted to take into account the deformation of the atomic orbitals 
due to the approach of another atom. The result was not encouraging. The repulsive 
interaction energy of the He-He system obtained by Sakamoto and Ishiguro is lower than 
that of Griffing and Wehner but the difference between these two calculations is rather 
small, namely within 1 eV over nearly the whole range of the internuclear distance dis- 
cussed. there. 
Recently, another alternative refinement of the treatment of Griffing and Wehner was 


put forward by one of the present authors’. The idea is simple. We use the following 
molecular orbitals ; 


OSS, Ss 3 Fo, (8) 
%. = ces — Sy 3 Ow (9) 
where 
Sa= (Z°/7)"” exp (—Zr,), Sp= (Z°/7)"? exp (— Zr), 


‘ts (Z'3/z) 1/2 exp rv Sf = (Z?/z) 1/2 exp (4-Z%%) ; (10) 
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The point is that we take ZZ’. This scheme is nothing but a slight generalization 
of that of Griffing and Wehner but the improvement brought about by this modification 
is found to be remarkable. The primary reason for this achievement is that the bonding 
orbital g, and the anti-bonding orbital g, can be deformed separately. The importance 
of such a freedom was first noted for the Hy ion by Coulson") in 1937. Roughly speak- 
ing, the bonding orbital tends to contract inwardly and, on the contrary, the anti-bonding 
orbital wants to expand outwardly, these tendencies being understood most easily from the 
united-atom point of view. Various methods may be deviced to give such flexibilities to 
the molecular orbitals for the present problem. 

The primary purpose of the LCAO MO calculation with Z4Z’ was to diminish the 
large discrepancy between theory and experiment at a small internuclear distance. This is 
the reason why we performed the calculation only at the distance of 1< R&2 au. How- 
ever, the force range which is physically most important and of direct interest may pro- 
bably be the van der Waals region and the neighboring inside. We report in this paper 
a consistent quantum mechanical variation calculation of the interaction energy between 


two normal helium atoms from the repulsive region to the van der Waals attraction region. 


Calculation and result 


As a simple device to give necessary flexibilities to the bonding and the anti-bonding 
orbitals, we take @, and ¢, as follows: 


Po=Nil Sat 5) +4y( Pat pr) ] 3 Om (11) 
¢ = NA. Ce) +44 Pa— Ps). | > Fu (12) 


where 


Some CLS 0) eK exp! (Zr); 

Sy= (15 0) ,= (Z°/7)'" exp (— Zr), (13) 
pa= (2p 7) a= (Z°/7) "4, cos I, exp (— Za), 

Po= (2p 7) = (Z°/7)'"r, cos 0, exp (— Lr). 


Here, 4, and /,, are the variable parameters 


and N 


, and N,, are the normalization factors 


which, needless to say, depend on /, and 4, 
respectively. To simplify the evaluations of 
molecular integrals, a fixed value of Z=27/16 
is used commonly for (1s0) and (2po) 
orbitals throughout the whole range of the 
internuclear separation. 

The same kind of device for the orbital 
deformation was first adopted by Rosen” for 
H,.in the valence bond theory and then 
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utilized by Dickinson’) in molecular orbital treatment of H;. Griffing and Wehner’ have 
also made use of it in order to calculate the attraction energy between two normal helium 
atoms at one point near the minimum on the van der Waals energy curve. It is our aim 
to use the above orbitals to cover not only the van der Waals region but also the inter- 
mediate and the repulsive regions of the He-He interaction. 


The wave function of the system is given in (1), namely, 


P= (1/24) "33 (— 1)*P,[y, (1) a (1) @, (2) 8 (2) ¢,. (3) & (3) ¢,, (4) 8 (4) J. 


Here g, and @,, are given in (11) and (12). The energy operator for the system is 


(in atomic units*) 


4 4 
bles a) + 250/74) a (4, R), (14) 


where 
H(i) =— (1/2) 4;— (2/145) — (2/t») - 
Then the total energy of the system is 
E(R) =(¥, HY) =2H,+ 2H, 4+ Jog+Juut+ 4Jou— 2K. t+ (4/R), (15) 


where 


H,=|¢, H(A) ¢, A) dey, 
H.=|e.) HA) gar, 
Joy=| | P01) ¥5 (1) (1/2) $y (2) $y (2)42, dy 
Juu=| | Pu(1) 2u(2) (1/2) Gu 2) Gu 2) ded 
Jon= || 4(1) $y (1) (1/ra) 42) Gu(2) deed 


Ku || 0 (1) Gu (1) (1/7) Po(2) Oy (2) dz, dz. 


As ia castle seen, the expressions, H,/N,., FLING, Jel No Jel Mo, Jelf NIN! and 
Kou/ N;N,2, together with 1 /N2 and 1/N.2, are decomposed into polynomials of 4, and 
4 Each term of the polynomials consists of the basic integrals expressed in terms of 5 

Sty Pa and p, First we have to evaluate a number of those molecular integrals Then, 
using the numerical values of the integrals, we can express E(R) for each beteate of 


* Length: a)=0.5292 10-8em (Bohr radius). 
Energy: e*/a9=27.21 eV (twice the ionization energy of hydrogen). 
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R as a function of 4, and 4,. The next and final task is to minimize the energy E(R) 
with respect to the parameters 4, and i, at each value of R. The potential energy is 
calculated by the definition V(R) =E(R)—E(c), E(co) being-5.6953125 au. The 
whole procedure entails rather tedious but fairly straightforward exercises. We suppose it 
is not necessary to describe the details here. An appendix is prepared to present formulas 
to evaluate the basic integrals needed in the present calculation and the relevant numeti- 
cal tables. 


Table 1. Interatomic potential for Heo. 


R (A) Ag mt’ sda. Ris vile: Et co i ae : | plater Kerker 
oeo72°"" | 0.010 —0.225 | 7.958x10-) 9.137 x 10-1 
0.9407. 0.015 | —0.085 2.096 x 10-1 2.283 10-1 
1.254 | 0.010 | —0.040 | 5309x1072 5.790 X 10-2 
1.568 0.010 | —0.0245 |  1.232x10-2 | —-1.417x 10-2 
1.881 0.0085 —0.0150 2.507 x 10-8 3.312 10-3 2.314 10-3 
2.195 0.0060 —0.0075 |  4,012x 10-4 7.333 X 10-4 4.222 10! 
2509 0.0040 — 0.0045 3.644 x 10-5. 1.550 x 10-4 3.466 X 10-5 
3.110 | *0.0014 =| *—0.0014 *_214x 10-5 —2.696 X 10-5 


*Values due to Griffing and Wehner”. 


The results of the present calculation are shown in Table 1. In the actual calcul- 
ation the dependence of E(R) on /, and /, at each distance has been examined, as a tule, 
at intervals of 0.5 in significant figures. It is observed that /, is positive and /,, is negative 
consistently for the whole range of the internuclear distance. This implies that the orbital 
vy, has a tendency of contracting into the inner region and the orbital y, wants to extend 
itself to the outer region. This is just what we have expected. Repulsive energies of 
21.65 eV (0.7958 au) at R=0.6272A and 5.702eV (0.2096 au) at R=0.9407A are 
favorably compared with the corresponding values of Griffing and Wehner (4,=4,=0), 
24.86eV (0.9137 au) and 6.212eV (0.2282 au), where they failed to improve the values 
by varying the effective charge parameter Z. The last column of Table 1 gives values 
from the so-called Slater-Kirkwood potential : 


[770 exp(—4.60R) — (1.49/R®)]X 107" erg. (Rin A) (16) 


This is a typical example of “theoretically calculated” potentials and vee es 
widely used. So far, the short range repulsive potential and the attractive dispersion 
energy are calculated separately and then added up to ae ee whole cute of 
the potential energy between two normal helium atoms. Approximations used es the 
calculation of the above inverse six-power dispersion energy are not valid for shorter inter- 
nuclear distances. In the present treatment such an inconsistency is eliminated, and it is 
the most gratifying feature of our calculation. It is of interest to see that in the region 
of 2A<R<3A the agreement between the Slater-Kirkwood potential and ours is rather 
excellent. Of course, this does not necessarily mean that the calculated energy values 


are close enough to the actual ones, but at least, we may say that our calculation gives 
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values not far from the real truth. It is instructive to note that the same kind of defor- 
mations of the molecular orbitals in the single configuration approximation can cover rather 
effectively the whole range of interaction between two normal helium atoms, from the re- 


pulsive region to the van der Waals region in tolerable accuracy. 


Appendix 


Evaluation formulas and numerical values are given for two-center electron repulsion 
integrals of hybrid and exchange types used in this treatment. Coulomb integrals are 


omitted because we can find the relevants formulas and numerical values in Roothaan’s 


9)10) 


works: The integrals can be expressed generally in the form, 


(2a) |22)1=[] 20) /n) 2@) dds 


where {2 and 2 are charge distributions consisting of products of two atomic orbitals. 


For example, 


Pree e | = \ [5 (1) Sq (1) (1/r4) Sa (2) Sp (2) dz,dz., 
(hydrid) 


(511 50511= | | 50(2)55(1) (1/rn) 5a (2) (2) dodo 
(exchange) 


and others may be inferred according to the above examples. In the following formulas, 
A, (a), B,(a), Gi(m, a) ,W%(m, n; a) are the functions defined and tabulated in KAIK’s 


table’, namely, 


A, (a) = leeds, 
1 
c+ 

B, (a) = \ery'dy 
a 


+1 
Ge (m, &) =[e-MP(y) 7" A) dy, 
1 


v ale Ag » —a(ty 4 Pon * As P - 
Ww (m, n 3 a) =| Q: (<.. ) PX es <e a(ta ‘eres (ee — 1)? (¢2— 1)*"d¢, d., 


1, 


where P: and Q? are the associated Legendre functions of the Ist and 2nd kinds 
spectively, and ©, is the larger of €, and €, and §~ the smaller. 


(1) Hybrid integrals 


re- 


Cc 


[sual a8] =Z (44, (a) +24, (2a) B, (a) — A, (2a) B, (a) } 


+a {A, (2a) B, (a) — A,(2a) B, (a) } ] 
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[SaSa| 5a Po] a v 
ee = ZF L1t5M 02,2) — 5 (0,2)} G(0) 


— {15W, (0,2) —5W,,(0,0)}G,(2) 

+ {9W, (1,2) —15W, (2,3)}G,(0) 

+ {9W, (0,1) —15W, (0,3) }G, (2) 
—10W,,(0,2) G,(0) + 10W,, (0,0) G, (2) 
+ 6W,,(1,2) G; (0) F 6W, (0,1) G, (2) | 


[saPel*ato]=Z— | {3W,, (2, 2) —W,(0, 2)}G,(0) 


+ {3W,(2, 3) —W,,(0, 3)}G,(1) 

— {3W,(0, 2) —W,(0, 0)}G,(2) 

— {3W,,(1, 2) —W,,(0, 1)}G,(3) 
—2{W,(0,2)G,(0) +W, (0,3) G,(1) 
—=W (0, 0) G32) W505 1) G3) } | 


(sta PaPo]=Z—2 [7 {—5W,(0, 2) +18W,(2, 2) —5W, (2, 4)} G, (0) 


—7{—5W,,(0, 0) +18W, (0, 2) —5W,, (0, 4) }G, (2) 
+10{—7W,(0, 2) +6W,(2, 2) —7W,(2, 4)}G,(0) 
—10{—7W,(0, 0) +6W,(0, 2) —7W,,(0, 4) }G,(2) 
+24W ,(2, 2)G,(0) —24W,(0, 2) G,(2) | 
LSaPa =P 7 (51 (3/2, 2) 17 (0, 2)1G, (0) 
[Sapa |Pa 5] 240 
+ {(3W,(2, 3) —W,,(0, 3)}G,(1) 
— {3W,,(0, 2) —W,,(0, 0)}G, (2) 
— {3W,(1, 2) —W,(0, 1)}G,(3) | 
+ 3[ {3W, (1, 2) —5W, (2, 3)}G,(0) 
+ (3W,(1, 3) —5W, (3, 3)}G,(1) 
— {3W,(0, 1) —5W,(0, 3)}G,(2) 
— {(3W,(1, 1) —5W, (1, 3)}G,(3) ] 
—10[W,(0, 2)G,(0) +W,(0, 3) G,(1) 
—W,(0, 0)G,(2) —W,,(0, 1) G, (3) | 
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+ 6[W,,(1,2) G,(0) +W; (1,3) G (1) 
—W,(0, 1) G,(2) -W,(1, 1) G; (3) ]) 


[PePaltass]=Z-=_[ (37, (2,2) —W,(0,2)} {G,(0) —G, (4)} 


+ {6W,(2, 3) —2W,,(0, 3)}G,(1) 

+ {3W,(2, 4) —W,(0, 4) —3W,,(0, 2) + W,,(0,0) } G, (2) 
— {6W (1,2) —2W,, (0,1) } G, (3) | 

—2W,(0, 2) {G,(0) —G,(4) } —4W,,(0, 3) G,(1) 
—2{W,(0, 4) —W,(0, 0)}G,(2) +4W,,(0, 1) G, (3) } 


. Puls = Za ee sW’,(2, 2) —5W,(2, 4)}G,(0 
[saPel Ba Po] =Z—S—_{ 7 {—3W4(0, 2) +18W,(2, 2) —3Wo(2, 4)} G(0) 


+ {—5W,,(0, 3) +18W,, (2, 3) —5W, (3, 4)}G,Q) 

— {—5W,(0, 0) + 18W’,(0, 2) —5W,,(0, 4)}G,(2) 

— {—5W,(0, 1) +18W,(1, 2) —5W,,(1, 4)}G,(3)] 
+10[ {—7W,(0, 2) +6W,(2, 2) —7W,(2, 4)}G,(0) 

+ {—7W,(0, 3) +6W,(2, 3) —7W,(3, 4)}G.(1) 

— {—7W, (0, 0) + 6W,(0, 2) —7W,(0, 4)}G,(2) 

— {—7W, (0, 1) +6W,(1, 2) —7W,(1, 4)}G,(3) ] 
+ 24[(W,(2, 2)G,(0) +W,(2, 3)G,(1) 


—W (0, 2)G,(2) —-W,(, 2)G,(3)]}) 


| Pa Pal SaPo| aaa ey . iy 
Crlavadl Set (sL130(2, 2) —W,(0, 2)} {G,(0) —G,(4)} 


+ {6W, (2,3) —2W,(0,3)}G, (1) 
+ {3W, (2, 4) —W,,(0, 4) —3W, (0, 2) +W,(0,0)}G,(2) 
— {6W, (1, 2) —2W,(0, 1)}G,(3) ] 
+ 3| {3W, (1, 2) —5W, (2, 3)} {G,(0) —G,(4)} 
+ {6W, (1, 3) —10W,, (3, 3)}G, (1) 
+ {—5W, (3, 4) +3W,(1, 4) +5W,(0, 3) —3W, (0, 1)}G, (2) 
— {6W (1, 1) —10W, (1, 3)}G, (3) ] 
—10[W,(0, 2) {G,(0) —G,(4)} 
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+2W,(0, 3)G,(1) + {W,(0, 4) —W,(0, 0)}G,(2) 
—2W,,(0, 1)G,(3) ] 

+ 6[W,(1, 2) {G,(0) —G, (4) } 
+2W,(1, 3)G,(1) + {W,(1, 4) —W,(0, 1)}G,(2) 


—2W,,(1, 1)G,(3)]) 


a 


LPaPalPapo]=Z———— 


(7[{—5W,(0, 2) +18, (2, 2) —5W,(2, 4)} 


X {G,(0) —G,(4)} 
+{—10W, (0, 3) +36W,,(2, 3) —10W, (3, 4)}G,(1) 
+ {5W,(0, 0) —18W,,(0, 2) +18W,(2, 4) 
—5W (4, 4)}G,(2) — {—10W,, (0, 1) +36W,,(1, 2) 
—10W,(1,4)}G,(3) | 
+10| {—7W,(0, 2) +6W,(2, 2) —7W,(2, 4)} {G,(0) —G, (4) } 
+ {—14W,(0, 3) +12W,(2, 3) —14W, (3, 4)}G,(1) 
+ {7W,(0, 0) —6W,(0, 2) + 6W,(2, 4) —7W,(4, 4)}G,(2) 
— {—14W, (0, 1) +12W,(1, 2) —14W,(1, 4)}G,(3) | 
+24[W,(2, 2) {G,(0) —G,(4) } +2W,(2, 3)G,(1) 


+ W4(2, 4) —W,(0, 2)}G,(2) — 2, (1, 2)6,(3)]) 
(IL) Exchange integrals 
[8% Sa% | =Z< (45, (2, 2) —30W,,(0, 2) +5W,(0, 0) +4W,,(0, 0) | 
[5a5s|5aPo| =Z7 [45M (2, 2) —30W,,(0, 2) +5W, (0, 0) +4W,,(0, 0) | 


=(= Ls 5a5p| 


[susel pe bef =Z a! [35W,, (0, 0) —231W,, (0, 2) +35W,, (0, 4) +378W, (2, 2) 
2520 


—105W,,(2, 4) +28W,(0, 0) —24W,,(0, 2) +28W,(0, 4) ] 
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[5a Pola Po] | a7@ 


| 2- {oW (2, 2) —6W,,(0, 2) +W,.(0, 0)} 
[5a Pol Pa 50] 8 9 


+1 tow, (1,1) —30W, (1,3) +25, (3,3) } 
75 

4_4 w, (0,0) +4 war) | 
25 oan 175 


al Sa 
=—Z"* |_- {25W,,(0, 0) —180W, (0, 2) +50W,,(0, 4) 
[Pa Pol Pa Po] =Z—— at (0,0) 


+ 324W,,(2, 2) —180W,,(2, 4) +25W, (4, 4)} 


_ 


4 


2205 


{49W,(0, 0) —84W,(0, 2) +98W,,(0, 4) 


+ 36W,,(2,2) —84W,,(2, 4) +49W,(4, 4)} 


~—** aa 


110 


5 70) | 


(sePolPePal=Z—“ [7 (5, (0, 0) +34, (0, 2) +5W,(0, 4) 
0) 


+54W, (2, 2) —15W,(2, 4)} 


—4{—7W,(0, 0) +6W,(0, 2) —7W,(0, 4)}] 


= (= )isesslpa Pl 


Numerical values of the above integrals are given in Tables 2 and 3. 


Some dis- 


crepancies are found between numerical values calculated here and those of Hirschfelder 
12) 


and Linnett 


a=RZ [sasalsaso] /Z [saSalSaPo] |Z [saSa|Pase] /Z [saPalsas] |Z 
Ps 3.0803647 x 107! 3.6981733 xX 107! 2.4625558 x 1071 3.8221220 x 10-2 
3 1.6074246 x 1071 2.9427873 x 107) 1.8794864 x 1071 2.4065682 x 1072 
4 7.6981672 X 1072 1.9039060 X 107} 1.1753607 x 1071 1.2454731 x 1072 
b 3.4953043 x 1072 1.0916325 x 107! 6.5601956 x 10-2 5.8181988 x 10-5 
6 1.5311456 x 10-2 5.7842934 x 107° 3.4025800 x 107° 2.5593022 x 10-3 
“6 6.5378679 x 10-38 2.8998003 x 107° 1.6767076 X 107° 1.0833484 x 14-5 
8 2.7387379 X 10-3 1.3954049 x 1072 7.9558530 X 10-8 4.4672490 x 1074 


Table 2. 


Hybrid integrals 


in | papolPaPol/Z, [SaPalSaPol/Z, [SaPo|Pa5s|/Z, [Sasol Sa5v]/Z, [PaPalPaPs|/Z- 


The Interaction between Two Normal Helium Atoms 


[sual PaPol /Z 


— 3.5351805 x 10-2 
1.0797465 x 10-1 
1.3846601X 10-1 
1.1410166 x 107} 
7.7585837 X 10-2 
4.7110005 x 10-2 
2.6508945 x 10-2 


4.2390987 x 10-8 
2.1943240 x 10-2 
2.0684192 x 10-2 
1.4002323 x 10-2 
8.0856340 x 1073 
4.2469098 x 10-3 
2.0945827 x 10-3 


enueen |Z 5 


[saPal Paso) /Z 
7.2203341 x 107-2 
5.0253806 x 1072 
2.9134731 x 10-° 
1.5088712 x 10-2 
7.2701795 x 107-3 
3.3365288 X 10-3 
1.4792165 x 1073 
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[PaPalsaso] /Z 

2.4571540 x 107! 
1.3698695 x 107! 
6.8659446 x 10-2 
3.2140488 x 10-2 
1.4375304 x 10-2 
6.2283510 x 10-3 


2.6367209 x 1073 


[SaPalPaPo) /Z [PaPalSaPo] /Z [PaPal Pass] /Z [PaPalPaPo| /Z 
2 3.2179978 x 10-° 2.5907865 x 107} 23235 21a Om —5.3478619 x 10-° 
3 4.7154886 x 10-2 2.2350498 x 1073 1.8745588 x 107} 9.1694848 x 10-2 
4 | 4.3229975 x 10-2 1.5377967 X 107} 1.2085811 x 1073 1.2404144 x 107! 
5) 2.0699942 x 107-2 9.2239244x 1077 | 6.8463095 x 10-2 11377397 10m 
6 | 1.3566483 x 10-2 | 5.0521657 x 10-2 3.5730166 x 10-° 7.9087660 < 10-2 
7 8.0410639 x 107% | 2.6191652 x 107" 1.7866237 x 10-* 4.8598624 x 10-2 
8 4.4476073 x 10-3 | 1.2947387 x 10-* 8.5798842 x 107 2.7522644 x 107 
a ee ee Re On: eer eet te ocean ee 


Table 3. Exchange integrals 


[sa56|5a50] /Z 


[saS0|SaPo] /Z 


[55>] PaPol 1Z 


[saPolSaPo] IZ 


5.8507960 x 10-* 
1.5627203 x 10-2 
3.7170295 x 10-3 


1.6759955 x 10-4 
3.2895900 « 10-6 


1.8415645 x 107! 
8.7761941 x 10-* 
3.1254406 x 10-" 
9.2925736 x 107-3 
2.4420695 x 10% 
5.8659843 x 10-4 
1.3158360 x 10-4 


— 1.1687838 x 10~* 
4.7499783 x 10-" 
3.2603373 x 10° 
1.3997416 x 10-2 
4.7645076 x 1078 
1.3994292 x 10-° 
3:/031673 x 105* 


2.2400267 x 107} 
1.5078940 x 107} 
6.9941051 x 10-? 
2.5690740 x 10-” 
8.0473282 x 107% 
2.2456471 x 107 
5.7407367 x 10-4 


@=RZ | 
2 1.8415645 « 1071 
3 
4 
5) 
6 8.1402316 x 10-4 
Vf 
8 


[sa Pol P.so] /Z 


[PaPo|Pakol (Za 


1.4431023 x 107 
1.1249642 x 107} 
5.5076574 x 10~* 
2.0772128 x 10-* 
6.6050886 « 10~* 
1.8605419 « 10-3 
4.7859514 x 10-4 


4.3991508 x 10~* 
6.1409292 « 107° 
7.8505099 x 10~° 
5.6941825 x 10~° 
2.9409874 x 107° 
1.2182024 « 10-* 
4.3179227 x 10-3 
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The energy spectrum, longitudinal polarization, and various f-7 correlations, with and without 
measurement of § or y-ray polarizations, are calculated for the first forbidden B-decay. The theoretical 
expressions include finite nuclear size effects, in the form of a simple modification of older expressions. 
A short discussion of relevant Coulomb functions is presented. Interference from so-called third 
forbidden transitions is also included. The expressions are presented in a reasonably accurate expansion 
such that the energy dependence, dependence on real and imaginary parts of coupling constants, and 
dependence on independent nuclear matrix elements, are clearly revealed. Possibilities for testing the 
time reversal invariance of the interaction are discussed. The §-y directional correlation is probably 
most useful for this purpose among the various possibilities in the first forbidden transition. The 
transverse § polarization is probably not useful for this purpose (it may, however, be used to determine 
nuclear matrix elements). Determination of other general properties of the f-decay interaction from 
first forbidden decays is probably even more difficult. Special information that might, however, be 
obtained from examination of a 0-0 transition is discussed. It is proposed that there is a fruitful 
field for determinig properties of specific nuclei by measurement of several properties of a single 
decay. Both accurate and simplified expressions are presented to show what may be looked for. 
Absolute measurement of 7 polarization following f-decay and measurement of the f-7 correlation 
and its energy dependence are very promising experiments; as are of course, (the widely known) 
accurate spectrum and longitudinal polarization measurements. A special discussion is presented of 
the RaE case, where it is pointed out that accurate longitudinal polarization measurements could be 


very helpful. 


§ 1. Introduction 


After Lee and Yang raised the question of violation of invariance of weak interactions 
under space inversion, charge conjugation, and time reversal,’? Wu and her co-workers, 


and many others, confirmed that space inversion and charge conjugation invariances are 


violated in  decay®®. One consequence is that there are more possible experiments ; 


for example, those involving polarization measurements of the f-rays. Theoretical formulae 


for various phenomena have been given by many authors. However, in the case of first 


forbidden transitions, this work is not sufficiently complete for analysis of many experimental 
results, e.g. expansions of the transition probability expressions are sometimes cut-off too 
soon and nuclear finite size effects are not taken into account very accurately. The 


* Supported in part by the National Science Foundation. 
** On leave from Tokyo Metropolitan University, Setagaya, Tokyo. 
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purpose of this paper is to discuss classes of possible experiments in first forbidden 7 
decay, those involving measurements on the B ray and a possible following 7 ray, together 
with theoretical predictions which will allow an accurate analysis of the experiments. We 
will also discuss, with the aid of some simplified expressions, which experiments would 
be most likely to yield fruitful information. 

At present there are several fundamental questions about §* decay which are 
independent of the individual nucleus involved. We will discuss the following: 1) 
Which interactions among the types JS, V, T, A and P are necessary ? 2) Is the 9-decay 
interaction invariant under time reversal? 3) What are the relative signs and magnitudes 
of the coupling constants ? 

There are other fundamental questions, such as: 4) Is there a lepton conservation 
law in f-decay? 5) Is there a fundamental difference in the role of ,?~ and 8 fields in 
the interaction ?? 6) Is there a non local property in the ,3-decay interaction?” We 
will not discuss these questions. 

In addition to the above questions, violation of parity conservation gives rise to the 
interesting possibility that a great deal may be learned about particular nuclear matrix 
elements. The various experiments, which we now know are possible, will give independent 
information on the nuclear matrix elements involved. We will discuss this possibility in 
the following sections. 

One other important question can now be considered to be answered, i.e. the relation 


between the parity conserving and non-conserving parts of the decay interaction (we 


< 


use the convenient expression “‘ parity non-conserving interaction ” although the observation 


of parity non-conservation arises from an interference effect involving these parts). The 
answet has been given by measurements of longitudinal polarization of 9-ray (as will be 


discussed in §2). At present we will just state as an assumption the implication of 
this result : 


Assumption I. There is no interference between (S, T, P) and (V, A) combinations of 


interactions. The (S, T, P) and (V, A) combinations can thus be treated 
separately. 


Concerning the question of how much (S, T) and how much (V, A) interactions 
are present, we have fairly convincing new information that (V, A) is present and not 
(S, T). Consider first the electron-neutrino correlation experiment”. The neutron and 
Ne” correlation coefficients show that we have either (S, T) and ‘or (V, A) (but not 
(S, A) or (T,V) combinations). The A® results show that the dominant Fermi. type 
interaction is V. In principle the He® correlation can decide between the Gamov-Teller 
interactions T’ and A; but at present the He’ experiments do net yield definite results.” 
Meanwhile Goldhaber, Grodzins and Sunyar’) have observed the relation between the 
heutrino spin and its momentum direction (i.e. its helicity) in the Eu'2” decay. They 
find that A must be the dominant G-T interaction. It is still of some interest to point 
out how to distinguish between (S, T) and (V, A). The characteristic difference between 


(S, T, P) and (V, A) combinations is that the operators in the scalar, tensor, and 
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“pseudoscalar interactions, O,=$, O,= (So, Ba) and O,=/%7., include one more (-matrix 
than each corresponding vector and pseudovector operator, O,= (1, ia) and O,4=(o, i7,). 
In calculating the total transition probability we can sum over the (unobserved) neutrino 
-states. This sum can be made by using the so-called Casimir trick (projection operator) . 
The transition probability will then contain the factor 


oe em Of. (1-1) 


Here q and q are the neutrino energy and momentum, and r the coordinate vector 
(which will be integrated in a nuclear matrix element). For parity conserving processes 
it is then clear that the difference between the (S, T, and P) and (V, A) combinations 
will be reflected only in a change in sign of the a@-q term. The same result follows 
for the parity non-conserving processes if the different relations (as given in Sec. 2, eq. 
(2-10)) between parity conserving and non-conserving parts in the (S, T, P) and (V, A) 
combinations are taken into account. Therefore in allowed transitions, where we may 
‘assume exp(iq-r) =1, it is necessary to observe the neutrino direction in order to dis- 
tinguish (S, T) from (V, 4). In forbidden transitions, expanding exp(iq-r), it is seen 
from expression (1-1) that, even if we don’t observe the neutrino direction directly, 
there will be terms with odd powers of q which have different signs for the (5S, T, P) 
and (V, A) combinations. Unfortunately, in the first forbidden transitions, coulomb 
correction terms (from the /-particle wave function) which are independent of q are 
generally much larger than any terms involving, say, q to the first power. Thus we 
again may not expect to distinguish reliably between (5S, T,P) and (V, A) without 
measuring the nuclear recoil. In this paper we will not consider in full detail experiments 
including the polarized nucleus or measurement of the nuclear recoil. We will discuss 
them briefly in § 5. 

The problem of whether or not the pseudoscalar interaction contributes significantly 
in 8 decay cannot be determined from allowed transitions where there is no contribution 
from this type of interaction. We will discuss in § 3 how the P contribution might be 
estimated in the first forbidden decay. Actually there are good theoretical reasons for 
believing that the nuclear matrix element from the P interaction is very much smaller 
than the typical nuclear matrix element in the 1st forbidden 2 decay.” 

Before considering the question of invariance under time reversal, let us first make 
some general observations about experiments involving measurement of direction and 
polarization of the ? particle and a possible following 7-ray. These experiments can be 
symbolically represented in terms of the unit vectors p, k, s, t, where p and k are electron 
and photon directions, s is the electron polarization and ¢ the direction of circular 
polarization of the j-ray. We note that t can only occur in the combination (k-t). 
Further, as a result of parity conservation in the electromagnetic interaction, k must 
occur to an even power. For this reason the factor (k-t) is usually not explicitly shown ; 
it being taken for granted that the circular polarization must be measured if hk occurs 
an odd number of times in the rest of the distribution. We will adopt this convention 
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in the remaining sections of the paper. Of course, the quantities (k-t) and s need 
only be considered to zero power and linearly. It will be shown in § 2 that while p 
may occur at most to second power in allowed transitions, it may occur to fourth power 
in first forbidden transitions. 

In Table 1 the possible experiments are shown along with their oddness or evenness 


under the two transformations : 


Ps (p, $s, k, is, $s, =k, &); (1-2) 
and 


Lp, 8b, t)= (=p 8,0 a ae (1-3) 


We note in Table 1 the possibilities of observing : 

A: longitudinal polarization of /-rays, 

B: £-7 directional correlation, 

D: transverse S-ray polarization in the plane of the 9 and 7-rays, 

E: transverse polarization perpendicular to the plane of §- and j-rays. 
Certain distributions involve the measurement circularly polarized 7-rays. (if the polari- 
zation is not observed, these terms disappear.) 


Table 1 

Transformation 
Experiment* --- —- 
P T 
iA (ov s) Pp, i he) odd even 
(p:s) P,’ (p-k) (k-t) even even 
B eet k) even even 
P,/ (p-k) (k-t) odd even 
Dee s) P,’(p-k) odd even 
((pX (pxk))- s) Py, (p: -k) (k- -t) odd even 
{% “PXk) P,/(p-k) even odd 
(s:pXk) P, (p-k) (kt) odd odd 


In every case n is even and n’ is odd and P,, is a Legendre function. 


At this point we should mention the possible experiments involving a 3 and two 
following 7-rays. One finds that (p-k,Xk,)" P,,(k,-ks), with n’ and I’ odd, which 
is odd with respect to P and T, vanishes (provided strong interactions are invariant with 
respect to time reversal). The triple correlation (p-k,X hk.) P,(k,-ky), with n and / 
even, does not vanish, but it is more difficult to measure this term than other distribu- 
tions which yield the same information. 

In order to test the time reversal assumption in -decay, it is necessary to determine 
whether the imaginary parts of the coupling constants vanish. It is recalled that in 
the case of parity non-conservation it was sufficient to detect a distribution odd with 
respect to the transformation P, (1-2). It is not sufficient, with time reversal, to detect 
a distribution odd with respect to the transformation T, (1-3). Generally if Coulomb 
(or other interaction) corrections to the outgoing wavefunctions are taken into account, 
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the situation is more complicated. Consider observing a distribution O, or O_ where + 
and — mean even and odd under the transformation T, respectively. Then the first 
Coulomb correction to these observables (using, as an example, the usual -decay coupling 
constants C,) yields the result : 


(0) =>) {al Re C,C¥ + aZ bY Im C,C#}, (1-4) 

ad: 

and (O_)=3} {aS Im C,C¥ + aZ5% Re C,C#}, (1-5) 
dk 


where a, and 6, are numerical factors, including the nuclear matrix elements and depending 
on the coupling types (j and k), and @Z is the fine structure constant times the nuclear 
charge. It is seen that measurement of a distribution O_ might usually be expected to 
yield more definite information on time reversal invariance than O, if a, is larger than 
by. The odd observables O_ will generally involve triple scalar products like Type E in 
Table 1. In considering experiments involving oriented nuclei with orientation J, Morita’, 
Curtis and Lewis’, and Dolginov’” gave the theoretical expression for (J-pXk) (J-k)", 
where n’ is an odd integer. There is no contribution from 6‘ of (1-5) in the allowed 
transition case. Ambler et al.’” did this experiment with Co” and Mn”. Their results 
are consistent with no violation of time reversal invariance. It is not yet established, 
however, that the extent of time reversal violation is really small. Jackson, Treiman and 
Wyld’ proposed the measurement of (J: pX q) to test time reversal, where again, b-”=0 
in the allowed transition. Experimental results (using a polarized neutron beam and 
measuring the recoil proton) for this case are not yet available*. The last one is 
(k-pXq),'?"'” where the 7-ray should be measured by the method of the nuclear 
fluorescence scattering to observe the nuclear recoil. Other possible triple scalar products 
will not be useful in allowed transition, if there is no (5, T) —(V, A) interference, be- 
cause a‘) of eq. (1-5) is essentially zero. 

Let us consider odd observables in first forbidden decays. We will find (in § 4) 
that both transverse polarization experiments of type E (Table 1) have the drawback that 
a is generally smaller than, or of the same order as, 6°? (in 1:5). 

Even in the case that we do not measure an odd observable, we can test time 
reversal by comparing the real part of coupling constants with their absolute value. In 
allowed transitions, we can do this comparison by observing the interference term between 
Fermi and Gamow-Teller interactions, for example, in the even distributions (O,) : (J: p) 
or (p-k).’® This comparison of the real parts of coupling constants with their absolute 
values depends to some extent on knowledge of the nuclear matrix element, except for 
the electron angular distribution from polarized neutrons. The recent experimental results 
of Telegdi et al.’ show that the contribution from the imaginary part is fairly small. 
The remaining way to test time reversal is to measure, for example, 6S? Im C,C;* in eq. 
(1-4) directly, as they occur in an even distribution, O,. For this purpose, the energy 
dependence of 6,, must be different from that of ay. Both possibilities for observing, 


* Note added in proof: See the paper by Clark, Robson and Nathans, Phys. Rev. Letter, 1 (1958), 100. 
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for example, a, Re C;Cf and 6x Im C; C¥* terms in eg. (1-4), will be discussed in § 3 
and 4. 

In order to determine the relative signs or the magnitude of the coupling constants 
C, and C,, say, the relative signs and magnitudes of the nuclear matrix elements have 
to be known. For this reason the neutron decay is of special interest. In any other 
special cases where we have some information about the matrix elements, we can also 
deduce relations among the coupling constants. 

In § 2, the general expression for the probability of a 8-7 transition will be given. 
In § 3, the energy spectrum shape and longitudinal polarization will be discussed for 
various types of the 1st forbidden transition, (such as, the 1—0 transition, e.g. RaE, etc.), 
with an examination of accurate expressions for these processes. In § 4, the leading or 
largest coefficients of each type of observable distribution will be given, so that qualitative 
discussion is easy. Appendix A contains a definition of the first forbidden transition and 
discussion of ‘third forbidden contributions.” In Appendix B we illustrate the modifica- 
tion of the formal expression for the transition probability, in order to take imto account 
finite nuclear size effects. Appendix C contains the detailed theoretical results for various 
quantities. 


§ 2. General formula for first forbidden transitions 


Pauli® has shown that, if we do not assume lepton conservation, there will in general 
be twenty complex coupling constants in the j-interaction. We define these coupling 
constants by writing the interaction Hamiltonian density as : 


Hin 2) (95 On) (PF Os (Ci + C/75) + (Dj; + Dy73) 4D) (2-1) 
+hic. 


Here the wave functions ¢/,, and 4, represent the final and initial nucleon states in the 
B- decay, and vice versa in the 8° decay. The index j runs over the usual interaction 
terms JS, V, T, A, and P. The charge conjugate field ¢/° is defined, for example, by 
Pauli’. The notation C;, C,’ and O, is that used by Lee and Yang'’*. The constants 
D, and D, are defined by Kahana and Pursey". 

Several authors have shown'—™) that if we do not consider the double processes, 
for example, the double (-decay and the “chain reaction” of the neutrino, the coupling 
constants appear in just two kinds of combinations in single -decay, ice. : 


K y= Cj Cy*+ C/C,* ++D,D¥ +D/D,'*, (2-2) 


We will show some theoretical results using this notation in Appendix B. If the theory 


*O. et e| 12> 
re 0; stands for Os=74, Oy =747,, Or=7 (Tuty—tyty) (—i/2 2), O4=its7y7s and Op=ry75 where 
e : =-1 
; Y matrices are defined: +,=—iPax, 7,=8 Ts=TiT2tsvs and a@~=—ys0x%. Throughout the paper we 
will use the units to b=c=m,.=1, where me is the electron mass. 
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is invariant under space inversion, P, then 
eH. (2-4) 
On the other hand invariance with respect to time reversal, i.e. the transformation T, 
requires 
Im Kj,,=Im Ly=0 , 
or (2a) 
Im C,=Im C,/=0, etc. 
It is convenient to consider a certain simplification, at this point, which can be 


deduced from the longitudinal polarization of -rays. The longitudinal polarization is 
defined as 


aay Nt) 
cy =tual ay a Nk a i 


where N(+) and N(—) are the numbers of ?-rays with their spins parallel and anti- 


(2-6) 


parallel to their momenta, respectively. The experimental result for P,, is’” 
Pi~ ¥ (p/W) (ao) 


for electron (e~) and positron (e*), respectively. 

Let us consider two, say positive energy, states of form (1—7;)4/, with (C;=—C,) 
and (1+7;)¢, with (C;=C;’), as predicted by the two component neutrino theory. The 
spin of the neutrino (¥) is exactly parallel and antiparallel to its momentum, respectively, 
in these states (if the neutrino has zero mass). These are called right (R) and left 
(L) helicities, respectively. The antineutrino (v) created by these operators, (1 +75) ¢,, 
will, on the other hand, be left and right handed, respectively. If extremely high energy 
§-rays are considered, where the mass can be considered as negligible, the same considerations 


apply to the f-rays. Let us consider interaction factors 


(fe O;(1 £75) fy), (2-7) 
(compare with eq. (2:1)). We note that this equals 
(1/2) (+75) ¢-}'O;, £75) fy) for 5, T and P, (2-8) 


where O, is odd in the 7’s, and 
(1/2) (£7) 4), £75)44) for V and A. (2-9) 

Therefore, in order to get the left helicity (eq. (2:6’)) for the high energy electron 
(e~ (L)), we find that 

UG, for ny cls P 

BEN CS Taal eet | 
ie. the lower case of (2-8) and the upper case of (2-9). In other words, for lege bys 
or P, e~(L) implies that e*(R), »(R), and y(L) are produced in the /-decay process, 


> 
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while for V or A, e~ and » have the same helicity, so that e~ (L) implies »(L), e* (R) and 
y(R). A similar conclusion can be derived in the case with coupling constants D, and 
Dj, except for exchanging the name of neutrino (¥) into antineutrino (¥) and vice versa. 
(Compare with the last term of Hi,, (2-1)). 

Without waiting for more definite experimental confirmation, we will assume for 

simplicity : 
Assumption I’. (Two Component Theory of the Neutrino) : 

C= Cf and D,=—D,) for J=Srdguks 

C;=+Cj and Dj,=D,/ for j=V, A, am 
From this assumption, we see that K,=L,=O if j=S, T, P and k=V, A, and vice 
yersa. Thus, as stated in the introduction, we will consider no (STP) — (VA) interference. 

We will further simplify our expressions and discussion by assuming D,;=D,'=0 
(except in Appendix B). The expressions are very easily generalized to non-zero D's, 
however. 

Consider now the general decay process with unoriented nuclei and with no 
measurement of nuclear recoil. We use the notation J, —> (,3)— J, >(7)— J. for the 
decay. The transition probability for J-ray of energy W to W+dW, spin direction s, 
momentum direction p to p+dp and j-ray of direction k to k+dk has the angular 
properties : 


N(W, p, s, k,) dW dpdk~ 


cy Vie Tete | aticdt 
x bar ¥ n } 
i» | ; . a ba U(x) Ue’) vy, }, (2-11) 
000 Hs OFS) ; ¥ 
\ z os) Ys 


Ys n) 
1 ae. 
“ERVLVS ae L142 


Ries eR 
ee ea 


YX" (p) Y"*(s) YE (k). (2-12) 


Here 4 and 4’ are the tensor ranks of the operators in the -decay nuclear matrix elements. 
The total angular momentum, orbital angular momentum (of the large component), and 
spin of the / particle are given by j=\«|—4, U(x) =|«|—44+ («/2|e]), and 1/2, 
respectively.” The index « runs over all integers, except O. In allowed transitions |x| =1, 
so the maximum values of », and n are n=1, ¥,=2. Thus, as mentioned in the 
introduction, we cannot have a distribution such as (p-k)* and (s-pXk) (p-k) in the 
allowed transition.* In the first forbidden transition the main terms are all associated 


o* . 
These are not exact statements, since the exact expression for an allowed transition contains contribu- 


tions from all x’s. The leading terms come from |x|=1. For example, there is a small correction of relative 
order aZpp (where p is the nuclear radius) to the allowed transition, associated with |x|=2, which yields 
the distribution (p-k)? and (s-pXxk) (p-k). ‘ 


The First Forbidden 3-Decay 651 


with «= +1,+2, so the maximum values of n and v, are n=3 and yess: 


If j-ray circular polarization is not measured, the transition probability has the form : 
N(W, p, s, k)dW dpdk= 
F,(Z, W) pW (W.-W )*dW dpdk (1+7,/2) (2\y 
BO Bes (3 (prk)?— 1) 
+A (p-s) +A® (p-s) (3(p-k)?—1) /2, 


110|*) /| (27) °2] 


| +D” (s-pX (kX p)) (pk) | ; (2-13) 

\ +E°(s-pxk) (p-k) ] 
where 7 will be defined in § 3. (See Table (2) and eqs. (3-6) and (3-7).*) 

ssp (2-14) 

B= LG hid) ears 
and 

Gian (n) = (= 1) W (Jad! 5 nV 2 #1 
(HDF LE fo) 78 one 

where Pie 


FALE Joh) = (— 1) wy (2I, + 1) (21a 1) (20 5 1) 
C(LL'n; 1-1) W(J,J,LL’ ; ns). 


The other coefficients A”, D™, E, are defined as in (2-15) and (2-16) except that 
we substitute 4%%,, d{", e§%), respectively, for the particle parameter 5{{). The nuclear 
matrix elements for the / decay are contained in these particle parameters. The calculated 
results for these particle parameters are given in Appendix B and C**. The 0s are 
reduced matrix elements for the 2” pole 7-ray emission (if the electromagnetic interaction 
is invariant with respect to time reversal, 0,07, is real). A numerical table of the F- 


coefficients, F,,(LL’J,J,), is given by Alder, Stech, and Winther.” Other notation is 


* Since it is assumed that there is no (S, T, P) —(V, A) interference, if all interactions (S, T, V, A, P) 
are considered, the general expression should be written : 
N~|tr|*{S T P}+\nal{V, A}, 


where 
ar=Cr (| iBoxr) and 1a=—Cy(\ r), 


and {STP} denotes the curly bracket of eq. (2-13) evaluated with the coupling constants Cs, Cr, Cp and 
similarly for {VA}. 

** The factor 2|7|2 in (2-13) comes from the sum of two contributions we always obtain by making 
the substitution C;77C;/, and by setting Dj=D,/=0. If the D,/s are not zero then we merely add another 
term to the transition probability identical in form to the r.h.s. of (2-13) with D; and D,/ substituted for 


C; and Cy. 
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standard.””* ale. | 7 
If the 7-ray is not observed (n=O), then j=i' (as is clear from the 6j symbol, 


or Racah coefficient of (2-11)) and the expressions simplify : 


G,, (0) = (—1)°// 2441, (2-16') 
so we can write 
C=BO=S\(—1)*b9// 241 =D GO, (2-17) 
A a 
A =3}(—1)*aQ Vi 2d-vieese i Ax. (2-18) 
a A 


If the circular polarization of the 7 ray is measured, the following quantity should 
be added to the curly bracket { } of the general distribution function, (2-13) : 


(—+) {B° (p-k) + B® (5 (p-k)°’—3 (p-k)) /2 
+A" (p-s) (p-k) + 4” (p-s) (5 (p-k)'—3(p-k)); 2 
+E” (s-pXk) +E® (s-pxk) (3(p-k)*—1) /2 
+D” (s-pX (pXk)) +D® (s- px (pXk)) (3(p-k)*—1) /2}, 


where 7=1(—1) for right (left) circular polarization. The coefficients B”, 4”, D” 
and E™) were defined like (2-15). The first two terms have already been measured’, 


but the other six require simultaneous measurement of ,7 and 7 polarizations, which is 


(2-19) 


very difficult to do at present. We will nevertheless discuss the E\ terms, since these 
distributions are odd with respect to the time reversal transformation T, in addition to 
the B” terms. Detailed expressions are not, however, given in the Appendix. 

The expressions in the following sections apply to 3 decay. The expressions for 
§*- decay are obtained by making the transformation Z->(—Z), Ky—>+K4%, and 
Li,->+ Lj, where the upper sign applies if j and k both involve either (S, 4, P) or 
(V, T) interactions, and the lower sign applies if there is interference between (S, 4, P) 
and .(/, J.) interactions.. Thus Co Cy, .Cp—> CF, C¥, CF: CC! Cl C= = toe 


"Ad oe | 


Ch a Co Cre Ca > oe Got, Ca¥ anc Cpt Cel SF Gl Cale 


§ 3. The energy spectrum and longitudinal polarization 


In this section accurate expressions for the (-energy spectrum and longitudinal 
polarization will be discussed for each value of JJ=J,—J,. Much of the material to be 
presented on the spectrum can also be found in older papers such as the classic work of 
Konopinski and Uhlenbeck”. More recent papers which present some of these results 
are those of Alder, Stech, and Winther™, Morita and Morita’ and Curtis and Lewis. 


* The notation of this paper is similar to that of Morita and Morita, but is a little different from 
that of Alder, Stech, and Winther.) For example, (2-15) and (2-16) correspond to their equation (6) 


with our 6,,/ equal to their + (+4) Vat) QV +1) C(AWn; 1 —1) 6, (Ai). 


ly? GQ+n) 
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Spectrum: Following Konopinski and Uhlenbeck the spectrum is discussed in 
terms of the correction factor B =C=S1C, (see (2-13)—(2-17)). The C,’s involve 
only ReK;;, as there is no intereference between parity conserving and non-conserving 
interactions and similarly for time reversal, i.e there is no interference between terms 
involving real and imaginary parts of coupling constants. * 

Longitudinal Polarization: The longitudinal -ray polarization, defined by (2-6), 
is given by 

P,= A/C, (3-1) 


See equations (2-13)— (2-18). Since (p-s) is odd under the transformation P (1-2), 
and even under T (1-3), A” involves Re Ly, and aZ Im Ly. 


3A. Matrix elements, including nuclear finite size effects 


Exact expressions for all the terms A, B, C, D, E in the /9-decay transition probability 
involve nuclear matrix elements over the electron and neutrino wave functions. In particular, 
the electron and neutrino radial functions that occur in the matrix element will be of 


the form 
Dx (pr) TO) (qr) or ae (pr) Ja (qr) 


where 7, and f, are electron radial functions associated with the angular momentum 
parameter « (see discussion following (2-12)), y arising from the large component of 
the spinor and f from the small component ; and j, is a spherical Bessel function for the 
neutrino. The electron radial functions are obtained by solving the Dirac equation for 
the electron in the field of an extended charge distribution.” These functions are not 
simple. In certain cases essentially numerical expressions have been obtained for the radial 


functions by various workers.” In order to exhibit the general properties of the 
nuclear matrix elements it is not convenient to use such expressions immediately. Instead 


we observe that 
Iu (r) ~ (r/p)™ 92 (pe), (5-2) 


for r<Sp for conditions of interest in /3-decay (and analogously for f,). Here 9% (/) 
is the point charge radial function evaluated at the nuclear radius . Eq. (3-2) is roughly 
understood by noting that inside the nucleus the Coulomb force is small. The 1’ 
dependence is then just that expected for small pr. Of course (3:2) is not exact. It 


is then convenient to write 
LS CONG TOES CARD 


: (3 -2a) 
f_-n (1) =f, (2) (7/) "OR (—4, 1), 


* Byen distributions (0+) under the transformation T, (1-3), are still expected in general to involve 
aZ Im K jz as shown in eq. (1-4). This coulomb correction term appears, however, only when k’-FK (see 
(2-11)), because it arises from the phase difference (4,) between f-ray wavefunctions with different orbital 
angular momenta (see the definition of 4, in Appendix B). In the case of the spectrum, where n=yv,;=y¥2=0, 


x=’ and there is no such interference. 
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for r<, where, according to (3-2), R(«) is not strongly dependent on r or indeed 


me 19 
upon any other variable. Thus, the approximation : 
R,=K,=1 (3 - 3a) 
was used by Fermi, and Konopinski and Uhlenbeck.”’ In order to introduce accurately 


the effect of the extended nuclear (and screening) charge distribution, it is necessary to 
consider the detailed character of R, and Ry. 


Let us separate these R’s into two parts : 
R,(«) =R(«) +pR,"" (x), 
RA —«) =R(e) +p Re? (—e). 


(3-4) 


The energy independent leading term, R(«), is a rather complicated function of 
the central potential V(r) for the /7-ray and may depend significantly on (r/y). Most 
of its properties are given explicitly by Matumoto and Yamada.” If we neglect all 
higher (@Z)* terms and the screening effect, we find that 


R(—k) =1— (@Z)*0(1/10) + (@Z)*(r #)*O(1 10), 


3k BSA Te 
R(k) = = —)+0 3 3- 3b 
bar angamernest e] —— pe 
for the uniform charge distribution, V(r) =— (aZ/2") (3— (r/~)*) for r<y. Here 
= 


The next terms, R,")(«) and R,"(«), are less than 1/a@Z for «>0 and of order 
aZ for «<0. Both R’s are energy dependent. The corrections due to the R''”’s are 
generally small, i.e. about 1%, but they become important in special cases such as RaB. 
We will discuss these contributions in Appendix B. 


The radial functions are now written : 
Ix (1) jr (9r) =9% (PY) (r//0)'™ jr (qr) R(x, 1). (3- 2b) 


It is not convenient to use such expressions in their entirety. Instead, since gf’, Pe <1, 
where /” is the nuclear radius, it is desirable to expand the lepton functions in terms 
of these quantities (actually g’/y F\(Z,W) is expanded). Cutting off such an 


“ In Matumoto and Yamada’s notation, 


R(—k) =v 2k] (k+7x) Ik), (34a) 

R(k) =v 2(k+ 7%) /k [— (o/aZ) Ca) ], (3+ 4b) 
where 

Cp (r) = kro “1h de x*V (x) In (x). (3-4c) 


See eq. (13) and Figs. 3 to 6 of their paper.) They also show results for the surface charge distribution, 
V(r) =—aZ/p for r<p. We find in the same approximation : 


R(—k) ~1+O0((a@Z)°*), 
R(k) + 2k/ (2k+1) +O ((a@Z)®). (3+3c) 
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expansion in / for the transition probability at the zeroth power of p should be an 


excellent approximation. Thus we assume: 


Assumption II: All terms in the final expressions of A, B, C, D, and E involving posi- 
tive powers of (, can be neglected. The error involved will be, at most, of relative size 


(, or order of magnitude 1%. 


This. assumption will be fully defined in terms of the notation we will use. It will be- 
come clear that it means that one keeps at least one term in which the coefficient of ’ 
is not abnormally small. The expressions are still complicated in this approximation but 
the energy dependence is now explicitly exhibited. 


The nuclear matrix elements now have the form 
(Py Onr"R(1) Fe) =| Or" Re), 


where there are six spin and angle operators O,, of rank 4, that can contribute to first 
forbidden decays. (There are other smaller operators that contribute, which are called 
“third forbidden”. They are discussed in Appendix A). In any decay the ranks 4 
that may contribute obey the relation : 


p—hi| <4 Sth. (er) 


The six general types of matrix elements associated with the O, are shown, and named 
in Table 2. The parameters u,,(«),---, z,(«) which we introduce will be the ratios of 


Table 2 
j Sie Drerater | MachéneMiaeei#i Blémécie and Paratdente 
0 w= (B)e-r an (ke) =Cacer)\ » (r/0)"R(«) 

0 v=1(B) ts 9§/Vy (Kk) =C4 w)| v(r/p) " R(x) 

1 v=i(B)oxr | Un (K) =Car | u(r/p)"R(K) 

1 x= (B)r en (te) == Cris) x(r|p)"R(w) 

I y=i(Ba | 18/yn (8) =—Cyer)| ¥Gr/0)"R(e) 

2 | r= (OB; | nan () =Cacr) | <(r/0)"R(®) 


ee Ee SS ___ —— e 

Definition of “nuclear parameters” u,v, w; x, y, 7° 3 where €’==1/4p (see (3-8)). If the interactions 
are invarient under time reversal all the parameters are real. In this paper p is equal to the nuclear radius. 
It is not a parameter. Third forbidden matrix elements that may contribute are discussed in Appendix A. 


* Our definitions of the y-matrix (see footnote following (2-1) ) and of the lepton wavefunction are 
such that the matrix element (Ja) has the opposite sign from that in Konopinski and Uhlenbeck**) and 
most other papers. The matrix elements involving the D,’s are of the same form and occur in the same 
way in the transition probability as the above, as discussed in the footnote following eq. (2-16). The 


signs of x,,(«) and y,,(«) are chosen to conform with other papers!!). 
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the various matrix elements compared to a standard matrix element 7, so that 7,\? can 
be taken out as a common factor in the transition probability (as in (2-13)). 

By including the R functions in the nuclear parameters we have a focpulerine 
general enough to include finite size effects accurately. It is not necessary to specify the 
form of the R’s exactly, because they are associated under the integral sign with unknown 
nuclear radial functions. As a result, for each operator, e.g. x, there may occur different 
parameters for each «. This situation can be simplified. It is quite a good approxim- 


ation from (3-3b) to set 


R(x) =R(—1) for all «, except «=1. 


Then for example only the parameteos x(1) and x(—1) are independents. An example 
is discussed in Appendix C. 

If time reversal is not violated in strong interactions any products of two (reduced) 
nuclear matrix elements are real (in this case we can without loss of generality consider 
the nuclear matrix elements to be real). We shall use the following assumption :* 


Assumpiion TI. The strong interaction is invariant under time reversal. 
Violation of time reversal invariance in the 3-decay will, however, cause some parameters 
of Table 2 to be complex, due to complex coupling constants. Thus, for the (5, T, P) 


combination it will be convenient to set : 
n(—I)=1, 7=Cy| ifoxrR(—1), (3-6) 


then x and v may be complex while w, y, z are real. For the (V, 4) combination 


(especially for A=1) it is convenient to set : 


a 


%(—1)=1, 9=—Cy | rR(—1), (3-7) 


then y is real and uw may be complex. We expect the absolute value of these nuclear 
parameters to be of order of magnitude unity (except for P interaction). 


3B. The ¢-expansion 


In Appendix C the quantities C, and A, needed to predict C and P, are given to 
an accuracy consistent with all assumptions discussed above. (We do in fact omit some 
terms which should technically be included under Assumption II. These omissions are 
discussed in Appendix A.) In order to exhibit these expressions in a convenient form, 
we have followed the custom”) of introducing the parameter © j ; 
arranged terms in order of decreasing i eae met kther maleate 


F=aZ/20 ~~ Z/ AN, &/=1/4p. (3-8) 


* In order that the nuclear parameters y(«) and v(x) be of order unity we introduce the ¢’ parameter 
We have assigned & the nominal value of 1/49. We do not actually know how to determine & reliabl 
although there have been some attempts to do so,” but we feel that there is some empirical evidence for 
setting €/~€ for heavy nuclei and that &” should not become small for light nuclei.30 
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We shall use ¢ to designate either ¢ or <’ in our general discussion. Aside from very 
high energy decays, ¢ is the only quantity in the expressions which is expected to be an 


order of magnitude greater than unity. Thus we anticipate for most decays that 
¢>W, in addition to $51, 


and that the order of magnitude of the nuclear parameters uv, v, w, x, y, zZ(«) is unity. 
As a result we write the shape factors C, (and C,) in the form: 


G, =a 5?) =i C,(S) A Gy (1) 5 (3:29) 


and similarly for other quantities. The series is cut off at the term of order ¢°=1 in 


accordance with Assumption II. 


The ¢-approximation: This series provides a basis for a convenient approximation. 
We will call the approximation in which only the leading term in powers of ¢ in any 
expression is kept, the “‘¢-approximation”’. The accuracy of this approximation is discus- 
sed below. 

Arranging terms according to the powers of ¢ we find that positive powers of 


Vy 


YY» 


occur in connection with certain nuclear matrix element combinations. Thus for /=0, 


only occurs in the combination : 
V=<'v,(—1) + (2/14+7,)&™ (1), (3-10) 
and for 4=1 in the combination : 
Y=¢"y,(—1) — (2/1+7,)¢ (wo (1) +% (1). (3-11) 


Thus the shape factors have the form 


C,=|V\?+O(V) +0), 
C,=|¥|*FO(Y) +00), (312) 
C= O(1). 


The detailed expressions are given in Appendix C. 
In the case of the general non-unique first forbidden decay, there may be contribu- 
tions from all ranks /=0, 1, 2 of nuclear matrix elements depending on the nuclear spin 


Jo and J, (3-5). Therefore, we should consider all C,’s (3-12), in the correction factor 
<0 


for the energy spectrum. The s° terms are energy independent, while the © and ¢° terms 
and |Y|° terms are present, 


9 


are energy dependent. In the S-approximation only the |/ 
and the correction factor is energy independent (i.e. the shape is the allowed transition 
shape) . , 
Strictly speaking, we see that the correction factor is not an expansion in ¢ but 
essentially in Y, for example. It is possible, though very unlikely because of the size 
of ¢, that |Y|=O(1). If such a strong cancellation (among the nuclear matrix elements 


in Y) occurs, we cannot use the ¢-approximation at all but have to use the entire expression 
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represented by (3-12). The shape factor for such a case of wees cannelatien will 
generally be quite differnt from a constant. The best example of this, RaE, s discussed 
below. Energy dependence is also expressed, if one nuclear parameter is relatively large, 
e.g. 4 (Kk) ~Y>x,(«) by some selection rule effect. These cases are discussed in a forth- 
coming article. . 

Leading aside such cases which may be unusual, we can say that the ¢ approxim- 
ation is a good first approximation for the nonunique decays. The corrcetions to the <- 
approximation will vary widely in magnitude being of order 1%, to order 10%. Thus 
spectrum shape experiments of the highest accuracy now possible should usually reveal 


> 


some deviation from an “allowed shape”. Of course the measurement of these corrections 
gives us new information about the decay. 


In first approximation we then have the shape factor energy dependence : 


C~1, (i.e. constant) (3-13) 


corresponding to the ||? and |Y|? terms in (3-12) (C,(¢*) term). In the next approxim- 
ation, including terms of order €? and ¢ but not of order 1(i,e, C,(=*) and C,(¢)), we 


have a correction factor of form (see Appendix C, eqs. (C-6, 7, 14, 15)): 
C~(1+aW+b W). (3-14) 
Treated as a two parameter expression, (3-14) should provide an excellent fit with 
Qo bee. (3-15) 


except extreme cases such as RaE. The test of validity of (3-14) is (3-15). If a 
fit to a particular experiment allows a whole range of parameters a and b the a priori 
best fit corresponds to assuming a and b small. If (3-14) with (3-15) is not adequate 
then the full expression for C, represented by (3-12), should be used. Then the shape 
factor should be of the form (see Appendix C, eqs. (C-6, 7, 8, 14, 15, 16, 21)): 


Cy 1+eW +b6/W + W?. (3-16) 


Because of the mathematical flexibility of the complete theoretical predictions represented 
by (3-12) or (3-16), we advocate the philosophy of trying to analyze the experimental 
data with the assumption that no unusual cancellation among, or huge contributions from, 
nuclear matrix elements occur. Thus, if of allowed form, the shape should be interpreted in 
terms of the |V|° and |Y|? terms in C (ie. the ¢-approximation). The experimental 
shape, if known to an accuracy ‘greater than 1/¢ or if not of allowed form, should 
be empirically fit in terms of the simple expression (3-14). (3-16), with its three 
parameters, should be used in case of necessity. Determination of the nuclear matrix 
elements by comparison of the empirical a and b of (3-14) with the theoretical expres- 
sion involving C,(¢°) and C,(¢) terms, (but not terms of order 1) can then be carried 
out when convenient. In particular we expect that useful determinations of nuclear 


parameters will in future be obtained by combining results of several types of experiments 
involving in the same decay. 


In the 


*-approximation the longitudinal polarization for the non-unique decay is: 
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P= — (pW). (3-17) 
When the next terms in the ¢-expansion are included, P, is of form: 
Pr=— (p/W)|14+ (/W) (R,/C) +a@Z(1/p) (L,/C)]. (3-18) 
The R, and [, arise from the 4,() as given in Appendix C, eqs. (C-7, 15). The 


constant terms R, and [, include contributions from ReL,, and ImL,,, respectively, and 
the form of C is given by (3-14). 


3C. Special cases in non-unique transitions 


The case of the 1—0 transition: The famous example in this class is the RaE decay. 
Here 4=1 only. The shape correction factor is C=C,. The shape deviates very strongly 


an 
33) 


from the allowed type. This is explained by assuming |Y|?<¢°, ice., there is a strong 
cancellation of matrix elements such that | (¢’/¢) y,(—1) — (2/1+7,) - (uw (1) +%(1))| <1. 
The ¢-approximation cannot be used even as a first approximation and several interesting 
features appear in the more complicated expression for C,, (3-16). The correction factor 
in all its detail is just the sum C,(¢*) ++C,(¢)+C,(1) as given in Appendix C, eqs. 
(C-14), (C-15), and (C-16). It is seen, for example, that there are terms involving 
the first power of g and, as shown in § 1, these terms have opposite sign for (S, T, P) 
and (V, A) combinations. There is also some possibility to determine the ratio ReK;,/|K;;|.* 
Quantitative examination of the shape factor requires careful examination of finite 
size effects, as discussed above, so that, for example y,(1) and y,(—1), or (1) and 
u,(—1) are considered as more or less independent parameters (depending on one’s opinions 
about nuclear radial functions). We shall discuss this in Appendix B and C. In addi- 
tion we must consider the high angular momentum expansion terms in the lepton wave 
functions known generally as third forbidden contributions. We shall discuss this problem 
in Appendix A. These contributions are included in the expressions of Appendix C. 
There are many unknown nuclear parameters. (If time reversal does not hold there 
is one additional parameter, essentially the phase difference between C, and C; or between 
C, andC,.) We need a very accurate spectrum measurement, or other experiments, to 
determine these parameters. Such information may be obtained by measuring the longitudinal 


polarization in the RaE decay. The longitudinal polarization is 


P=4,/C,, (3-19) 


9 
? 


where A, has the same structure (3-12) as C,. The leading term of 4, is (—p/W)|Y 


so that in the ¢-approximation 


* It has already been shown by Lewis) and by Fujita et al.) that ImY cannot be large, on the basis 
of the spectrum shape. The essential point of their discussion is as follows: consider the (V, A) combination, 
then we have the parameters Reuy(1), ReY, and ImY (=— (2€/(1+7;)) Im up (1)). The leading term in 
C, is |Y|2= (ReY)?+ UmY)*. In order that the shape is not allowed, |Y|?=0(1). Thus Im ug(1) must 
be small, ie. (€ Im uo(1))=0(1) (actually Im up (1) /Re up (1) =0(1/£)). A correspording agrument can be 
made in the (5S, T, P) case. 
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P,=—p/W. o 17) 


The energy dependence of the other terms in 4, is quite different from the leading term 
and from each other. There is some indication that (3-19) does not hold.’ This is 
clearly to be expected since the ¢-approximation didn’t apply to the spectrum and both 
the spectrum and the polarization term A have the same structure. It is of interest to 
exhibit the form of eq. (3-18), 


P,=— (p/W) 1+2[Brazh+Rrazir . (3-20) 
where R and I involve the real and imaginary parts of L,,, respectively. They are energy 
independent and depend on nuclear parameters. The actual expression represented by the 
R’s and I’s are found in Appendix C, eqs. (C-14), (C-15), and (C-16). In particular 
R, has the simple form, 

R,/C=—b/(+aW+b/W+W"), (3—21a) 


where a, b, c were introduced in (3-16). The spectrum shape measurements of Plassman 
and Langer®™ in principle allow us to determine a, 6, and c. However, since we do not 
have a very accurate knowledge of the maximum energy, W,, we have to treat W, as an 
adjustable parameter. Thus, we have 4 unknown parameters to describe the shape alone, 
and, at present, more than one set of parameters is satisfactory, say sets with 6>1 and 
b<1. The value of R, will help to decide the experimental valves of a, 6, and c. This 
is generally true for every § decays. There is another point of immediate interest. For 
small p especially, we see an opportunity to test time reversal. The polarization involv- 
ing the imaginary coupling constant does not go to zero with p. We may expect that 
I, and I, are measurable. We hope that an experimental attempt to detect this term 
will be made. 

The case of the 0-0 transition (with parity change): We discuss this case principally 
to see whether it is possible to detect the pseudoscalar interaction. It is well known that 
the nuclear matrix element ({/%;) is expected to be very small and that it should depend 
on the lepton momenta.” In spite of its small size it is of interest to look experimentally 
for the quantity %(«)~C,{fy;R(K): (1) Consider longitudinal polarization in any 
4J=0 transition. If the spectrum has an allowed shape, then a longitudinal polarization 
P,=—(p/W) for electrons would indicate that « is very small, or that 


C==+Cy. (3-21) 
(2) Consider the spectrum shape in the 0-0 transition. Since the leading term in 
GaGenG, (6) Mis 
C= |" |? =|8"% (—1) + & (1) (2/1+7,) |*, (3-22) 


in the STP case, simply the observation of substantial deviation from allowed shape would 
mean that v and w are comparable. This would detect C,. Inthe (V, A, P) case, since 
there is no(V, A) —P interference, if (3-21) holds, the leading term in C, has the form 


C= Vol+ |Vrnal 


(3-23) 
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Observation of substantial deviation from allowed shape may again indicate a contribution 
from the P-interaction. The analysis becomes very difficult, however, because energy 
dependence can also arise from the next term in the € expansion. 

The 0-0 transition may also be employed to check whether the (V, 4) combination 
is more favorable than the (S, T, P) combination if we can assume that the P-interaction 
can be neglected (or conclude experimentally, that the energy spectrum in this transition 
has the allowed shape precisely). In order to simplify the argument, we assume time 
reversal invariance and (@Z)*<1. The correction factor can be written in the form of 
(3-14): 

CQy=|VPkRA+aV+6/W) 


where 
ak= (2m, (1) /3V)[1+ (™(—1)/m(+1))], G24) 
bk= — 2m, (1) /3V, (3-25) 
k=1+W,,(2m,(—1) /3V) (3-26) 


(see Appendix C, (C-6) and (C-7)). The upper and lower signs refer to the (S, T, 
P) and (V, A) combinations, respectively. In the (S, T, P) case, since it is assumed that 
the P interaction v(«), does not contribute appreciably, then a and 6 depend only on the 
matrix elements w(«) associated with the tensor interaction. Thus, for example, neglecting 


the v term above 
a= (2/3€)[1+9']/[1— (2Ww'/35)]. (3227) 
Here w’==»,(—1)/»)(1) should be a positive quantity larger than unity, (3-3b) (See 
Appendix C). Therefore a is fairly well fixed to be approximately 1/¢. This is an 
observable effect. In the case of the (V, 4) combination we have two comparable 
independent matrix elemnts, w(«) and v(x), so that a and b may assume a wide range 
of values. 
3D. The unique transition 


In the case of the so-called unique first forbidden transition where JJ/=2 with parity 
change, only the matrix element of rank 4=2 contributes. The main contribution is given 
by B,,, ie. 2,(«) listed in Table 2, an order of unity term in the ¢-expansion. Then, 


the correction factor C=C,(1) is: 
Co= (1/12) [9° |z0(—1) |? + P*Al&(—2) [7] (3-28) 


where* 


1=(24n) AW, 220+, 2], (3-29) 


* Numerical values of 4; can be found from the functions Lp and L, tabulated in Siegbahn,*”) Appendix 
III p. 884, since, 
A\~9L;/ Lo. 


See also Fig. 1 of Davidson,?”) where 4,= A. 
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Here 7, and the Fermi factor, F,(W,Z), are defined by (2-14) and in Appa 
B, (B-25). As we discussed in (3-3b) the ratio (z,(—2) —z%(—1)) z(—1)) is 
order of 1%. There are some correction terms of order 1/10, which are the interference 
terms SetiBed the first and the so-called third forbidden transition. However, the same 
type of energy spectrum is expected. We can just change the spacey of z,(k). This 
will be shown in Appendix A, (A-10), and it is found that the g?+/,p° spectrum shape 
is retained (to accuracy aZp or about 177, if B;; is not abnormally small). 


The longitudinal polarization is 


for /7* particles, respectively. 


§4. The §-7 correlations 


In this section we will give results for six measurable quantities involving 3-7 correl- 
ation, with and without measuring the 9 and 7 polarizations. These quantities discussed 
here are reviewed in Table 3 (next section). Some of this material has already been 
presented by Alder, Stech and Winther,” by Curtis and Lewis” and by Morita and 
Morita.”” 

It is of interest to note 
that in a general 7-7 correlation 
experiment the energy  inde- 
pendent quantity G,,,(n) (see 
eq. (2-16)) where 4 may not 
equal 4’, will occur. Thus an 
accurate experiment can give 
information on the competition 
between 7-rays of different multi- 
pole order, just as can be found 
in 7-7 correlations. If the j-ray 
is a pure multipole then G,,, is 
just a numerical constant depend- 
ing on the various angular mo- 
menta involved and independent 
of nuclear matrix elements. 

Let us first consider the 
simpler experiments of /3-7 cor- 


relation with and without y- Fig. 1. 


circular polarization or longitudinal ? polarization. In considering these distributions let 
us speak in terms of a definite coordinate system in which p lies along the z-axis, & in 
the xz plane and [px k] along the y axis as shown in Fig. 1, 

$+ directional correlation : 


If neither the polarizations of or 7 are measured 
the distribution will have the form : 


The First Forbidden [?-Decay 663 


N=1-+€ (cos*d—3), (4-1) 
where @ is the angle between (-ray and j-ray, and 
E=B/C, (4-2) 


(see (2-13)). Being even under the transformations T and P (2) and “(Cl-3 yy. 
this distribution involves ReK,; and aZImK,,. 

$+ correlation measuring circular polarization: In this case we define the 
y-tay polarization analogously to the longitudinal §-polarization (2-6): 


vy LN(R)=N(L) _ oP) on . 
EC) REND) We) Ga 


The polarization as a function of @ is then: 


(4-4) 


tae W Sees te 
+ B” (3cos"d 1) 


The polarization will involve ive and aZImL,, in the numerator. 
67 correlation measuring longitudinal polarization: The longitudinal polari- 


zation as a function of @ is: 


pr—A°+A4® (Bcos’t— 3) 


4.5 
pee ees (3cos*4 — 4) ie 


The unique first forbidden transition: The unique first forbidden decay has quite 
different properties from other first forbidden decays. Its particular distinction is that the 
various quantities are essentially independent of nuclear /3-decay matrix elements, (as we 
shall discuss in Appendix A, if we include the so-called third forbidden transition, there 
is some minor modification for the nuclear matrix element). As it is not important for 
the energy dependence of the following quantities, we assume that z,(—1) =z,(—2). (See 
the discussion in § 3-D, especially (3-3b).). The 7 correlation is 


ee ary Ls peed tal \ ee ; 
b= balGa(2) = i Peas hdd Po (4-6) 


where /, is defined in eq. (3:29). If there is competition between j-rays of different 
multipole orders the matrix elements for the j-emission occur in Gy. The circular polari- 
zation as a function of the angle between § and 7 is also independent of the /3-decay 
matrix element, 

ie + 34, p”) Gay (1) — 64, p° G cos'd — 3) Gy (3) _ (4-7) 

V 10(¢+A,p) —y / 35), p® (3cos?d —4) Gy (2) 
The longitudinal polarization as a function of angle between § and 7 is independent of 
the angle: 
P,=—p/W. (4-8) 


As we showed, we have no unknown nuclear parameter in a good approximation. 
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The absence of nuclear (-decay matrix elements means that the unique transition could 
be employed to calibrate experimental shape determinations for the above processes. The 
above expressions are sufficiently accurate for such purposes, ie. they should be accurate 
to about 1% for small W,. 

The non-unique first forbidden transitions: In order to discuss the various experiments 
with some ease, we will present results in this section in the ¢-approximation, keeping only 
the leading terms in powers of ¢. Considering the difficulties of measurements in these 
cases, this approximation should usually be satisfactory (i.e. if there is no large cancellation). 
In general, this correction is of order (1/¢’) =40~3a@A'". Even for the heavy nuclei, 
say A'!?~26, this correction term is 10%. The reader is referred back to the discussion 
in § 3 about the application of the ¢-approximation to the non-unique decay (see (3-9) 
etc.). Corrections to the ¢-approximation will be discussed in general terms here, but 
will be given explicitly in Appendix C. We neglect all next correction terms (i.e. those 
of relative order 1/¢? or less). Thus, as illustrated in Table 3, we neglect correction 
terms which are of order (1/¢)? for the circular polarization, w, and the longitudinal 
polarization P;, and of order (@Z)? for all other distributions. 

The /-7 correlation in the ¢-approximation has the form : 


E=/,(p?/W) (R/C) +aZ/,p(I,/C), (4-9) 


where the 4,’s are defined in Appendix C, (C-29) to (C-30). In the approximation 
where (@Z)*<1, 4;~1+O((a@Z)*) (W/p)*. The R,’s and I,’s are energy independent 
and include ReK,, andImK,,, respectively. They are given in terms of 6£),(¢) in Appendix 
C, (C-22, 24, 26). In particular, neglecting the interference between the first and the 
third forbidden transitions, which will be discussed in Appendix A, 


R,=V/ 2/3- {G,,(2) Re[z(—2)V*] 
— 2G,, (2) Re[ (x)(—2) —4u, (—2)) Y*]} —G,, (2) Re[z,(—2) ¥*], (4-10) 

I, = 3/2+ {4G,9(2) Im[z,(—2) V*] 
—G,, (2) Im| (x) (—2) — du (—2)) ¥*]} —3G,,(2) Im[z,(—2) ¥*]. (4-11) 
C is the energy correction factor. Since C is of order &, (see (3-9), for example), 
€=0(1/¢) (4-12) 


As the experiment is relatively easy, it provides perhaps the best possibility for de- 
termining the imaginary parts of the coupling constants among the experiments discussed 
here. In order to do this experiment, we should check the reliability of the ¢-approxim- 
ation for the particular decay. Among other ways, we can estimate the correction to the 
leading term (4-9) in the ¢-expansion by measuring the coefficient, € for high energy 
f-rays, where p~W. The energy dependence of 2, can be neglected at high energies 
because they depend on W/p; s0, in the ¢-approximation, € has the energy dependence : 


é~W for high energy /-rays. (4-13) 
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On the other hand, the correction terms to (4:9) have the form 
[(p?/W) (Rel/C) +p*(R;!"/C) (4.14) 
+aZp(f'/C) +aZ(p/W) (I,"/C) 
ral pw, /C) |; 


where R,’, I,’ and so on, are energy independent to order (@Z)°, and are of order unity. 
They can be obtained from 6£},(1) in Appendix C, eqs. (C-23 to 28). The correction 
factor C must also be given to an accuracy consistent with the accuracy of € Thus to 
include (1/€) corrections in € we must use (at least) €2 and € order terms for C in 
(4-9) (such as represented by (l+aW+h/W), (3-14). 


The (-circularly polarized 7 correlation is : 
= Fa (2G (1) REVY*—2'"G,,(1) |Y/), (4-15) 


N is defined in (4:1). Since NC=C=0(<), in the ¢-approximation, 
w@=O(1). (4-16) 
For 4J=1 the result depends only on nuclear spins and possible 7-ray mixing : 
w=—7/ 2G,,(1). (4-17) 


Meanwhile for JJ=0 and a pure multipole 7-ray (or known 7-ray mixing) w can be used 
to determine the sign of ReVY*. Terms in imaginary parts of the coupling constants can 
enter only to order (1/€) smaller than (4-15). Angular dependence in the numerator 
(i.e. B®), enters to order (1/5*) smaller than (4-15). Angular variation of w will 
occur, however, in association with the §-7 directional correction coefficient € in the de- 
nominator. The (—p/W) circular polarization energy dependence provides yet another 
check of the ¢-approximation for a particular decay. In particular, the (1/¢) corrections 


to w are of the form: 
(1/CN) (Rat WR +aZ(1/p) + aZpl,’), (4-18) 
where (R,/NC) and (I,/NC) are of order (1 /S) and are energy independent to order 


(aZ)*. They involve real and imaginary parts of the coupling constant combinations, 
respectively. The detailed expression represented by and the R’s and I’s is given in terms 
of 6§2,(¢) in Appendix C, eqs. (C-33 to 40). Again we note that to include the (1/¢) 
correction in w requires use of at least €° and € order terms in NC in (4-15). 


The longitudinally polarized (7-7 correlation in the € approximation is simple : 
P,=—p/W, (4-19) 


independent of the matrix elements. Angular dependence will enter to order 1/¢ smaller 
than this, as will different energy dependence. The angular independent longitudinal 
polarization was discussed in some detail in § 3C and 3D. The inclusion of the (1 /§) 
correction to (4-19) gives an expression whose energy dependence has the form : 
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P, = (—p/W) {1+ (A/CN)[(1/W) R, +4Z(1/p) fh) 
+ (1/CN)[(1/W) R;+aZ(1/p)1,+-ply’] (Geos#—3)}, (4-20) 


where (R/NC) and (I/NC) are of order (1 /E). The detailed expression represented 
by the R’s and I’s is given in terms of A, (=) and a&,(¢) in Appendix C, (C-2), 
(C+#5)5 and, (CG: 42) to»45). 

Now let us consider transverse polarization measurements. The transverse polari- 
zation is associated with terms of type D and E of Table 1. We have some interest 
in these terms because they may provide a good means of testing time reversal. There 
are two types of transverse polarization measurements: in the plane of 8 and 7 and 
perpendicular to that plane. In addition in each of these cases we may measure circular 
polarization of the 7, if we wish. 

Transverse § polarization in the plane of 7 and 7: In the plane, the 
polarization (with no measurement of 7 polarization) will be (using a definition analogous 
to the longitudinal polarization, (2-6) and using Fig. 1) 

D sin 4 cos 4 


P F 4-21 
“i ~ C4 Be ' ($cos*# — 3) ' 


This is an even distribution (0,.) under the transformation P and T. In the non-unique 
first forbidden transition, P,, has the form: 


Rs 597) a (4-22) 


Pp, =sind cos | — 31, Es 
x "W CN ‘CN) 


This expression strongly resembles that for the simple directional correlation, €. The 
R, and I, are exactly the same quantities that appear in the (S-approximation) expression 
for €, eq. (4:9). They are energy independent and include ReL,, and ImL,,, respectively. 
They are given in Appendix C in terms of d,%)(), eqs. (C-46) to (C-52). We can 
say : 

Pp, =O(1/¢). (4-23) 

This transverse polarization provides a means of detecting the imaginary parts of the 
coupling constants since the terms involving the real parts goes to zero as zero energy. 
The (1/¢) corrections to (4:23) are given in Appendix C. 

Transverse 3 polarization perpendicular to the plane of 3 and 7: This is 
the distribution which is odd under time reversal (type E of Table 1). 


Ais aN Py odN (ox 14 


eT ak sei 


where N(+y) and N(—y) are the number of S-rays with their spin parallel and anti- 


parallel to the y-axis in Fig. 1. The polarization is 


E sin @ cos@ 
C+ B® (3cos*?—4) - 


Po = (4-25) 
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The term involving imaginary parts of the coupling constants K,, occurs in E® to order 


= 
- 


© with the coefficient (@Z)*. The energy dependence is of the form: 
Py =sinO cos {$),(aZ)*(L,/NC) +24aZ(p/W) (R,/NC)}. (4-26) 


This transverse polarization again strongly resembles the simple directional correlation, 
€. The R, and I, are exactly the same quantities that appear in the (¢-approximation) 
expression for €, eq. (4:9). They are given in Appendix C in terms of e), (¢), eqs. 


(C-55) to (C-61). It is seen that 
P= OKA ZT) | (4-27) 


However, for the lighter nuclei, where both these terms become fairly small because of 
the coefficient aZ, it may be necessary to look for the (1/5) correction terms, which 
have no @Z coefficient. This additional contribution to P,, among many other different 


energy terms is 
sin@cos@ (p’/W) (I,/NC). (4-28) 
The order of this term is 


I,/NC=0(1/#). (4-29) 


Thus, as @Z->0, P;, becomes equal to (4:28) and will be associated only with the 
imaginary parts of the coupling constants as shown by Curtis and Lewis.*” Although 
this transverse polarization is an odd distribution with respect to transformation T, (1-3), 
it is seen that the possible detection of time reversal violation is made difficult by the 
relatively large terms involving real parts of coupling constants. This term would have 
to be separated out by its energy dependence. Indeed it seems that this distribution is 
less useful for attempts to detect time reversal violation than (7-7 correlation or transverse 
polarization in the plane of the / and 7. 

Transverse / polarization perpendicular to the plane of 7 and 7 associated 
with circular polarization of the 7: This odd distribution with respect to time 
reversal involves measurement of both // and 7 polarizations. It seems almost impossible 
to do at present. Our conclusion is that even if we would do such an experiment we 
could not draw any conclusions about the time reversal assumption, because, as will be 
shown, the contribution from the real part of the coupling constants is much larger than 
that from the imaginary parts. 

We define this quantity analogously to (4-3) and (4:24), 


(N(+R)+N(—R))+(NO4D4+N(-2L)) 
where N(+R) et al. are the numbers of /%-ray with spin parallel (+) to y-axis and 
y-ray with right circular polarizarion (R) and so on. Then from general expression (2-13) 


and (2-21), 


wEY LEO (3cos*d — 4) rae (4.31) 
CN 


Ps 
Poy = 
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where CN=C+B® (3cos’*#—}). We find in the ¢-approximation 


Tras ' 
Pham sint| aZ 7 Rt lah b | (4-32) 
where 
R=y_ 2 (—Gyul2) ly 24 2G,,(2) RVY*), (4-33) 
L={—4G,, (2) Im[ (x, (—2) —4u)(—2) )V*)—4G,, (2) Im| (x, (—2) 
—4u,(—2)) ¥*]— G/ 15/6) Gy. (2) Im|[z,(—2) Y*]}, (4-34) 
A= (/ F;/4y ‘F)) G+ 1 +72) cs (4,—4,). (4-35) 


Here F, and 4, are defined in Appendix B. Therefore, the order of magnitudes of R; 
and I, which include ReL,, and ImL,,, respectively, are 


O(R,/CN) =1, O(L/CN) =1/é. 


We do not present more exact expressions in Appendix C. 
For the unique first forbidden transition, there is no transverse polarization except in 
the last case, i.e. the measurement of polarizations of both ,7 and j-rays. This expression, 


of course, includes only absolute values of coupling constants, since no interference between 


(STP) and (VA) is assumed. We find: 


pee aart e ip)| Ge rye ‘5 Y@ o(—1) + PA |e. (—2) F 
y= — Cpgsin (FF) Ga) (Yo )G"eo(— 0) + Pleo 2) [9 


mat Be YGxz (3) pd, (3 cos? — 1) (4-36) 
\1l6yY 2/7 f 


$5. Diseussion 


In the preceding section we have given theoretical results for various observable 
quantities without specifying the nucleus. We have seen that, roughly speaking, in the 
non-unique transitions, there are three large observables: the spectrum, longitudinal 
polarization, and circular polarization; and that there are two types of observables which 
are relatively small: the (3-7 directional correlation and 9 transverse polarizations. In 
the unique decay all observables are of order unity (0(1)), except no transverse polarization. 
This situation is reviewed in Table 3, together with information as to which expressions can 
be found in Appendix C, 

We cannot obtain much information about nuclear matrix elements by examining 
the spectrum or longitudinal polarization in non-unique decays if the ¢-approximation holds 
exactly within experimental error, see (3-13) and (3-17). In the ¢ approximation the 
circular 7 polarization depends on the nuclear matrix elements if J [J=0, while for JJ=1 
it just depends on the nuclear spins, since w= —\/2G,(1). The smaller effects, the 
f-y correlation and / transverse polarizations, do depend directly on the §-decay matrix 
elements. Through experimental determination of corrections (or lack of them) to the 


S-approximation, however, we may get a great deal more infrormation about nuclear matrix 
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elements and we learn how accurate the ¢-approximation predictions are for other observables. 
Of course, the original idea for observing corrections to the ¢-approximation is in the 
spectrum shape. Observation of such corrections could be otherwise obtained from (1) 
deviation of the (3-7 correlation coefficient from the energy dependence €~W for high 
energy electrons (W>1) (see eq. (4-9) etc.); (2) deviation of the longitudinal polari- 
zation from |p/W'| (see discussion in connection with the RaE type decay in § 3B and 
§ 3C where for high energy electrons the relative deviation is of order 1/W<); (3) devi- 
ation from energy independence of the quantity « in the /-circularly polarized 7 correlation 


(in the ¢-approximation w is constant (see eq. (4-15)). 


Table 3 
Distribution _ Defining Equation 0(&°) 0(€) 0(1) 
C: Correction factor for the 
energy spectrum s es “s 
P;,: Longitudinal! polarization (2-6, 3-1) xe x x 
€: §-y directional correlation (4-1, 2) x x 
w: - circularly polarized y (4-3, 4) | x x No 
P;,,*: y- longitudinally polarized f (4-5) aK x No 
Py: Transverse polarization in | | 
the f-7 plane 2h) é) ‘ 
Pp,: Transverse polarization (4.24. 25 x 
perpendicular to the 6-7 plane ioe! | s 
J ai i Q- | 
PPy,: Transversely polarized £ | (4-30, 31) | 24 | No | Ne 


circularly polarized 7 


Expressions presented (in Appendix C) are denoted by an X. The leading term in powers of &, and usually 
the 1/€ corrections to it, are discussed in the text for all these distributions. 

In order to test time reversal by observing the /-7 correlation or transverse polari- 
zations it is necessary to measure the energy dependence as discussed in the previous 
section. In general the contribution of the real parts of coupling constants to these 
quantities is slightly larger than that of the imaginary parts. Therefore the simplest ex- 
periment, the /9-7 directional correlation, is preferred. ‘Aside from examination of correc- 
tions to the ¢-approximation, observation of time reversal violation in the spectrum, 
longitudinal polarization or circular 7 polarization requires absolute determination of the 
coupling constants. This is not a promising procedure in forbidden decays, except in a 
special case of strong cancellation like RaE. 

As regards the reliability of the theoretical expressions presented in Appendix C, we 
note that the basic expansion is in terms of the parameter €. (This expansion is discussed 
at length in § 3B.) Here € denotes either 2/2) ot &’ (see (3-8)), where ¢ is the 
nuclear radius in electron units (~3a@A'). The latter quantity is probably more 
appropriate to describe the €-expansion in light nuclei. There the expansion may rapidly 
converge if the energy of the decay is not too large. For heavy nuclei aZ/20~1/49. 
The terms neglected through 0(1) terms is 0(@Z/), or about 174 for small W,. The 
relative error is then at least as small as that when the full expression through 0(1) 


is used. The complexity of the full expression calls for simplification whenever 
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possible. Thus we have neglected some small corrections (e.g. (@Z)* terms) to the 0(1) 
terms. (This is discussed in Appendix A. We are careful, however, to present expres- 
sions for C and A which are accurate even in case of “large cancellation”. These terms 
are needed for RaB). Also, as shown in Table 3, we do not give results for 1/= 
corrections to the leading term for any (3-7 correlation. We feel this is sufficient for the 
accuracy likely to obtain in these experiments. Furthermore, we propose a series of con- 
sistent approximations for O(¢) or for O(1) terms, in Appendix C, (C-1) to (C-5). 
These lead to great further simplifications and may be adopted depending on the case and 
upon the accuracy desired. 

Finally, we would like to make a general remark about the first forbidden 3-decay. 
All the large observables (i.e. those of order <2 in Table 3) have counterparts in the 
allowed transition. The converse is also true. Thus, for every observable that occurs in 
the allowed transition there is a corresponding expression (of order <*) in the non-unique 
first forbidden transition, and vice versa. The first forbidden expression is obtained (in 
the ¢-approximation) by using the substitution : 

C,M;— wy, 

(5-1) 

CerMer > nY; 
where C;, My, Cop, and M,, are the coupling constants and nuclear matrix elements for 
the Fermi and Gamow-Teller transitions in the allowed transition, respectively. We can 
for example obtain the result for the ,3-circularly polarized j7 correlation coefficient «, 
(4-13), from the allowed transition expression, as shown by Boehm and Wapstra.” 
The preceding statement may be understood from the following similarity between allowed 
and first forbidden decays. In the allowed transition the essential contribution of the 
electron wave function is associated with combinations of s-wave radial functions y_, and 
f.1 (where y, and f, are the usual radial functions associated with small and large com- 
ponents of the spinor, respectively). Thus the transition probabilities involve Li? ~ 
fP+g_~~ 1 or Li?~fig_i~p/W (c.f. Appendix B). In the non-unique first forbidden 
decay the main contribution involves the same functions for the relativistic nuclear matrix 
elements, ie. {a and j7;, while it is given by combinations of other radial functions ,, 
and f_, for the non-relativistic matrix elements ; ive. the quantities M\;>~ (1 f) f-2+9,) 
~ (a@Z/20)* and MiS?~ (1/0*) f.9,.~ (@Z/20)*p/W occur instead of the L’s above ; 
and so on. The correspondences (5-1) are readily established by direct comparison of 
these terms. 

Allowed transition experiments suggested for testing general properties of the ,3-decay 
interaction, can thus be carried through for first forbidden decay. In order to test the 
time reversal assumption directly, for example, the §-7 angular correlation from oriented 
nuclei, (J-pXk) (J-k)°"*' can be used.'-” Concerning to the question which combi- 
nation of (STP) or (VA) is responsible for the -decay, the direct way is to observe 
the nuclear recoil as mentioned in § 1, say eq. (1-1). One of the experiments is to 
observe the /?-neutrino angular correlation, which has the form : 


Nyu~1+& (p/W ) cos Ay, (5-2) 
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where @,, is the angle between the /-ray and neutrino directions. The well-known allowed 
transition expression for €, can be translated into that for the non-unique forbidden 
transition, in the ¢-approximation, yielding 

Seta Le se eS 


Cy ee 5-3 
VIVE S63 


Here the upper and lower signs correspond to the (S, T, P) and (V, A) combinations 


9 


respectively. (Of course, in the unique forbidden transition, we can not expect such 
correspondence, because there is no contribution from rank /=2 in the allowed transition, 


For example, the /3-neutrino angular correlation is given by 


Gaal p++ 3 pqcos Oy 
5 + pq(p/W ) 


where the upper and lower signs mean the T and A interactions.) However, these 


(5-4) 


experiments, seemingly equivalent to those in the allowed transition, are probably not very 
useful to test general properties of the 7 decay, because the theoretical expressions are not as 


accurate as in the allowed case, and the matrix element combinations involved are less simple. 
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Appendix A. Contribution of the third forbidden transition 


We have presented our discussion above in terms of the usual 6 types of nuclear 
matrix elements shown in Table 2. We should, however, consider two additional correc- 
tion terms, especially in case large cancellation takes place as in RaE. One of them 
arises from more detailed consideration of the nuclear finite size effect. We will discuss 


it in Appendix B. The other one is conrributions of the so-called third forbidden operators 


to first forbidden transitions. 
In order to see the order of the contribution from the so-called higher order forbidden 


transition, it is convenient to introduce the following tensor operator, which operates on 


the nuclear wave functions : 
Pe Teal Wet GLsAs tags) taal (Taos CO )is (Aad) 


where m=y1,-+ 4 and C is a Clebsh-Goldan coefficient, r a coordinate vector and Y\*(G) 
stands for the spherical function of the 44 Pauli spin operator, 0; for example, Y,’ (0) 
=1/)/47, Y,' (6) =— (o,+i0,) 1/3/87. The possible values of s are, of course, 0 
and 1. In the first forbidden transition, the initial and final nuclei have different parity. 


Therefore, if we assume parity conservation for the strong interaction, we have two different 


kinds of operators : 
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(PYDRaG@yio) for odd L, (A-2) 
~ (—1)'-°(9) (—i7s)Tirs(r, 6) for even L, (A- 3) 
where (|?) stands for the -matrix for the (S, T, P) combination and the unity for 
the (V, 4) combination. The imaginary parameter, 1, is introduced to make the nuclear 
matrix elements real numbers (if the common phase factor is omitted). The usual nuclear 
operators in “cartesian notation” as listed in Table 2, (v, w, u, x, y, and 2) correspond 
10 Hila clown l ue. Velie Lug 20d ty 2 that order. “For example 47 (,7)T,,.(r, G) 
=f 3x=7/ 3 (P)r and 42(—H75) (PF) Tin =1 (3 y=, 31(9)a. Thus, it is clear that 
the usual nuclear matrix elements include all terms with L=0 and L=1. This is how 
we define the “first forbidden transition”. We omitted higher L-values, for example 
Toi. Too Tors Tog, and so on. These types are called “third forbidden”, ie. L=2, 
3 and J4=1, 2. (We are not interested in larger /’s here). We wish to discuss the 


contribution from these third forbidden operators. 


Table 
i | ate a Cees ’ Nuclear Matrix Element 
1 | ¢=—i(B) r542T 21 (7, o) 0°&/ 70 («) =Cy ir) | oR(«) 
2 b=1 (8) r54zTo9(r, o) 072’ aho(k) =Car) \ OR(x) 
2 x= —i (8) r5427T221 (7, ©) pF" yo (Kk) =Cr ir) } XR (x) 


The additional nuclear matrix elements. In the “cartesian notation” which was used in the Konopinski- 
Uhlenbeck paper”), there are the following correspondence: Ty:)~Rjj, T221~T yj, and Tyoy~Sj ja. 

Let us consider the general character of T,,, and the corresponding lepton wave 
functions. It is clear from the conditions, |J,—J,| ~ASJ,+J, (3-5), that 4 corresponds 
to the total angular momentum of the lepton field, say 4= j+j., and L and S represent 
the total orbital and spin angulsr momenta of the lepton field, respectively, say L=I(«) 
+U(«,). In general, the large coulomb correction factor, $=aZ/2p, comes from the 
lth radial wave of /-particle with j=/—4, while the th wave with j=!+4 has only 
minor Coulomb corrections. In other words, the radial wave function with j=l+i is 
similar to the /-th wave for free particles, which is expressed by j,(r), the spherical Bessel 
function. For this reason, there is no large coulomb factor, ¢, for the unique forbidden 
transition operator, T’,,, and the relativistic nuclear operators, i7; and ia. (In the latter 
case, the s-wave of /-particle with j= gives the main contribution. In the unique 
forbidden transition, the p-wave of ;3-particle with j=3/2 contributes the main term with 
an s-wave of neutrino with j,=4, because 4=2=|j+j,|, or vice versa.) The main 
coeficient for the ordinary nuclear matrix elements with o-r and oXr is given by the 


p-wave of f-ray with j=}. Therefore, the large Coulomb correction factor, ¢, appears in 
these cases. 


Let us consider a typical example with even L, say Ty, for the (V, A) combination. 
In the cartesian notation, T;», is expressed by 
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At (— ifs) Tin" =— Gy 3i/y/ 2) {(a-r) Vim TET ryt (A: 4) 


In analogy with the definition of the nuclear parameters of Table 2, we can define the 
following ratio 


5/46 () =Cray) (=i) 4775(9) Ti," RC) (1/0). (A-5) 


Using this definition, ¢,(«) is the same order as y,(«). In defining the ordinary term 
yo(«) (which is derived from (—i75) (2) Ty,), we introduced (Table 2) the coefficient €/ 
(3-8) in order that y,(«) be of order unity, ie. ({a/é’(r)=O(1). In the matrix 
element, y,(«) appears with, at most, this coefficient, i.e. as yy) («). In the case of 
0,(«) where L=2, it appears in the matrix element with, at most, the coefficient HOVE Dp 
because the coefficient arises from the contribution of the p-wave of the /-particle with 
j= which has the large Coulomb correction factor ¢. Strictly speaking, this coefficient 


can always be written in the form 


d=p§'aZ/(1+7,), (A-6) 


for this type of higher order nuclear matrix element with L even. Although we do not 
have any suitable way of fixing the exact numerical value of </ at present, we may say 
that 0 is of order 1/10. (See footnote following (3-8).) In the transition proba- 
bility, this type of nuclear matrix element interferes with the ordinary nuclear matrix 
element which has, at most, a coefficient of order ¢. (We are speaking about the non- 
unique decay). Therefore, the largest contribution to the transition probability associated 
with the third forbidden transition is of order 0. Then we classify this term as a ¢- 
order term in the ¢-expansion in Appendix C. 

There are of course smaller contributions resulting from third forbidden-first forbidden 
interference. Terms in the transition probability of order 0 we can classify for simplicity 
with the unit order terms in the ¢ expansion. Actually we keep these small corrections 
in our expressions in Appendix C only for the case of spectrum and longitudinal polari- 
zation which are of interest in the RaE case. The pure third forbidden transition is of 
order 0°. This we should neglect, although we include this term sometimes in Appendix 
C to simplify the final expression. (c.f. (B-10)). (It is of order 0°/° smaller than 
the leading term in the non-unique first forbidden transition probability.) The discussion 
for Toy and Ty, is the same as just made for T',,,. 

A discussion similar to that for T,,, can be made for the nuclear parameter, y.(«), 
which, using the notation in Table 2, represents the contribution of {a(r/e)*. Although 
this term is classed as first forbidden (L=0), the coefficient is given by the p-wave of 
both /-particle and neutrino. Therefore, the largest coeficient for y,(«) is of order 0, 
while that for y,(«) is of order ¢’ (in the matrix element). Therefore, the classification 
for y.(«) is the same as that for é,(«). Terms which include ¢,(«) or y,(«) and higher 
values of L have coefficients of order ~°0 or smaller. These terms are neglected. 

Next let us consider the contribution from the higher rank nuclear matrix elements, 


say T3,, as an example. In order to get A=3 and L=2, it is necessary, for example, 
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to have both p-wave contributions from (f-particle with j=3/2 and neutrino with j=3, 2. 
Thus, the main coefficient for such a high rank nuclear matrix element has no large 
Coulomb factor €. In the matrix element the T,., term appears with order of magnitude 
(€’p) 0. In the transition probability, the interference of this term with the leading first 
forbidden term, whose order is ¢, is of order 0 (A-6). We may again classify this term 
with the unit order term in the ¢-expansion. Other higher rank nuclear matrix elements 
are completely neglected, because their contribution is of order a@Z/0. Thus we have an 


additional nuclear parameter which is defined as follows : 


pe'ICo (x) a Cr [ ( 9 is) (3) 4nT 59, R (x) " (A ; 7) 


This term will make contributions like o ($’7) Re|Z.(«) Y*], to the transition probability, 
as is clear from the above argument. Such contributions, of order 4, but proportional to 
Y are neglected in this paper since they become small in the interesting case when Y is 
small. This neglect will be discussed in connection with other nuclear matrix elements 
with odd L. 

As an example for the operator T,,, with odd L, let us consider T.,,. We define 
a quantity analogous to d(x), eq. (A-5), 


p42, (x) = C4 | (7) 4zT x, R(x) > (A 7 8) 


According to the similar discussion for even L, the contribution from this type of term 
with odd L is of order wZp/(1+7,), since there is no <’-coefficient in the above defini- 
tion of 2,(«) (c.f. (A-5)). The same considerations apply to the (first forbidden) 
terms w,(«), u,(«) and x,(«) of Table 2. Thus, in the transition probability, the largest 
coefhcient for such terms is of order (@Z/2) (@Z/(1+7,)). This is essentially the 
same order as 0. Other similar terms are Ty) and Ty, All these terms will occur in 
combinations, say, like aZiRe|2,Y*] in the transition probability by the same argument 
as above. Other similar terms occur in the case of usual first forbidden transition proba- 
bility terms like say, aZp Re|x,(«) Y*] and v*|Y|*. Besides these, terms like | Y|*, which 
are formally of order a@Z*, should be considered. If there is a large cancellation as in 
the RaE case where, |Y|*~1, the contribution from all these terms becomes only of order 
(1/100) or less. Then they should be neglected, in accord with Assumption (II). 
However, if there is no such a large cancellation, these correction terms, except | Y|°, are 
less by a factor (@Z/2)* or 0 than the unity order terms in the S-expansion. In Ap- 
pendix C, these terms are neglected, resulting in an error of order 0/$1%% in the 
transition probability relative to a contribution of order ¢. The terms like p|Y|? are 
classified with the ¢-order terms. These arguments apply to the non-unique dacay. 

Now let us consider the three new corrections of Table 4 in more detail. In the 
cases of the energy spectrum and the longitudinal polarization (i.e. no observation of i- 
rays) there is no interference term between the different ranks, /, of nuclear matrix elements. 
Therefore, in the case of A=0, there is no contribution from the third forbidden transi- 


tion, but we have one extra nuclear parameter v(x). In the case of 4=1, there are 
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two additional nuclear matrix elements, say y,(«) and ¢(«). In the unique forbidden 


transition, the correction factor for the energy spectrum can be written as 


C,= (1/12) i Cte 1) PoP AS (2) 


*) (A-9) 


where 
B(—-) =a (—k) + (201 +7) 1/15 (k4+72)) MO —-V2 (2). (A+ 10) 


In the preceding sections, we did not show this complicated formula, because it leads to 
no essential difference. In all results for the unique forbidden transition, |2|? should be 
used instead of |z,|°. It is worthwhile to note that all the other correction terms to the 
unique forbidden transition make a contribution of order aZp (say, terms like aZp|z,(—1)]|*). 

If the 7 correlation is measured, the situation is a little more complicated, because 
there are many interference terms between different ranks of the nuclear matrix elements. 
In Appendix C, all terms with coefficient 0 or 0° are neglected as mentioned above except 
the terms whose coefficient is of order of €0. It should be noted that the cos‘? term 
in the §-7 correlation is a minor correction term. 

In general, the §-7 directional correlation function can be expressed by 

N=C-+)>)} BOP, (pk), (A-11) 
nzl 

where B is defined by (2-15) and P,(p-k) is a Legendre function. The possible 


value of n is restricted by 


On 2) (A: 12) 

AAS asi, (A-13) 
and in addition 

Vai SS (A-14) 


as shown in (2:11). Here j is the total angular momentum of /-particle. As long as 
we consider only the usual 6 nuclear matrix elements of Table 2 we need not consider 
the contribution from P, with n= 4, since j <3 and 4<2. Although the new nuclear 
matrix elements discussed here have the maximum value of A4=3, the main contribution 
is still given by the /-ray wave function with j<<%. Thus, we may say that the ratio 
B® /B® is of order (p/€). 


Appendix B. The finite nuclear size effect 


In this pppendix, the basic form of the particle parameter is demonstrated for a few 
examples, 4,, C,, and 6,.', consistent with assumptions discussed in this paper. In this 
form the actual -ray radial functions are included explicity. The more convenient form 
given in Appendix C is obtained after expansion of the electron radial functions. The 
expressions shown here illustrate the modifications of previous expressions, such as those 
of Konopinski and Uhlenbeck,”” which are necessary to take into account finite nuclear 


size effects. 4, and C, are the parameter which give the longitudinal polarization and 
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the shape correction factor in the 0 +; 1 transition (with parity change), respectively. 
by is one of the particle parameters which is necessary to get the 7-7 directional cor- 


relation in the JJ=0 transition, where J,+ ‘joe 2: 
In order to define these parameters conveniently, we will use the normalization factor, 


1=2( +7 dial (B-1) 


The upper and lower signs of the symbol (+) in the following expressions refer to (S, 
T, P) and (V, A) combinations, respectively. The definitions of nuclear operators, », 
wv and others are defined in Tables 2 and 4. 


7,4, = {Lyvesss + Mis (x, x) + (2/3) gOS? (x, x) + (1/3) PLS? (x, *) 
+ 2Lif* (x, x)] 
+ Laacem| + Mis? (u, 0) — (2/3) gNof? (uw, u) + (1/6) g* Leh (u, 4) 
+ (1/2) Lif? (u, u) ] 
+ Lyywnl & Lis Cy, y) + (2/9) NS? (97°, 9) 
+ (4/9) (2/3)*"gNos” (6, »)] 
+2Re[ Lava |l— (4) Nos? (uy ¥) + (1/3) gLiS? (u, y) 
— (1/9) gMis (u, yr?) & (1/9) g°Nis? (yr, w) 
— (2/9) (2/3)""qMiS (u, 6) & (1/18) (2/3) '?g®NS” (6, u) 
+ (1/6)*"Ni$* (d, u) ] 
+2 Re|Lprisry]l + Nos? (x, y) + (1/3) g Ls” (u, y) + (1/9) g MBS (x, yr°) 
— (41/9) g?Nts? (y7*, x) + (2/9) (2/3)'?g MS (x, 6) 
+ (1/9) (2/3) ™%q°Nos” (6, x) + (2/3)"® Nii G, x)] 
+2Re| Ly-acsry lL — (+) Moh? (x, w) + (1/3) g NSS (x, uw) 
— (1/3) g Nog? (u, x) -& LYS (x, u) J 
— 2Im| Laver || (+) Jas? (uy y) — (41/9) R08 (yr, w) 
— (1/18) (2/3) "@2fs? Gd, u) 
— (41/2) (2/3) *°Fit? @, x) ] 
— 2lm| Ley esry JL LI? (x, y) (1/9) GIS? Cyr’, x) 
— (41/9) (2/3) ?@2 fis? (4, x) 
— (+) (2/3) FP, x)] 
— 2mm | Ly acs] (1/3) 9 L Jib? (x v) +0" (uy, x) J} (B-2) 


7:C, is found easily from 7,4, by the following substitutions : 
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Ls Ka CLS TaN Dod, M,N, 2h) 
It is clear from the definitions H, J and K that H®= Tie =KR=0. Therefore, all 
Im|K;,| automatically disappear in AO 
Grbig = (3/2) {2Re[Kaacem LLof (v, 2) — (41/3) gif? (or, 2 
(1/15) gis (zr’, v) | 
—2Kaacor Nok? ( 2) (1/3) ght? (m, 2) & (1/15) gMif (», zr’) ] 
+ 2Im[ Ka acem|L— Hit (&, 2) & (1/3) gtk? (wr, 2 + (1/15) gis (zr?,v) J} 
+ (2/5)'"{— 2°PRe[Kgacrry] Ms? (», ) +2°°’Ra sen Nis Y, 0) 
+2Re| Karam |Mit? (w, 1) —2 Re [Karen NaS? (7, &) 
+ 2°?Im[ Kase) Kit? (», ¢) 
— 2Im[ Karger) | Ko (, 1) — 2Im[ Kay om 5? 4, v)}. (B-3) 


The definitions of L, M, N, H, J and K are given below as certain combinations of 
f-ray radial wave functions, f, and g,. As we assume that the strong and electromagnetic 


interactions are invariant under time reversal, (Assumption III), all these L, M, N, H, J, 


and K are real. 


ae 1(O,, O;) ae WES m—1 Se LY nati ly (B: 4) 
Pe ee O Oy) el emcee | (B-5) 
where €=-+1 for the unprimed cases and €=—1 for the primed cases. 
LY - cos (4_,—4_,,) | { ‘ 
= Ogu) (| Og gt") * (2p°F,)~ 
he, ee ( ie? : eae (B-6) 
L; cos (4d,— ee { ; 
Oxfir*) (| Osfa™)* (Op'F) 
pe li Spey ys A) od (} Osh Bid (B-7) 
Le cos (4_,—J..) | \ j 
Ong aut t) (| O,fart)* (2p'h) 
ae |F = [ihn (9, | ; if BN (B-8) 
Ee cos (4,— 4_,,) | j 
Oxfir*) (| Og ar) * (2p) 
ie i|F = lari (ede ote P (B-9) 
NY®., (0, O,) =[NO7 + NOP, (B- 10) 
Jake ss (O;, O;) =(|j”" se dee, (B-11) 
aN Wag cos (4_,—4_m) | \ Levene : er sre 
is Opa) (| Og-a™)* pF), 
i | | Agee his ( fr) : Eris? (B- 12) 


De tees Nea AE Bete toe 8-29 
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ie il spatial (OP ae KN? Beene de ce 


Je sin (4,,—4_,) P 14) 
| ae J a ll lees Id O. fxr") (| ei genes Wal CFs hoy 8483 
oie sin (J_,—4,,) 
MP2, (O,, 0,) =[MO* + M1), (B-16) 
KOE, (0, 0,) =[KP7 KON, (B-17) 
M2 cos (4,,— J,,) | | Ps \ pe ak SY 
— O9;. OG mT ) (2p F,) > 
fed ani A leeches (B- 18) 
viel ee ae | far ( Ofa™)* pF) 
ve mince eee Jey i= , (B-19) 
M9 cos (4,,— J_,,) ah _ ey 4d 
= O; - mn O, —m * *2 °F.) ’ 
sie Li |g a) (| Osf-ar™) Cp (B- 20) 
Mt cos (J_,—,,,) gone oo 
— fe Og.) Cara 
ree hereon |g Cobeat ) (| Mut) C2p (B-21) 
The Coulomb phase shift, 4,, is defined by 
4, =4arg. (—"t# (@Z/P)) _ 9, ae 4 (e/k)), (B-22) 
Neb i(aZWw/p) 
where 
\«|=k or m, (B- 23) 
O,=arg."(7,+iaZW /p) +42 (7,—k). (B- 24) 


The arg/’ has been tabulated.* 
The definition of Fermi function is 


Fra ca W ) =( fee 2) (2pr) 20%, “A) oR aZW Pp ae p) |= (B. 25) 


O;'s stand for the nuclear operators multiplied by r®. For example, Op g =xr"= (9) rr”. 
These more complicated definitions of L, M and so on are introduced to take into 


account the finite nuclear size effect. In order to show the energy dependence explicity, 


two ratios, R,(«) and R;(«) are introduced in (3-2a) of § 3A, which are ratios of the 


large (Y,) and small ( fx) components of the actual S-ray wave function to the cor- 
responding components of the point charge wave function at the nuclear surface. 


If we assume that 
R, («) =R,(«) =1, (3 - 3a) 


we get the usual definition of Konopinski and Uhlenbeck and others.*''* For example, 
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L2-1(O, 0) > (| O,) (| O,) *Lyy (B-27) 


HAsO 0) (| 0) (| 0) *Lzs (or Pe). (B-28) 


But this approximation includes in some cases perhaps 20% errors, as shown in (3: 3b).. 

In order to avoid these errors, we defined the nuclear parameters u(x), w(x),---, z(K) 
by using (only) the leading term, R(i), of these R, and R,. (c.f. (3-4) and Table 2.) 
But as mentioned in § 3A, the neglected terms (oR‘ (x) and PR® («)) of R,(«) and 
R,(«) are of order y. Therefore, in the ¢ expansion, R(k) and R(—f) yield 
corrections which should be classified in the 1/¢ correction term to the leading term in 
the € expansion. In order to take into account these corrections, it is convenient to. 
introduce two ratios : 


(1/a@Z) S(k) = RG (k) — RF? (k), (B-29a)) 
aZS(—k) =R® (—k) — RY (4), (B- 29b): 
W /aZ) T (k) =RO (RY + RP), (B- 30a) 
(aZW)T (—k) = RY (—k) + RO (— 4), (B- 30b) 


S(x) and T (i) are energy independent to (@Z)°* order, because the original Dirac equa- 
tion is the same for 9, and f_,, except for the sign of mass term. In the case of e=kh,, 


for the uniform charge distribution, 


~ aplatkitie [Op opt. ACARD SG 2 
S(T (bE) ~ ere atts (4) +o@z (B-31) 


neglecting (a@Z) °-terms.* 
Thus, two new nuclear parameters for every nuclear operator O, should be defined in 


similar way to that in Table 2. For example, 


71469) =Caey | WS (0), (B-32) 


Uy. (x) Hein | uT (x). (B- 33) 


The order of magnitude of u,°(k) may be understood by using (B-31) and the following: 
rough approximation (for the uniform charge distribution) : 


ohare) vad Morte }) ~| Sth iahes (B-34) 
ig(—=1.) ug (— 1) R(=1) trp _ 15 


. . . . K p 
A similar numerical ratio is obtained for the case of u°(—k) and u, (—R)- 


* In the case of the surface charge distribution, 


S(k) =T (kh) 4k (1 +4) (2k+1)~. 


680 T. Kotani and M. Ross 


Appendix C. Particle parameters 


In this Appendix, all particle parameters are given. The theoretical predictions for 
the transition probabilities are obtained on substitution in (2- 15) and thence into (2-1 3) 
or (2-19). For convenience the particle parameters are expressed in form of the S$-ex- 
pansion (§ 3B). 

Now let us consider an example for the case of the energy spectrum with 3~ —>27 
decay. Since J,+J,=5, we should consider both 4=1 and 2. In the ¢-expansion, the 
leading terms C,(¢*), (C-14), and C,(1), (C-21), for 4=1 and 2, are of order = 
and 1, respectively. Therefore the spectrum shape correction factor C is expressed by 
C, (¢), which is energy independent. In order to consider the deviation from this allowed 
shape, the next correction term to the shape correction factor, is given by C, (5), (C-15). 
In this correction, we find so many unknown nuclear parameters that the expression may 
be of little value. 

There is, however, a rough approximation by which we can simplify the correction 
C,(€), i.e. to neglect perhaps 1024 to 20% of C,(). (This corresponds to the so-called 
(aZ)*-approximation). We can neglect d= 4aZ<' (A-6). Thus we set 


d=0. (C-1) 


A part of this neglect corresponds to omission of the contributions from the third forbid- 
den transition. Simultaneously we should simplify the finite size function R(x) involved 
in the nuclear parameters. For the uniform change distribution, evaluating R, T, S at 
r= (see (3-36) and (B-31)), we can set; 


R(x) =R(—1), for all negative x 

R(+1) ~0.8R(—1), 

R(+2) ~0.9R(—1), 

S(+1) +T(+1) +0.3R(—1). (C-2) 
We may write approximately, for u(«), for example, 


u(K) ~ R(x) | {1 for |«x|+<1, 
u(—1) R(—1) |pex los for K=1, oY 
u” () =uS (x) LO. (C-4) 


Thereby the independence of the u(«) can be eliminated. This approximation is probably 
fairly good. The approximation depends both on the nuclear charge distribution and 


strongly on the nuclear radial functions. To be consistent, we should also neglect (a@Z)* 
terms so that 


hy=4=7,5= 1 (C-5) 


Since these approximations were applied to the second term C,(¢) in the ¢-expansion, 


for our example, they are not so unreasonable. The relations (C-1) to (C-5) may be 


used in this way in many cases. For some other cases, however, the situation is not 
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quite as good. For the (7 correlation, for example, the leading term, bY}, (=) is very 
complicated. It is again advantageous to use (C-1) to (C-5) but the approximation is 
of course much poorer. Its use obviously depends on the accuracy of the data considered. 
Sometimes, unfortunately, this simplification clearly cannot be used at all, as for example, 
the spectrum of the RaE decay. 

All results in this Appendix are shown for the /#~-decay. The corresponding expres- 
sions for the *-decay are obtained in the notation used here by making transformations : 
pete )) A= Ay; b> t= 1) "b,, a> — dQ, dQ —d, e+e, 
MQ FEM), HOMO, mI? Fuk), —IEXW, n>), 
Zn (A) > F Zr* (ek), by (K€) >—hh* (Ke), o*(K) P(E), WK) P—Y%*(«). All upper and 
lower signs in this Appendix, including the symbol (+ q), refer to the (9, FP) and 
(V, A) combinations, respectively. (q=W,—W.) 


(1) Spectrum Shape Correction Factor (C,): 
(2) Longitudinal Polarization (4,): 


| C= 6,6) $2,674 C0); Oy 
A,= pi) tA) + A, (¢) + A, (1) , 
C, (S°) 
=|V\? C-6 
pasa VN, (C8) 
. s ie { (2W /3) Re[ (W.i2r—9 (51/5 V)V*\— (29/3) Re{ W_V* | 
A, (¢) 
[ _ Cre RAs FU seal aas VV | hb (C-7) 
+aZ(2/3p) Im[ YW, V* | 
[SO YH 1/9) WB alt D2 eg) RB AB" 
A, (1) 
Siaaiec ny pura 
|X3..s|? 
ee ails | ' (C-8) 
aZ(9W/p) I, 
Definitions : 
V=6'u,(—1) + (26/147) (+0), (3-10) 
228.9 = 20 9m (+ 1) +3m,', (C- 9a) 
QO p= 27 l oC) + 3%", (C- 9b) 
YW_=w,(—1) —ow,(+1), (C- 10) 
pict {ayo (+ 1) +0(1 +74) 2a" (— 1) /Q aw eee (C: 11a) 


w= {m8(+1) -9 (+71) *0 (— 1) }/A+N); (C: 11b) 
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Lar) (68) “Um| rd (41) —8 +7) ?e0" (— 1) ) V4] 
~20(1-47,) “4 Im[», (+ DV*)4 Py 1-2 L) (1479) (68) “In| V*] 


4 pol (41) (—D) +005 (4 D0 (—D I, (C- 116) 
= a OF hart) (A-10) 
Py=6/(A47) Ont)), 1H=VP— @Z)% (C-12) 
Ti? Gye) (>. rece Ue (C- 13) 
Gie=iGls?) +C¢, (5) 1G, (1), 
=p) {4, (©) +4,6)+4,()}, (C-14) 
AG 
berets eve 
oe) 
iS T LU — fis ¥+ 
ea {— (2W /3) Re[ (Up +6 (5T,/€) Y) ¥*] 


— (+42q/3) Re| U_Y*] 


[ (27,/3W ) Re[ W.s—8((1 +71) 4/25") Y) ie 
—aZ(2/3p) Im[,s¥*] 


0 
\ 
+ — aZ (2//p) (1 +71) *8Tm[ ug (1) x* (1) +205 (1) o* a3) 


(C-15) 
C1) fis 2 12.1 9497 |¥ (__9)\ ]2 
[30 Herman 
+e Ut 4); alien iets 
+2(+qW) Re[U_U.,] 
e 71 |U.2|?— (9/4) |wS—7,u" |? 
| .s|" | 
27,(+4/W ) Re[U_U* 5] | 
-| —aZ(9W /p) If aZ(q/p) R! i (C- 16) 
Definitions : 
¥=y4(—1) —26 (147) "(u(+1) +% (+1), (3-11) 
2 p= 219 (uy (+1) +x) (+1)) +37, (C-17a) 
2 .s=271) (ue (+1) +x (+1)) + 3u,8, (C-17b) 
U_=u,(—1) —x,(—1) —d4, (C-17c) 


= {uy' (+ 1) xy (4 1) ace +7)? 90° (— 1) iG-n)s (C- 18a) 
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w= {ugS(+1) +%9(+1) +6147)? y9(—D}/(147,), 
b= (2/3)*"4,(+1) — (1/3) (+1), 

U(—1) =a (—1) +%)(—1) + 6y.(+1), 

¥(—k) =x, (—A) —4u(—) +0047) O/4/ 6 +7), 
B= { (14-7) 6" (6F) ml (7,0? + (7, — 202Z?) v5) y,* (— 1) ] 
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(C-18b) 

(C-19) 
(C- 20a) 
(C-20b) 


+49 (1 +74)" (65) “Um[ (71 0” (— 1) + 1, 20°Z*) 8 (—1)) ¥*] 


AOA) = Pil, (el) Ex, Gel) Ye) 
+36(1+7;) Im[u*y.7*(—1) +-y5(—1)u7*}}, 
Ty" = {27 LP olm|[x, (1) mo* (— 1) +4 (1) %*(—1)] 
+3(1+7,) Um[x,9 (1) %)* (—1) +4491) %)*(—1) ] 
pre ee (Va) Din xe tg Ae (1% * (1) |}, 
C,=C,(1). 
bat (—p/W)C,(1), 
C,(1) = (1/12) [47|3 (— 1) P+ P7413 (—2) |7], 
Definitions : 
3B(—4) =z (—4) +20 (147) () —V 2 f&)A/15 k+7), 
A= (2472) F(Z, W)/20+7) F(Z W). 
(3) The 8-7 directional correlation (5{?,): 
bog?” = bye” (E) + Bon (1), 
boo (F) = (1/7/ 6 ) {2 (p?/W) 4,Re[B (—2) V*] 
+aZ (3/2) piglm[ 3 (—2)V*}}, 
bye ® (1) = (1/y/ 6 ) { (2/3) p?Re[z(—2) (mo (+1) + 3/2) 9”) *] 
— (+ 2qp?/3W ) Re[z,(—2) ™* (—1) ] 
+ aZ (3/8) pW Im| z,(—2) »**| 
—aZ (3p/8W ) Im|z,(—2) w** (+1) }}, 
bn =6,,% 6) +5. (1), 
by (€) = (—y/ 6) { (2p?/3W) A.Re[X (—2) ¥ *] 
+ aZ} piIm[X (—2) ¥*}}, 
b,® (1) = (—v/ 6/9) {—P'|% (— 2) — $0 (— 2) |? 


(C-20c) 


(C- 20d) 


(G-21) 


(A- 31) 
(3-29) 


(C*'22) 


(G-23) 


(C- 24) 


— 2p*Re[ (x) (1) +45 (1) + 8u”) (x) (—2) —4m0(—2))*] 
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+ (+ 2qp?/W’) Re[ (x,(—1) —u(—1)) %(—2) — 3m (—2))*] 
+aZ (3p°/2W ) Im|u, (1) x)* (—2) — 3% (1) m* (—2) | 
—aZ (9/4) pW Im| (x,(—2) —4uy(—2)) u7*} 
+aZ (9p/4W ) Im| (x,(—2) —3u(—2)) u**] 
+aZ (+ 3qp/2) Im[u,(—1)x,* (—2) +4%,(—1)u*(—2) |}, (C-25) 
bio = bie (E) +5, (1) 
by (€) = {— (p’/W) 4.Re[B (—2) Y*] 
—aZ (3p/4) AIm| 3 (—2) Y*]}, (C-26) 
bio (1) = (1/3) { p’Re[ (u, (1) +x, (1) +3u”) z,* (—2) ] 
— p’Re| (x,(—2) —4u,(—2))z*(—2)] 
— (49p*/W) Re[ (x. (—1) —m (—1) )a*{—2) ] 
—aZ (3p*/4W ) Im| x, (+1) z%*(—2) } 
+aZ (+ 3pq/4) Im|x,(—1) %* (—2) ] 
+aZ (9pW/4) Im[z,(—2)u"*] 
—aZ (9p/4W) Im|z,(—2) uS*}}, (C-27) 
boo? = bop) (1) 
boo (1) = — (1/12) (7/2) *p*A,|3q(—2) |. (C- 28) 
Definitions : 
4, (A/8)[ (1 +71) (3 +72—7,) cos (4, —4.) + (7241 —7,)sin(#,—,)], (C-29) 
4,= (A/6)[ (1+7,) (3 +72— 7)O~'sin(G—,)—(72+1—7;)c0s(4,—8,)], (C-30) 
A=2Y F,/(1+7,)VF, (See (3-29)), (C-31) 
0 =aZW /p, (C- 32) 
4, is given in (B-24), 
(4) The 8-7 correlation measuring circular polarization of ;-ray (5$), and 6%,): 
bo = (—p/W) {bu F) +b” &) +, ()}, 
by; (5°) =2Re[VY*], (C-33) 
bu (©) = (2/3) {W Re[QB.n¥*—U »V*—1001, (@")-'VY*] | 
—2WA,Re[X (—2) V*] 
— (4) Re[W_Y*+U_V*] 
+aZp-'Im[ BW, .¥*—U,/*] 
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—@Z (4+ 3p") (2p) "A, Im[¥ (— 2) V*] 
+aZ3 p'0.1+7,)§'Im [vy *(—1)y*(—1) +y¥°(—1)%*(—1)]}, 


(C- 34) 
b= (—9/W) {bu E) + bu @) $bu(}, 


be (S) a7 2 |e |® OE 2 
be CVS O78 73) WW Ref (Ue 50l FAY 2) Y*] 
—Wi,Re[¥ (—2) Y*] 
+ (4g) Re[M_Y*] 
taZlp Im U.s¥*] 
taZ p35 (1+7,) “lm (+ 1) (+1) +2) + Da" + 0] 
—aZ (4+ 3p*) (4p) "Alm [X (—2) Y*]}, oy 
bus = (—p/W) [bys &) +b al!) ], 
bo (€) = (— (5/3)") (WARe[B (—2) Y*] 


+aZ(4+3p) (4p) “lm 3 (—2) ¥*] (C-37) 
b= (—p/W) b. (1), (C38) 
bas? = (—p/W) bos” (1), 

ba (1) = (V/10/24) {9°13 (—1) [°+ G/5) PAIS (—2) FF, (C-39) 
bop = (— p/W ) boo (1), 

bes (1) = (—1/2y/10) p*4,13 (—2) [8 (C: 40) 


Definitions : 
A= (A/8)[(1 +71) 3 +72—71) cos (0.— 4) 
+ (aZ)* (y.+1—7,) O-'sin(G,—9,) ], (C+ 41a) 
As= (Ap’/ (8+ 6p”) )[ +7) G2+3—-71) W/p)?O-'sin (.—9;) 
— (7,+1—7;) cos (O.—0)) ]. (C- 41b) 
(5) The 8-7 correlation measuring longitudinal polarization of B-ray (af},): 
doe = (—p/W) {ayy (F) +40 (1) }, 
doo” (F) = (2/3)? {(WA,Re|B (—2) V*] 
4aZ (4+ 3p) (4p) Yslm[Q3(—2)V*}}, (C42) 
ay? = (—p/W) {an (F) tan? (1)}, 
a,” (F) = — (8/3)? {WA,Re[X(—2) Y*] 
+ aZ (4+ 3p’) (4p) “'4slm[X(—2) Y*]}, (C- 43) 
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4.2 = (—p/W) {ay (F) +42” (1) }, 
a, (6) = {-W2,Re[B (—2) Y*] 
—aZ (4+ 3p’) (4p) “4Im[B (—2) Y*]}, (C- 44) 
dp = (—p/W) boy (1). (C- 45) 
(6) The transverse 8 polarization in the plane of B and 7 (d§.): 
dog?) = doo (5) dy (1) 
1 C)=— BM iy Akio ar} 
+ aZi,Im[2 (—2)V*}}, (C- 46) 
dy (1) =— (1/6)*?{— (4 9p/W) Re[z(—2)m*(—1)] 
+ $pRe| (v7 —w*) z* (—2) ] 
— 3aZW Im([97z,* (—2) ] 
+ $aZ (3p? + 4) (4W)“*Im[w*z,.* (—2) ]}, (C-47) 
di? =dy (©) +4, (1) 
dy (5) =// 6 {(p/W) 4,Re[X (—2) Y*] 
+aZiIm|X(—2) Y*}}, (C- 48) 
d,, (1) = (2/3) { (+ qp/W ) Rel (x (— 1) —uq(—1)) (%(—2) —3m (—2)) *] 
— § pRe| (u?—u®) (x, (—2) —4u(—2))*] 
+ §aZW Im|u? (x, (—2) —§u(—2))*] 
—ZaZ (3p°+ 4) (4W) “'Im[uS (x, (—2) —3u(—2))*] 
— ah p* (4W ) ~'Im| x, (— 2) up* (+1) +3%) (+1) u* (—2)] 
— a (+ q) Im| x, (— 2) uy* (— 1) — $x) (—1) u* (—2)}}, 


, ire (C- 49) 
d,,°" = io”'8) +d, (ay) 


d,s (5) = (3/2) {(p/W) ARe|3 (—2) Y*] 
+ aZi,Im[3 (—2) Y*]}, (C-50) 

dio (1) = (3/2) { (+ qp/3W) Re[ (x, (—1) —uy(—1)) %*(—2) ] 

— 4 pRe [ (u?—u) z,* (—2)] 

+aZ(p*/12W’) Im[x, (+1) %*(—2)] 

— af (+9/3W) Im[x(—1) m*(—2)] 

+ a@Z3W Im[u?z,* (—2) ] 

—aZ (3p?-+ 4) (8W) ~Im[usz,* (— 2) }}, (C-51) 
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ds =) (C-52) 
Definitions : 

A= (A/8) (1+71) G2 +1+7;) cos (A.—4,), (C-53) 

4,= (A/8) (1+7,) G2t+147,) 9-'sin (0,—6,), (C-54) 


(7) The transverse polarization of B-ray perpendicular to the plane of 8 
and 7 (e§%,): 


Co = ge (F) +e 2 (1), 
Eye (€) = (27/32)? {aZ(p/W ) A,Re[B (—2) ye) 
+ (a@Z)*A,Im[3 (—2)V *}}, (C-55) 
ea” = (3/8)'? {+ (p'/W) Im[z(—1) »*] 
—aZ(+9p/2W) Re|m (—1)z* (—2)] 
+ aZ (3p/4) Re[ (w? —»*) z,* (—2) ]}, (C-56) 
Be OEY Pe (1); 
en (©) =— (27/8)"? {aZ (p/W) d,Re[X(—2) ¥*] 
+ (aZ)*Aylm[X (—2) Y*]}, (C-57) 
én (1) = — (3/2) { (2p°/3W ) Tin [ug (+ 1) %0* (— 2) — 4% (+ 1) u9* (—2) J 
— (p?/W) Im[ (x, (—2) —}u (—2)) u**] 
+aZ(+9p/2W )Re| (x(—1)—%(—1))(%(—2)—4u(— 2))*] 
— faZpRe| (u’ —u*) (%(—2) —4u,(—2))*]}, (C-58) 
ey” =e (F) +e 2” (1) 
ee” = (—9/8) {aZ(p/W ) A,Re|B (—2) Y*] 
+ (aZ)*AgIm[ 3 (—2) Y*]}}, (C-59) 
exe (1) = (—3/4) { (2p°/3W) Im[x, (+1) a* (—2) ] 
— (p?/W) Im[z,(—2) u™*] 
+aZ(+4p/2W ) Re[ (x,(—1) —u (—1)) a*(—2)] 


—faZpRe| (u” —u*) z*(—2) }}, (C- 60) 

Cog = ? (C-61) 
Definitions : 

A= (A/6) aah 3) cos (0,— 4), (C-62) 


A= (A/6) (71 +72+ 3) O-'sin (,—8),). (C- 63) 
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Dispersion relations for nucleon-nucleon scattering with momentum transfer 2'4 <4, for meson- 
nucleon scattering, and related properties of the meson-nucleon vertex, are shown to hold in every 
order perturbation theory. This is done by extending a method used by Nambu to discuss the per- 
turbation-theoretical parametric representations of Green’s functions. In effect arbitrarily complicated 
Feynman diagrams are reduced to a few simple types. 

1 


Y. Nambu has recently published an interesting article’ in which he sets out to 
‘determine the analytic structure of various Green’s functions. The means were the parame- 
tric integral representations of these functions obtained in perturbation theory. He showed 
that these representations implied, in the case of the vertex function, the existence of an 
analytical continuation in the relevant invariant variable, as is assumed and made use of 
by numerous authors”. Independently Schwinger® gave, without proof, similar but more 
detailed representations of special Green’s functions. 

In this paper we carry Nambu’s method somewhat further to the extent that dis- 
persion relations also result, as well in the familiar case of meson-nucleon scattering as in 
a case where these have not yet been proven rigorously, namely for nucleon-nucleon scat- 
tering. 

In section I we derive, following Nambu, the perturbation theoretical parametric repre- 


sentation of the contribution to a Green’s function from a single Feynman graph and 


‘discuss some of its properties. In the following section we develop Nambu’s majorization 


method and, at the same time, modify it in order to be able to “ reduce” complicated 
graphs to simpler ones in a slightly more refined way than he has. This leads in section 
III to a perturbation-theoretical proof of vertex properties and dispersion relations for 
nucleon-nucleon and meson-nucleon scattering. The limitations of the present method, the 


possible meaning of the result, and its relation to Schwinger’s proposal” are discussed in 
the final section. 


$I. Parametric representations of Feynman graph contribution 


In this section as well as in the rest of this paper we shall not discuss in detail cases 


of fields with non-zero spin and renormalization. Both have been done by Nambu, and 


we shall only mention the resulting modifications as we go along. The renormalization 


of Feynman parameter integrals has earlier been discussed in great detail by Chisholm*® 
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From the parametric representation*” of the propagation function 


dF (x) ate dk nes Site ini 
(27)* Rm? 1 1& Bm? Jo 
one easily derives for the Fourier transform of the contribution from a Feynman graph 


without internal vertices®*? to the vacuum expectation value of an N-fold time-ordered 
operator product the following expression 


PY (ex Ps) -G (pip) =| ef 5? F (x,---xy) dx,.--dxy= 
g 


=const. 3 (S3p,) fe [Tde, sda gph 22) & a) 
) 0 0t<J [D(a #| SSP) — (ad) +6 


If the ith and j th vertex are connected by a line carrying mass m,,=m,, and having 
parameter @,;=a;, the symbols have the meaning : 


| 
Pee ee eee Oly. 
| @t1 
N 
— Ao, Dia; *> = Hn 
D, (a) = A =a (22) 
ee ey skel. 
| Nal 
= Ay) yy >1ANe 
iN ; 
(0) Pi cee vesces py 
NX 
pi Den doors — Ay es P 
D, (pia) = ae =— >) (>1'p)*D, (@) D, (a) 
as Sg Ts oF ane. ‘iv. (2-b) 
N-1 
py —&m1 ew 
i~ve | 
(a= 33” (2c) 
<I ay 


The index r of the determinants means that an arbitrary line and corresponding column 
(but in the case of D,(p,@) not the first one) is to be omitted. If some inner lines 


, oe AO 
ate missing, the respective @,, and m,, are to be left out. Parallel lines give rise to > as 


(x2 
in the D. and to > oe in M?(a). If there are internal vertices, the corresponding 


Bas 
p are to be set equal to zero. 


D,(a) is a sum of products of the a. Namely, a “ skeleton” is a simply connect- 
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ed subset of the original lines such that every vertex is on this skeleton. The —_ is 
over the a@-products of all skeletons, each counted once. It vanishes if, and only if, all 


@ on at least one cut that separates the graph into two parts vanish simultaneously. 


D,.(p, @) is the sum = corresponding to all possible divisions of the original Feynman 
graph into two internally connected parts by removing the lines on a cut. (>'p)* is pe 
partial sum squared of the external momenta attached to one of those two parts. D,(a’) 
and D,(a’’) have the same meaning with respect to the two resulting graphs as D,(@) 
has to the original one. Obviously —D,(p, @) is (exceptional sets of a-values disregard- 
ed) a positive definite quadratic form of the p if these were chosen euclidean (that is, 
with positive semidefinite Gram’s determinant). Also D,(a@) is, in general, positive. So 
—D,(p, @) /D,(a)=J(p, @) is a positive definite or, exceptionally, semidefinite quadratic 
form. It is obvious that the @ are, up to a common scale factor, the inverse of the 
usual Feynman parameters. 

The integer c is the convergence parameter of the entire graph and is rendered positive 
by renormalization. Renormalization also has the effect that the integral (1) is also to be 
done over some mass values which are, however, always larger than the mass values which 
already appear in the original graph. Consequently, as will be apparent soon, this modi- 
fication does not affect the later discussion. 

If there are particles with spin there appears, as Nambu has shown, in the numerator 
of the integral (1) a polynomial in the a@ and p. Since we are interested in the analytic 
properties of G(p,---py) as a function of the p and its singularities (besides singularities 
in infinity, which we shall not discuss) are exclusively given by the zeros of the 
denominator, we may disregard the mentioned polynomial. Of course, such singularities 
given by 


Ip, @) ee 
M? (a) =Q(p, a) =1 (3) 


will sometimes be eliminated by the a-integration, as we shall see later, or they will be 
“movable” in the sense that they lead to a movable cut in the plane of some variable 
constructed from the p. Nevertheless, if that variable is fixed so that Ma:Q(p, @) =1 it 
will in general determine a branch point that can not be removed*, : 

A straightforward investigation of Q(p, @) with the help of the expansions (2) 
shows*” that Q(p, @) =1 when a cut exists dividing the original graph into two connected 
parts in such a way that (>1/p)*= (>1'm)* where Sp is the partial sum of the momenta 
on one side and S1/m the total mass on the cut. From the work of Eden” and Hamilton 
we know that these points are indeed branch points if the p are real Minkowski vectors*®’. 
But, as we shall see, in the case of dispersion relations and vertex properties, the interest 
is in different situations, namely inside “ unphysical region’ where, as follows from the 
present discussion, the branch points can be shifted below those well-known thresholds*®°. 


So we have to resort to different methods to secure Q(p, @) <1. The next section is 
devoted to such a method. 
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§ Il. Extension of Nambu’s majorization method 


Nambu has shown that the characteristic quotients have the following property: To 
a complicated graph with quotient Q(p, w) there can be found simpler graphs with, e.g., 
quotient Q,(p, 9) and functions 8(@) such that 


OQ (p, 2) < Qi(p, P(@)) 


for all sets @ and real euclidean sets p. He gives also two correspondences of this type, 
namely removal of lines and dissolution of closed loops. We shall later need many more 
correspondences and therefore state, and prove in the appendix, the following. 

Theorem: Let Y and ’ be two connected Feynman graphs with vertices z;,(i=1--:N) 
and 2/;(j=1---N’), respectively. Let m, and m',, be the masses carried by the line ik in 
G and jl in G! . If then for arbitrary values of the z;=z,/ of the external vertices and 
minimizing positions of the internal vertices always holds 


Simp |Z— Ze 7 a a (4) 
i<k $<e 
then 
Q'(p, @) S Max Q(p, 8) (5) 


holds for all @ and real euclidean sets p. 

To decide whether (4) is fulfilled in practical cases it is often convenient to use the 
following. 

Lemma: If Y has no internal vertices, and for each line ik in “Y there can be 
chosen in GY! a number of ways leading from z,/=z; to z,/=z, and a set of correspond- 


Mik 
ing n,, nonnegative massses (ik),(v=1---n,) with >)(tk),=m,, such that for all pairs 


v=1 


jE GR) ym, where >} means the summation over all those ways which use the line 
akvegl ikvegt 
jl in &%! then there exists a set of functions $(a’) such that for all a’ and euclidean 


sets p Q'(p, a’) < Q(p, 3(@’)) holds. 

The lemma is obviously stronger than the theorem, and it is easy to see that the 
premise of the lemma implies the premise of the theorem. But since in the following 
we need only the conclusion (5) of the theorem, we omit the very elementary proof of 
the lemma. 

By removing to infinity some of the z, considered in the theorem, one easily arrives 
at the following, 

Corollary: A necessary condition for the conclusion (5) of the theorem to hold is 
that the smallest mass on a cut in Y that divides the graph in two or more parts and 
separates the external vertices in two given non-empty groups is not larger than the mass 
on any cut with these properties in Gal, 

In Fig.1 we list a few correspondence*” formulated for meson theory and needed in 
the next section. (Except n and o they even fulfill the conditions of the lemma.) Only 
the closed loop d needs an explanation: 2n is the number of vertices. If they were con- 
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Fig. 1 
Fig. 1 A few possible simplifications in the sense of the theorem. 

nected in a different order, a correspondingly weaker condition than nf¢< 2M would suffice. 
Therefore on large loops sufficiently many external meson lines must be eliminated first 

or the vertices cannot be connected in a simply arbitrary order. 
It is clear that, since the condition (4) of the theorem is additive, such a correspond- 
dence can be applied in any part of an otherwise arbitrarily complicated graph and, there- 
for, such a graph can be successively simplified until one achieves some standard forms. 


$11. Vertex properties and dispersion relations 


We first consider the vertex function G(>p, p) ps) where p,°=p,2=M® and the remain- 
ing variable is p,"==k". According to what has been said in section I, G(k) will be 
analytic in the k*-plane with a cut along the real axis. The cut will go from &’,,,,, to+ 0 
where &;,,, is such that 


Max Q (Rieu ) 1, (6) 
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In the interval O<k?<4M?% is euclidean (i.e. fulfills the triangle condition) with respect 
to the other two squares M®, and the majorization method will suffice to study this region. 
If we find there a root of (6), and we shall so, then (6) cannot be fulfilled for any k 
smaller than &,,;,, especially not by a negative one, since the left hand side of (6) is an 
increasing function of k,,,. (A little consideration shows that the case of several vanish- 
ing @ does not influence this conclusion.) Now in the case of pseudoscalar (or symmet- 
ric) mesons every nontrivial vertex can, by the correspondences of Fig. 1, be reduced to 
the three forms (we assume, of course, 3/4< 2M) shown in Figs. 2a-2c. Instead of making 
an exhausting list of possibilities (it has been done) we only remark that when simplifying - 


graphs one has to pay attention first not to eliminate the meson lines that start at the ex-- 


~ 

N SS | 

ee Hi 3u ae | 
S=Se ' == | pee 

Z | Z 
wa \ \ Sie | 

a 6b Cc a a b 

Fig. 92 Bigs 
Fig. 2 Remaining vertex graphs with selection rule. Fig. 3 Remaining vertex graphs without - 


selection rule. 


ternal nucleon vertices** and second not to diminish thoughtlessly the total mass 3/2 which: 
lies between the external meson vertex and the open nucleon line. It is very easy to check 
that Fig. 2a and 2b give kyi,n=9/ and that 2c gives kyi,=4M°. In the case of scalar: 
mesons the standard graphs would be those of Fig. 3a-b with thresholds 4y° and 4M”, 
respectively. 

we now turn to dispersion relations. Since the case of meson-nucleon scattering is: 
rather well covered by exact methods” we first study nucleon-nucleon scattering which 
even turns out to be simpler, with the present method, than meson-nucleon scattering. 
First we fix the kinematics. ‘When p and q are the initial and —p’ and —q’ the final 


four momenta, the spuares of the partial sums that appear in (2b) are: 
p=pe=P=(ptqtp) = 
(ptp')?*=—4h (7a) 
(p+9)?=2M? +204 20, ‘Me + a 
(p! +4)? =2M? +228 —2ay/ M+ &. 


The characteristic denominator in (1) takes the form 


2R(a) wy /M? + 24S (a,d?) —M? (a) +i€. (8+a)) 
The singularities 


M? (a) —S(a, 4?) 


. Fi€ sign R(a@ 
aR (a) Wie i€ sign R(@) 


w= 


will lie in the w plane as shown in Fig. 4. In order to have a dispersion relation we 
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Fig. 
Fig. 4 ig. 5 
Fig. 4 Singularities of the scattering amplitude Fig. 5 Graphs singled out from other 
in the w-plane. nucleon-nucleon scattering graphs. 


have to make sure that there is no cut above the real w axis at w=, M?+ J and none 
below at on-yY M?+ 2 in order to have the correct crossing properties. So we have 
to show that 


—2|R(@) | (MP+ #) +S(a,4) < M*(a@). 


‘The ideal ways to proceed would be to deduce an estimate for M°(a@) from the method 
of the previous section. Indeed, (5) would give 


Mi (a) > Max Min 7 °PS)_Me(3) 
5 e J(p, ?) 
where absence of prime indicates a suitably simplified graph. This method would be feasible 


in the vertex case, where it was not needed, but turns out to be too complicated alge- 
braically in the scattering case. So we have to use the inequality (5) directly without 
solving for M’(a@). Therefore we replace the set (7-a) by the set 


p=p?=7=(ptp'+q)?*=Me+£ 

(orp yi 

(ptg)*=2MP +28 + 2 M+ sin 
(p'+9)?=2M*+ 22 — 20, M+ 


which is euclidean for |w|< 1/M°+ 4. Since we have increased the squares, we are sure 
that if we have no singularity now we did not have one before. Furthermore we can no 


longer take advantage of the |R(@)| in (8-a) and have to proceed as follows : 
If we can show that 


2R(@) oy/ M+ £4 S(a,s) <M (a) (8-b) 


for all a, where the bar indicates insertion of the above euclidean set, or Max Q(w,a@) <1 for 
«w in some interval 
= M+ fw, <0< Oy M+ £, 


then there is a gap in Fig. 4 from @, to ws and a dispersion relation holds. If this 
tude method is to work, there must be a gap between the cuts which sets a rather low 
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Fig. 6. Remaining nucleon-nucleon scattering graphs. 
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Fig. 7 

s Fig. 9 

Fig. 8 
Fig. 7 Final simplification Fig. 8 Graphs singled out Fig. 9 Remaining meson-nucleon 

of the graphs of from other meson- scattering graphs after 
Fig. 6 nucleon scattering final simplification. 


graphs. 


upper limit to J. So it is clear that, e.g., in the well-studied case of equal-particle 
scattering we cannot obtain as strong results as have already been proven rigorously. 

In order to reduce the nucleon-nucleon scattering graphs to simple forms we first 
separate out the graphs of the general structure, Fig. 5, which are easily analysed with 
our results for the vertex part and. well-known properties or the propagation function. The 
remaining graphs can be reduced to the graphs Fig. 6a—d and the graphs obtained from 
them by permuting the external vertices. Instead of listing all possible cases (it has been 
done) we only remark that the same principle mentioned earlier: must be kept in mind 
here: The meson lines affixed to the external vertices must not be removed, the two 
open nucleon lines must be preserved as such, and the minimum mass 2// between them 
must not be lost. 

Since it is still a little bit cumbersome to perform the calculation of w, and wy, for 
the graphs Fig. 6b—d we still reduce all graphs to the single one Fig. 7 and its permut- 
ed forms which majorize all of the earlier ones in the sense of the lemma. These final 


graphs yield for 4’?<y’/4 the gap 


2M? +24 — <a = 2M*—2a" _ —F()) 
2/ MPEP 2/MPEP 


OO —- 


@» is just what is expected from the familiar threshold argument whereas in w, there is a 


replacement of the expected ¢ by “4/2. This, of course, is due to the unnecessarily crude 


last step and could presumably be cleared up by the elementary analysis of the graphs 


Fig. 6b—d. 


In the case of meson-nucleon scattering the graphs of the general structure, Fig. 8, 
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are separated from the others and easily analysed with the help of well-known pro mas 
of the vertex function and the nucleon self energy part*” and obey a dispersion relation 
for arbitrary J’. The remaining graphs can be reduced to a few standard types. With- 
out going into details we give for them only the finally simplified forms Fig. 9a—c 
where lines with artificial masses have already introduced for simplicity. For the same 
reason, we have not made use of the pseudoscalarity or charge symmetry of the mesons) . 
These graphs are now discussed with the original set of external momenta 


Paral Cale oe 
(ptp)?=—4# (9a) 
(pth) ?= M+ 2428 +20)/ IPE 
(p’ +h)? = MP4 2 42f —20,/M + £ 
replaced by the set 
p=pP=M+2P B= (ptp't+hi=e 
(p+p’)*=0 (9b) 


(p+k)?=MP+ +242, ‘Me + £ 
(p' +k)? =M?+ 4+ 2P—2e,/ P+ 


which is euclidean if |w|<(M*?+2)'?,/ (M?+ £)'" which case only is of interest here. 
Since the momentum squared at the external line Fig. 9c is less than 4/2 the discussion 
of Fig. 9a and 9b suffices*"”. The result is: If PX y(M-+y) 8 a dispersion relation 


holds with a gap from w, to wy where 


Mp— —_ Me—-£ 


l= =) os — == (10) 
Vv e+ Vv e+ 


O=— 


as expected. If 
(M+ fp) /8< #115 Muli — (4/8M)*}'" 84+ Fret /64 


a dispersion relation will still hold but we cannot exclude the possibility that the gap is 
smaller than that given by (10). For larger values of J we cannot with our method, 
prove the validity of dispersion relations. 


SIV. Limitations, discussion, and comparison 


As has been emphasized, the present method is a very crude one and exhausts in no way 
the information of the desired character contained on the perturbation formula (1). For 
instance, the majorization method of section II, when applied to meson-nucleon scattering, 
certainly does not permit to derive dispersion relations when J? > 1/3 My 1— (4/2M)?]'* 
+/"/2 because then the cuts in a drawing corresponding to Fig. 4, when calculated from 
the graph 9c, extend to infinity, that is, we find w,=+00, w=—0o. Then a deriv- 


~~ . 
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ation of dispersion relations requires a discussion of the parametric integrations in (1), 
and it is the effect of such integrations that is not made use of in the majorization 
method*"”. By the same reason, this method does not give any information about the 
analytic structure of the “imaginary part”? whereas a closer analysis of (1) must give 
such information since Lehmann” has already proven, with exact methods, such an analytic 
property, in the case of the scattering amplitude*'). Namely, all results derived until now 
frony the general axioms of micro-causality, completeness of certain sets of states, and the 
asymptotic condition, must also hold in perturbation theory because the properties of Green’s 
functions that have been used there are also properties of single Feynman graphs or, at 
most, with respect to symmetries, suitable sums of such graphs. So for poor results, 


methods and their authors are to be blamed but not perturbation theory. 


Of course, perturbation theory may give too much analyticity. An example would be 
the absence of the pole, due to the deuteron, in the perturbation theoretical nucleon- 
nucleon scattering amplitude which would be proven to be actually present if there were 
still something similar to a deuteron when > (y 2 —1)M. On the other hand, exact 


methods will presumably give more information than perturbation theory. As an example we 


can, unfortunately, only cite the case of a ‘ 


“meson theory” in one space and one time 
dimension descussed elsewhere’. If similar selection rules and spectrum properties are 
assumed there as in ordinary meson theory, then unitarity urges the renormalized coupling 
constant g” of that paper to be smaller than 32|1— (y/2M)?]'?M/p*". 

Nevertheless the result of the present paper as well as Nambu’s” may stimulate the 
hope that a more effective use of the completeness condition in the exact methods might 
enlarge the domain of mass ratios and other parameters for which dispersion relations and 
similar properties of S-matrix elements can be proven*"”. 


We finally discuss the relationship of our approach 


3ft to the general parametric representations of Green’s 
Ses , ; aves 
saa functions proposed by Schwinger.” *") The theorem of 
Mt 4A A : 
2273p section II and its corollary suggest (but do not prove 
2 that it is correct) to replace all graphs by different 
bia ones with various masses on the lines that connect the 


Fig. 10 A simplification of the exclusively external vertices such that the cut conditions 


Fig. 2. j 
Lh So ie and only these are fulfilled. In the vertex case, Fig. 
2a—c are in the sense of the theorem, reducible to fig. 10. But here one finds that the 


cut begins already at 
Bin = 9/2 — 0 (2M/5 —p) p? (2M—5p)?/ (2M — pj? 8 


which we know is not to be the case in perturbation theory. 


; : 1 
Therefore Schwinger’s representations” ) 


oo 0(1—a,—a,—a;) 
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l ay pitas peta pe Mr _ Me |" (11) 


Aj Ay + AA, + AQ, a, as as 


will certainly not be correct unless //(K,",K,',«; ) has some special properties that eliminate 
this prolongated cut. 

After the present paper was completed, the author received a preprint by Y. Nambu 
in which a technique apparently equivalent to that of the present paper was developed and 
applied to the proof of properties of diverse vertex functions. No derivation of dispersion 


relations for scattering amplitudes, however, was given. 


Appendix 


Proof of the theorem of sect. II: 
(4) can be written in the following way : 


. . — MW 55, | t—— 
Min Min> |\—*-- Slag (z4;—zm) 7S 


a Bing t<E Oy, tk 


: eer pe , 2 
<Min Min>)}—"— - Say! (z—z')*. 


oe 2 int j<l ay j<l 


Going over to the inverse quadratic forms, it follows 


regis Dann nig Epa 
& sme si =H m wo. 


i<k Ay I Ay 


or Q’(a’, p) < Max Q(a, p) q.e.d. 
a 

Here we have made use of the following simple facts : 

If a positive definite quadratic form is never smaller than a second quadratic form, 
then the inverse quadratic form never exceeds the inverse of the second quadratic form. 

The inverse form of the minimum of a positive definite quadratic form with respect 
to some of its variables is equal to the inverse from of the original form with the 
variables corresponding to the minimizing ones set equal to zero, 

Proof: Let the form be 


Min ( K-BO-X42K-B-Y+Y-E-Y) =K(Q-B-S4+-B).% 
y 


then the inverse is 


D . (A-—G -e- : OT) “p= 


lo D 
=-—|Q-G-62.GT-4.| — 
\D Q-G.€+.GT | 
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*1) We use the metrik +1, —1, —1, —1. 

*2) We only consider connected graphs with external lines and, conveniently, self energy parts amputated. 
Vertices where one or more lines have been amputated are called external ones, all others internal ones. pi 
is the sum of the momenta acting on the 7 th external vertex. 

*3) For example if, as in the case of the vertex part, Q(k?, w) is monotonic, and if in addition c=1, then 
G(x) is real on the real x? axis on one side of the point k,,;,” and gets a negative imaginary part when 
crossing it so that a branch point is unavoidable. (For notation see Sec. III.) 

*4) To this end choose all a@ finite except those on the cut, and let these vanish simultaneously and in 
proportion to the respective m. 

*5) It is easily shown that the criterion for this is that the Gram’s determinant has rank less than five 
and at most one positive eigenvalue. 

*6) That a deviation from these “intuitive” thresholds may occur has also been observed by R. Karplus, 
C. Sommerfield, E. Wichman, by R. Oehme, and by Y. Nambu (preprints). 

*7) The correspondences a to d appear already in Nambu’s paper, ref. 1. 

*8) It is a neglect of this condition which makes Nambu’s own proof of threshold properties not quite 
complete. 

*9) These prorerties can, of course, also immediately be deduced by the methods of this paper. 

*10) This most plausible result follows from 


j ee ere _ @+al’(p, &’) 
1 Dial) (itlok ME (al, 4umrall’ a!) 


where the primed quantities refer to the amputated graph, a is the parameter of the external line, and the 
formulae 2a-c have been used. 

*11) One can show that this integration will indeed have the effect of yielding a dispersion relation in the 
present case. Let u=M-+é where € is small. Then the above limit will be 2M°+2Me+0(e*). On the 
other hand, from Lehmann’s work (cp. ref.7) follows that we will certainly have a dispersion relation up to 
2M? +4Me+0(é). 

12) A certain continuability of the imaginary part of the scattering amplitude as a function of 4’ for fixed 


total energy follows already from Bogoliubov’s work, see ref. 7, 
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*13) This can be shown as follows; the function 


D(p)=D(o) eee 
where p=(w?—p?)1/2 and pB=ipn[1— (y?/2M)*]/? is regular in the upper half p plane, with |D(p)'<| for 
real Pp and 
D(pB) = — (97/32) (u/M) [1— (4/2M)*]*/°. 


Since |D(p)| does, by assumption, not increase exponentially for|p|—>oc, it must obey |D(p)|<| everywhere. 
The resulting bound for g? can, with the help of Poisscn-Jersen’s formula, even be improved if in some real 
p intervals lower bounds for the absorptivity 1—|D(p)|* are known. 

*14) A similar opinion is expressed in the papers cited in footnote*®). See also R. Jost, Helv. Phys. Acta 
31 (1958), 263. 

*15) It has been shown by G. Kallen and A. S. Wightman (Dan. Mat. Fys. Medd., in press) that the 
representations proposed by Schwinger in the addendum to his report at the Seventh Rochester Conference 
(see ref. 3) violate the causality condition unless the weight function p(x,*, Ko*, K3*) possesses special properties. 
This can easily be seen also as follows: The exponent in the integral representation of such an “abnormal” 


term is 
—tA; (xo —x3) * —tde (xg— x) > —tAg (x — x0)? 


where e.g. 4y=A3=1, do =—1/3 were a permitted triple. If the time coordinates fulfill x,°=x°>x,;° then a 
replacement x,°—>x,°—i€ produces a positive real part whereas it is the spirit of the formula that a non- 
positive one is produced. The existence of the required analytical continuation can only be secured by special 
properties of the weight function as stated above. The reason of this circumstance is, of course, that the 


“ 


causality condition is more stringent than Schwinger’s “regularity” condition (lc. equ. 2). 


*16) We write (11) with the parameters of the general representation (1). 
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We examined whether or not Singer’s test and others, if any, would be useful to discriminate bet- 
ween general relativity and other theories of gravitation. Emphasis was laid upon whether curvedness 
of a space-time could be detectable or not by means of these tests. 


S 1. Intreduction 


The general theory of relativity is ordinarily regarded as the firmly established classi- 
cal field theory of gravitation.* According to this theory the metric tensor of a curved 
space-time is nothing but the gravitational potential in such a way that the motion of a 
test particle is described by a geodesic of the space-time. Contrary to this idea of Einstein, 
Gupta” proposed another view that Einstein’s field equations should be reinterpreted as the. 
non-linear field equations in the flat space-time. Then, has the general theory of relativity 
been verified by the literally well established experimental or observational facts? Especially 
is it the case for Einstein’s idea of geometrization of gravitation? As is well known, the obser- 
vational basis of this theory consists simply in the so-called three tests in the solar gravitational 
field, but phenomena like the gravitational wave have not yet been discovered, although the 
theory offered a reasonable interpretation of the equivalence** between inertia and gravitation. 
In addition, the tests in question are not necessarily crucial, apart from the priority of 
Einstein for the explanation*** and prediction of phenomena. It is because these pheno- 
mena can be equally explained in terms not only of the above stated interpretation due to 
Gupta, but also of different gravitational theories” based on the flat space-time. It is 
very desirable, therefore, that another test is found so that we can predict some result 


which is different from the one due to general relativity, by using other theories of 


gravitation permitting us to explain the three tests. 


Pe Se : 
* Except for the standpoint on which gravitation is regarded as a secondary effect of another field”), 
say, neutrino or electromagnetic field, we may say that most of the recent attempts to quantize the gravit- 


ational field stand on this view-point*). = be 
** There is a different opinion due to Dicke”) concerning the limit of the validity of the principle of 


equivalence. eves 
of the anomalous advance amounting to 43// per century of the periherion of Mercury, for which 


Newtonian theory was incompetent. 
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Singer” has recently proposed a method of measuring the ratio J= (dt,/dts—1) bet- 
ween the rate of a clock on an artificial satellite and that of a similar clock on the earth, 
and he has pointed out that this gives the fourth test of the general theory of relativity. 
According to him, the above 4 is given by the following expression : 


A= (Gmg/cRg) {(0-5—h) /(1+4)} 
~6.96 X 107" (0.5—A) (1+4)~, (1-1) 


where 4 is the height of the artificial satellite in the unit of the radius of the earth Rg, 
the other symbols being as usual. Though Singer's test is like that of the red-shift of 
the spectral lines in the gravitational field of the sun or white dwarfs, there is a consider- 
able difference ; i. e., contrary to the latter which is strongly influenced by the Doppler 
effect due to thermal and turbulent motions of stellar atmospheres, such a complexity of 
the situation may not arise in the former case.* 

Singer’s formula (1-1) was, however, derived under the assumption that (1) the 
gravitational field of the earth can be represented by Schwarzschild’s space-time and (2) 
the orbit of a satellite is circular. Since not only the earth is rotating, but has ellipticity, 
it is necessary to investigate whether the first of the above assumptions is correct or not. 
But as Hoffmann® and Das” showed, the effects due to the rotation and ellipticity of the 
earth are revealed by small quantities of higher order, and in addition the effects due to 
them have tendency to cancel each other. 

In this paper, therefore, we shall investigate at first the influence of the eccentricity 
and the phase (specified by the eccentric anomaly), after extending Singer’s formula (1-1) 
to the case of an elliptic orbit. Next we shall examine whether the formula thus obtain- 
ed is characteristic of the general theory of relativity in the view-point of Einstein himself. 
For this purpose, we shall attack the same problem from the standpoint of different gravit- 
ational theories due to, say, Whitehead and Birkhoff. 

Moreover we shall inspect another conceivable test in terms of geodesic deviation in- 
stead of geodesic motion. (In the case of an artificial satellite, the equation of geodesic 
deviation can be interpreted as representing the relative motion of the cap to the main 
body.) Because this equation includes the curvature tensor R®,, explicitly, the value of 
which tells us directly the curvedness of a space-time. 


§ 2. Geodesic equation in Schwarzschild’s space-time 
As is well known, the line-element of Schwarzchild’s space-time is given by : 
ds? = c° (1—2Gm/er) dt? —dr?/ (1 — 2Gm/c*r) —r* (dé? + sin® Ade’) . (2-1) 


If we choose the coordinate system so that a test-particle moves initially in the plane 
@=7/2, the geodesic equations in this space-time are 


* - : ’ : 
See, for instance, p. 12 of Singer’s paper cited as reference 5) in this paper. 
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dz =do/hu" (¢), (2) 
(du/dg)* + w= (3? —1) /B + (2Gm/b*) u+ (2Gm/c) v°, fe 1@)-3) 
dt/de-=B (1—2Gmu/e)-, (2-4) 


where u=1/r, dt=ds/c, h and # are integration constants. The third term on the right~ 
hand side of the orbital equation (2-3) is the well known term in terms of which the 
advance of the perihelion of Mercury is explained. 

In Singer’s problem, however, it is sufficient to take Newtonian approximation for the 
calculation of the orbit of the artificial satellite, ie. we can adopt 


(du/dg)?+wW=c (f?—1) /P+ (2Gm_/h*) u, (2-3’) 
in place of (2-3). Then from (2-2) and (2-3’) we can obtain for an elliptic orbit, 


u=(1+ecos g)/a(1—e*?) =1/a(1—e cos E), (255) 


nt=E—esinE, tan (y/2)=)/(1+e)/(1—e) tan (E/2), (2-6) 
$?=1—Gm/ca K2it7) 


with usual notations; here we assume G=0 at T=O for convenience. 

Though it is sufficient to take the above approximation in the calculation of the 
orbital motion of the artificial satellite, the essence of Singer’s problem lies in considering 
the deviation of dt/dz from unity. Accordingly, inserting (2:5) and (2-7) into the 
right-hand side of (2-4), and neglecting the terms higher than (Gm/c'a)° compared with 


unity, we obtain 


dt/de=1+ oy | 2 Boer: i (2-8) 


Ca 1—ecos E Z 
Considering (2-6), we can integrate the above equation as follows : 


t=7-+ (Gm/ca) (1/2n) (3E+esin E). (2-9) 


§ 3. Generalization of Singer’s formula for J 


As was shown by Hoffmann, effects due to the rotation and ellipticity of the earth. 
can be ignored. So we shall assume that the gravitational field of the earth can be ex- 
pressed by Schwarzschild’s space-time. Then we can take the value of mg as the value 
of m appearing in §2. Accordingly we obtain from (2-8): 

dig-bs Gms (OB a0 a 3+ecosE - (3-1) 


te, Pee 
dt S. Re 2 1—ecos E 


where a= (1+h) Rg, Ro=the radius of the earth, ¢, is the reading of the clock on the 
artificial satellite. On the other hand the expression of the reading tg of the clock which 


is at rest on the earth can be given, from (2-1) with m=mg, by: 
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dtg/d==1+ (Gmg/cRa)- (3-2) 
From the above two expressions, we calculate J corresponding to (1-1) as: 
d= (6.96 X10-")[ (P(e; E) —4)/+4) |, (3-3) 
with — 
d(e; E) = (1/2) (1+3¢e cos E) / (1—e cos E). (3-4) 


Especially when e=O (circular orbit) #(0;E)=0.5, so that (3-3) reduces to Singer's 
formula (1-1). 

Now for brevity’s sake, we assume that an observer on the earth is situated on the 
orbital plane of the artificial satellite, i.e. om the equatorial plane of the earth. Then, 
the conditions securing him to observe the artificial satellite are reduced to the one that the 
perigee distance a4(1—e) is larger than the radius of the earth Ra, i.e. 4 must satisfy the 
following inequality : 


h>e/(1—e). (3-5) 


Next we shall study how 4 depends on the eccentricity e and the eccentric anoma- 
ly E of the orbit of the artificial satellite. As is easily seen from (3-3), the sign of 
4 depends on the magnitude of “(e;E) compared with 4. ¢(e;E) is, however, such 
a periodic function of E that it decreases monotonously in the phase (0, =) and increases 
in (7, 27), if the value of e is fixed. Thus we obtain from (3-4) : 


Prax = (e ; 0) =(- iy 


l—e 
P= (e; 7/2) =0.5, irrespective of the value of e, (3-6) 
C5, = P(e 7) = 1 ( L—=3é ) 
2 1 +e 
y(e; E) As is easily seen, when e+0, 


ie =0.5 is splitted up and down 


a into ¢,4, and ¢',,;, respectively. 
And the sign of ¢,,;,, depends 
) = on the value of e, i.e. oh, 270 
; when e<1/3. 
we | From the above, signs of 
J can be specified as follows : 
nin 


| 
\ 
J>0 (red-shift), when 
| 


ak be @... Glee 
: (E,) T (E,) on E ~ Onin (if ere Tl Si 


Fig. 1 The relation between and E for the case 4<0 (bL i 
< ue-shift), when. 
e<1/3. Ey, and E. denote the values of E : 
for which 4=0, h>@ 


(3-7) 


max * 


.- 
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And when Qy.. >4 >in, the sign of J varies as the phase of E. As an example we 
illustrate such a situation for the case e< 1 f Sviinly Fig. rls 


§ 4. Gravitational theories based on the flat space-time due to 
Whitehead and Birkhoff 


‘In this section we shall deal with Whitehead’s theory* and Birkhoff’s one* as re- 
presentative theories which are based on the flat space-time and at the same time by which 
we can interpret the so-called three tests in the solar gravitational field similarly to the 
general theory of relativity. 

(W-theory). This is an action-at-a-distance theory obtained by reforming Newton’s 
inverse-square law of gravitation in a Lorentz covariant fashion. Therefore this must be 
automatically rejected when the quantization of the gravitational field is concerned. 
However, no theory would be better than this, if we could test the appropriateness of the 
theory without considering the problem of quantization. Meanwhile, Schild® showed that 
we could construct various kinds of action-at-a-distance theories of Whitehead’s type by 
starting from Schwarzschild’s line-element. The essential point of his procedure consists 
in transforming the geodesic equation by the use of quasi-Newtonian coordinate systems 
and making each term in the equation thus transformed correspond to the Lorentz covariant 
quantity in the flat space-time. In addition, he asserted that, contrary to general relativity, 
these theories predict in general the presence of a secular acceleration** of the center of 
mass in two-body problem. 

(B-theory). Contrary to the W-theory, this is a kind of tensorial gravitational field 


10) re- 


theory. Of this theory, however, there exists Weyl’s” critique, and further Gupta 
marked that difficulty apppears in the quantization problem, i.e. the energy of the gravit- 
ational field does not take a positive definite value. But it is to be noticed that these critiques 
are concerned not with pointing out the discrepancy of the theoretical consequences from the 
observational! evidences, but with formalistic points and quantization problem. The original 
interpretation of the red-shift of spectral lines is, however, ad hoc (due to the energy loss 
of photon). But this was explained by Moshinsky'” more naturally by taking account of 
the gravitational effect on the Maxwell and Dirac equations. Moreover, it is to be remarked 
that the secular acceleration of the center of mass of two bodies takes place also in this theory 
(just the same form as the one derived erroneously by Levi Civita in general relativity). 

In the following we shall study the corresponding formulae of these theories to (3-3) 


with (3-4) derived by the general theory of relativity. 


§5. One-body problem in W-theory 


Now we shall consider one-body problem which corresponds to Schwarzschild’s solu- 


tion in general relativity. Taking the coordinate system with origin at the gravitating 


* In the following we shall designate them as W- & B-theories, respectively, 
** It is very difficult, however, to judge whether or not such a secular acceleration exists from the observ- 


ation of binary stars. 
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mass, we can describe the Lagrangian of a test particle in the gravitational field from 


which the equation of motion can be derived : 


2b=(1——*F 2Gm e+ on OF ae 1 (a+ 2Gm \t+v G+ sin’ 06°)), (5-1) 
ce cy 


where a dot denotes differentiation with respect to parameter <, and the limitation to 7 
is specified by the condition 2L=1. 
If we take =7/2 as in § 2, the Eulerian equation of (5-1) becomes 


7 =dy/bi'(¢), lions 
(du/dg)?-+ =e (B21) /B-+ (2Gm/B) w+ (2Gm/e) we , (5-3) 
a 2Gmh du aa ~ 1 5-4 
dt/de= {e+ NG ae ae (5-4) 


where u=1/r, h and are integration constants the meanings of which are the same as in § 2. 

As is easily seen, if we ignore the difference in the physical meaning of 7, (5-2) 
and (5-3) are of the same form as (2:2) and (2-3), and (5-4) is obtained from (2-4) 
by means of putting { } in place of 8. Moreover, as in § 2, it is allowed in the New- 
tonian approximation to put t=7 in the above equation. Then inserting (2-5)-(2-7) 
in §2 into (5-4) and neglecting the terms higher than (Gm, ca)*, we obtain: 


(5-5) 


dt ene | Zz -+]-(+ +)( Gm i's 2e sin E al 

Ca (1—e cos E) 
where (+) denotes the signs of 5. On the other hand, for the test particle which is at 
rest in the gravitational field, we get from (5-1) 


ale FFE Pre 


dt/d==1+ (Gm/eR) , (5-6) 
where r= R=const. 


Applying the above two equations to the problem of the artificial satellite, we obtain 
the expression “of 4 with the same procedure as in § 3 as follows: 


4=6.96X 197] AG EI—F | (4) 1.54 10-"(1 +4) ~2__2¢ sin E ,. (5-7) 
; 1+h (1—e cosE)? 

where y’(e;E) is given by (3-4). Comparing the above formula with (3-3), we find 
that the second term on the right-hand side is a correction term. But we can neglect 
this term, because it is very small compared with the first term and, furthermore, it vani- 
shes when e=0. Therefore (5-7) and (3-3) are practically equivalent. 

Now we shall show that such a similarity of (5-7) to (3-3) is not accidental. 
Putting d>=ds/c, we obtain from (5-1) 


CF 


dt=e(1— ai det Ay drde—( 14 — janie (dP + sin’ Ady*) . (5-8) 
CTe ¥ Ci 


Reinterpreting parameter 7 as proper time in general ‘relativity, we can regard the above 
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expression as the line-element of a spherically symmetric space-time. Then, after the follow- 
ing coordinate transformation 


70+ 20" tog (r/2Gm—1), (5-9) | 
Cc 
(5-8) reduces to 
d= e(1— = dF —— WT (de iohldo) (5-10) 
cr a 2Gm 
Cr 


which is nothing but Schwarzschild’s line-element. (cf. (2-1)). In short the above pro- 
cedure is reciprocal to Schild’s. And, if we interpret (5-7) from the standpoint of gene- 
tal relativity, the appearance of the second term on the right-hand side is due to the fact 
that the coordinate time ¢ specified by (5-9) is used in place of #. 


§ 6. One-body problem in B-theory 


While the one-body problem in W-theory has an intimate connection with Schwarz- 
schild’s space-time, the situation is different with the corresponding problem in B-theory : 
(1) The trajectories of test particles are not geodesics in any curved space-time, 7. e. the 
specification of the equations of motion of a test particle is made under another proposal.* 


(2) Contrary to W-theory, the following relation is an integral of the equation of motion : 
1= (dt/dr)*— { (dr/dz)? +7? (dd /dz)? +r sin? 6 (de/dz)*}c?, (6-1) 


specifying the flat space-time. 
Now, the explicit form of the equations of motion is as follows when G=7/2: 


ban 8 -ex ES 6-2 
sy Ph gt)? (6-2) 
(du/dy)? +u? = (c/h)* exp [2Gmu/c*] {exp|2Gmu/c?]—8~*}, (6-3) 

dt/dz==f exp [|Gmu/c* | (6-4) 


where u=1/r, h and 9 are integration constants. 

Comparing (6-2)-(6-4) with (2-2)-(2-4), we can easily understand their differences. 
Nevertheless, it is to be remarked that the advance of the perihelion of Mercury and the 
deflection of light ray at solar limb can be derived without ad hoc hypothesis. 

Then, what is the matter with Singer’s test? Inserting the Newtonian approximate 


* See the article of Barajas!2). When we confine ourselves to the one-body problem the equations of 


motion can be derived from the following variational principle : 
2G. 
alexp( -AT (e+ 0") dt=0, 


which is the same as that proposed by A. G. Walker!) from the standpoint of Milne’s kinematic relativity. 
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solutions (2-5)-(2:7) of (6-2) and (6-3) into (6-4) and neglecting higher order terms, 


we obtain 


bese ol I -+]. (6-5) 


dt 24 (tee Iu 


On the other hand, considering that (6-1) is an integral of the equation of motion, we 
obtain the following expression concerning the particle at rest in gravitational field : 


dt/de=1 . (6-6) 


Comparing the above expressions with (3-1) and (3-2) or (5-5) and (5-6), we 
can find a remarkable difference. In fact, if we derive the corresponding formula to (3-3) 


from the above, it follows : 


> (6-7) 


A=6.96X 10-"| oF Sik Os joe 


1—ecosE 2 


which means that 4 is always positive for any e and E. Thus, at first sight Singer’s 
test would be useful to make discrimination between B-theory and general relativity. 

It is evidently the case so far as we take the standpoint on which the red-shift of 
spectral lines is interpreted as caused by the energy loss of photon. Because Singer's test 
is to directly read the number (counted by a scaler) of ticks of the clock, conrtray 
to the usual measurement of the shift of spectral lines. But it is more appropriate to 
stand on the view-point due to Moshinsky as for the problem of red-shift (cf. §5). On 
this view-point, however, the formula of red-shift can be represented as follows : 


dt’ /dt=1+Gm/cr, (6-8) 


where ¢’ and ¢ are times based on the frequency of spectral line in the presence of and 
in the absence of the gravitational field, respectively. 

The atomic clock is, however, necessary to carry out Singer’s test actually. But the 
time by the atomic clock is based on the unit defined by the reciprocal of frequencies of 
atomic or molecular lines. Therefore, the relation (6-8) must be taken into account in 


Singer’s problem. Then the following relations must be used instead of (6-5) and 
(6-6): 


ae ay dt Gm | 2 el 

——— fn ES =] a — . 4 6- 
a? dt it Ca L1l—ecosE / a 6:2) 
dt’ Gm 

=1+ ; . 
dt eR: (6-10) 


where R is constant. Comparing these ‘equations with (3-1) and (3-2), we can find 
that they are completely the same. 


Consequently the corresponding formula to (3-3) is 
identical with (3-3) itself. 


Lastly it must be pointed out that the above procedure specified by (6-8) is also 
applied to Gupta’s formalism mentioned before (Cf. Sty 
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$7. Geodesic deviation in Schwarzschild’s space-time and its 


corresponding one in B-theory 
) 
As is well known, whether a space-time is flat or not depends not on the values of 


metric tensor Y,, and its first derivative but only on the fact whether curvature tensor 
Roxs=0 or 0. For this reason any prediction made by the geodesic equation only does 
not tell us directly whether the space-time is curved or not, because in this equation //,, and 
at most its first derivative are contained. In this respect, Pirani' emphasized in his theory 


of gravitational radiation an importance of the following equation of geodesic deviation :'” 


— Rag yh P= 0, (7-1) 


where 9 denotes covariant derivative, and /* is a tangential vector along one geodesic 
such that 4, 4*=1 and 7* is a vector perpendicular to 4*(A,7*=0). 

Then does the equation (7-1) play a significant role also in a static gravitational 
field such as Schwarzschild’s ? Unfortunately it would no be the case, since there exist 
the following situations: (i) In contrast with the gravitational radiation whose essence 
consists in the appearance of the discontinuity of R‘,,, there is no such discontinuity in 
Schwarzshild’s space-time, (ii) We can only estimate the mixture of the second term on 
the left-hand side of (7-1) and (0°7*/0s°—d?7"/ds*), which is of the same order as the 
former, i.e. we cannot separate the former term from the latter in practice. 

Moreover, almost the same equation as (7-1) would be derived also from, say, B- 
theory, if we take account of the physical meaning of (7-1). For this equation can be 
interpreted as expressing the relative motion of one test particle on a geodesic line to: 
another one on the neighbouring geodesic line (such a relative motion can be treated even 
from the standpoint of Newtonian dynamics). 

In the following we shall clarify that such a conjecture is valid in the spherically 
symmetric and static gravitational field, assuming one of geodesic curves as a circular orbit 
(for the sake of mathematical simplicity). 

(General relativity). The solution of (2-2)-(2-4) for a circular orbit is as follows : 


dy oy Ao a. a gg Vo (7-2) 


where r,=const. Considering (2-1) and (7-2), we obtain the following after calculating 


ieee: 


ane ; 6G: ‘kis cal 

X+mi( 1 a )X=0, 

Cont ies ) X=0, ia 
\ No 
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where (X, Y, Z) are physical components of (7', 77, 7°), a dot denotes differentiation 
with respect to ¢ and n,=(Gm/r,’)'”. As is easily seen, if we put parentheses appeared 
in the first and second equations of (7-3) as unity, then these equations are Newtonian 


counterparts. And the number 6 in the factor of parentheses of the first equation is familiar 


. ; = 67Gm 
in Einstein’s formula for the advance of the perihelion of Mercury, 1.e. 406= jeteeal 
per revolution. 

(B-theory). The solution of (6-2)-(6-4) for a circular orbit is: 
| see melon ies 
dt ad Cr, (7-4) 
dt Gm \'? | 2Gm \'” 
f(s" Y(—28) 
i Ci, er, 


Now we shall calculate the motion of the second test particle Q relative to the first one 
P referring to the rotating coordinate system (X’, Y’, Z’) as illustrated in Fig. 2. Then, 


in terms of the method of small oscillation, we obtain 


X+n(1— 20" \a- “on )X=0 , 
CNy 0 


Z+2n(1—S™ )\X=0, (7-5) 


Y+rY=0, 
where (X, Y, Z) are the same quanti- 
ties as those in (7-3) and n=@. 

Taking into account that n in 
(7-5) corresponds to m in (7-3), 
we can see that these two systems of 
equations coincide with each other, if 
we ignore the terms higher than 
(Gm/c*r,)* compared with 1. Thus 
it may be said that there appears 
neither difference between (7-1) and 
the corresponding equation in B-theory, 
nor additional prediction from (7-1) 
to those due to the geodesic equation ; 
6Gm ) 


2 
a 


the effect due to the factor (1 — 


Fig. 2 


in the first equation of (7-3) is equi- 


valent to the advance of perihelion in geodesic motions. 


§ 8. Conclusions 


From the above consideration we may conclude that Singer’s test is also useless to 
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discriminate between (1) the orthodox interpretation of gravitation in general relativity 
and another due to Gupta, and (2) general relativity and W- & B-theories, because the 
same formula (3-3) can be derived with some proper, but not ad hoc procedure in terms 
of either theory. Moreover, it turns out to be clear that the test due to geodesic deviation 
is also useless so far as the static gravitational field is concerned. 

Then do these circumstances originate from the very nature of the gravitational 
field? Perhaps they do not. The question whether a space-time is flat or not must 
have real significance just in the same way that the surface of the earth is closed (con- 
cept in-the-large). In this respect, the facts clarified in this paper are simply that it is 
next to impossible to decide whether a space-time is curved or not so long as the static 
gravitational field is concerned. Thus the problem is led to finding other objects or methods, 
if any, suitable to verify whether a space-time is curved or not. 

Eventually the investigation of the gravitational field of the celestial bodies may not 
be suitable for this purpose, because it is not clear whether the properties can bz observed 
or not, if the difference of the properties in-the-large between Schwarzschild’s and flat space- 
time become known. 

On the other hand, in cosmology it is evidently not so and the consideration in- 
the-large would play an important role. It is not desirable, however, to use cosmology 
as the test of a gravitational theory”. If so, except the problem of quantization of the 
gravitational field, there is little probability of finding out the object by which the ap- 
propriateness of the theory is discriminated. 

Nevertheless, W-theory is based on an action-at-a-distance and B-theory encounters a 
difficulty in quantization procedure so long as Gupta’s critique is accepted. So there is 
left only the general theory of relativity. Thus, the only way we could take is either to 
follow the line of thought due to Gupta et al." or to attack the problem with Wheeler's 
idea’? which is, though difficult, more faithful to Hinstein’s thought. But so long as 
the applicability of general relativity to cosmology is accepted, it seems to us that the 
latter way is more plausible. For if we take such a view-point, the world model based 
on the flat space-time is incompetent to explain the red-shift-magnitude relation of galaxies 
without ad hoc hypothesis other than the concept of cosmic expansion. 

The authors wish to express their deep gratitude to Professor Y. Mimura for his 


helpful discussions and interest in this work. 
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Thermal equilibrium properties of a classical electron gas are investigated by taking into account 
the plasma oscillation mode. The free energy is calculated in terms of collective coordinate represent- 
ation. It is shown explicitly that the Debye-Hiickel limiting term of the free energy is due to short 
range correlation part of the Coulomb interaction, and that the long range correlation effect increases 
the free energy by 22% of the Debye-Hiickel term. 


$1. Introduction 


Recent developments in the researches on the fusion reaction draw our attention to 
the investigation of the physical properties of a fully ionized gas, so called ‘‘ plasma.”!)” 
Although the subject appears to belong to applied physics, physics of the plasma is a very 
interesting fertile field even if one limits his interest to purely academic topics. It is 
essentially a many body problem of charged particles. 

In the past years, many researches have been published concerning dynamical behaviour 
of the plasma,”~” yet few works have been done about the thermal equilibrium properties 
of the classical plasma.” Kihara has proposed to treat the plasma as a strong electrolyte 
and to apply the Debye-Hiickel theory in deriving thermodynamical functions of the 
plasma."” However, from the series of papers”~” it is well known that the plasma shows 
very characteristic dynamical behaviour, namely inside the plasma there occurs an oscilla- 
tion of density fluctuations called the plasma oscillation. Experimental investigations have 
confirmed the existence of such a plasma oscillation both in arc discharge tubes'” and in 
metals.’ Thus, in a thermal equilibrium state of the plasma, it is quite possible that 
the plasma oscillation mode shares the partition of energy and plays an important role 
to establish a thermal equilibrium state. Such a case certainly is out of the applicable 
range of the Debye-Hiickel theory, since in the Debye-Hiickel theory the possible existence 
of the plasma oscillation is not accounted for. 

To derive the thermal properties of matter from the microscopic statistical mechanics, 


it is sufficient to evaluate the partition function 


Zab fod pds; exp{—@H(---pi--, oe AD (1) 
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with §=1/xT, «: Boltzman’s constant, where N is the total number of particles, H(---p,, 

-+, +aj-+) is the Hamiltonian of the system. In ordinary gases, since the inter-particle 
interactions are of short range forces, the cluster expansion method certainly is a powerful 
method to evaluate the partition function (1). But the method is completely unapplicable 
to such a long range force as the Coulomb interaction between charged particles. Concern- 
ing this difficulty, Mayer’? has presented a method to treat the long range Coulomb 
interaction, and Zubarev') has introduced auxiliary variables to treat the long range in- 
teraction. 

In the following sections, we will discuss a possible way to deal with the thermal 
equilibrium state of the plasma by taking into account the plasma oscillation mode. In 
section 2, we will present an effective Hamiltonian for the non-degenerate electron gas in a 
uniform positive ion background. In section 3, the partition function and the free energy 
will be evaluated. The last section is devoted to discussions of the result, particularly of 


our method in comparison with that of Mayer and Zubarev. 


§ 2. Effective Hamiltonian 


According to the analyses of Bohm and Pines,” we will present an effective Hamil- 
tonian for a classical system of the plasma oscillation and electrons in the uniform 
positive ion background. For a quantum mechanical system, Bohm and Pines” have 
derived an effective Hamiltonian which is analogous to the effective Hamiltonian in 
classical limit, yet they have made an over-simplification which has been sharply criticized 
by Brueckner and others.” We will come back to this point in the last section. 


The Hamiltonian for electrons in the uniform positive ion background is given as 


H=>)-P_ + 27¢ 3) pn Pan 2nd SS, (2) 
é 2m . ee k Fe 
pao TE Se (3) 


a 


where V is the total volume of the system, N is the total number of electrons and n= 
N/V. The density fluctuation 7, can be separated into a component g;, which is due 
to the effect of the Coulomb interaction, and a component %r» Which remains to be 
present even if the interaction were absent. Then, one can show that under the random 
phase approximation the q;, executes a simple harmonic oscillation with an eigen frequency 
wx, which is determined through a dispersion relation 


agen shee (4) 


The dispersion relation (4) is determined to eliminate completely the coupling between 


the q;, component and the 4 Component of the density fluctuation. Explicit expressions 
of q, and 7, are given as follows, 


gx =V"S) o43/o*— Cpy/m)}eo, (3) 
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a i {1—«,°/[w?— (kp,/m) *]} e~*% (6) 


where w,”=47e°n if 


m. 
Thus, under the random phase approximation, the exact Hamiltonian (2) is approxi- 


mated by an effective Hamiltonian 


a 9° Sea | il! 
A sod. =a be ~ + 27e On P-Rr+ 2772S} 2 ine et 
é kk, Re? isk, pe 
ASO i INN 1 
+ te 3) edn Jn 27ne? >), (7) 
i, p 


The terms 9, 7, and q_x 7, are eliminated from the exact Hamiltonian according to 
the random phase approximation and the dispersion relation (4). This reduction of the 
exact Hamiltonian is a classical version of the procedure used by Sawada” in studies of 
the correlation energy of a high density degenerate electron gas. Knowing that the 
collective coordinate q), executes a simple harmonic oscillation, after introducing a Hamil- 
tonian of the harmonic oscillator system Hy, given as eq. (9), we can express the H, p 4. 
as a sum of Hamiltonian of individual particle motion H, and Hamiltonian of the collec- 


tive motion Hy, as follows, 


Ep p,4 Vo bs a @ CZ) 


Fis pi +27e?>} ‘s Or P_-~—27ne*>) : + 
2m k>k, BR Re 


9 1 
op 2 —— I 


k<k,, Re 
—»S} qn , d (kv;) ] (kv;) Een =0, > (8) 
ijk<h,I(w)k? w?— (k-v,)? w°— (k-v,)* 
nes \— a SA (9) 
t= 23 liye ti Tye? eT 
where do = of w'/ (w— (ke,))*. (10) 


The factor I(w) insures that the potential energy of the system of plasma oscillators 
is exactly the corresponding part of the Coulomb interaction 27e° >} 4, q_1/k’, since 
mw?/I(w) =27e. The last term of H, is the counterpart of the kinetic energy of the 
plasma oscillators. The critical wave number &, is introduced as a parameter which separates 
the effect of the Coulomb interaction ints the long range part and the short range part. 
In the later part of this paper, it will be shown that in the high density limit the k, 
can be allowed to become infinite without affecting the result. 

The kinetic energy term of H; (9) is added to give an explicit form of the Hamil- 
tonian of a harmonic oscillator system, after finding that the g;, executes a simple harmonic 
oscillation with the freqency w. Hence, the counterpart expressed in terms of the indi- 
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vidual particle coordinates has to be subtracted from the Hamiltonian of the electron 
system. In the discussions of the ground state properties of the system, these two terms 
cancel each other; therefore they will not appear explicitly in the partition function (11). 
However, one must realize that Bohm and Pines” have disregarded the i*=j terms of 
H, (8), while the kinetic energy term of H, (9) is included as a whole to calculate the 
correlation energy of the degenerate electron gas. 

Concerning the potential energy term, after separating the density fluctuation /,, into 
the q, and 7, components, the q, 4, and q_, 7%, terms of the Coulomb interaction 
have been eliminated by the dispersion relation (4), thus resulting in the simple harmonic 
oscillation of the component q,. Yet, it is very essential to realize that the dispersion 
relation as well as the random phase approximation has no concern with the 7%, Fx 
term, which has been neglected by Bohm and Pines. Thus, it is clear now that the 
neglect of 7, 7_;, terms as well as of the i%j terms of the last term of H, (8), commit- 
ted by Bohm and Pines”, is extra-simplification over the random phase approximation and 
that these inconsistent points are responsible for those criticized by Brueckner and others’. 

Finally, we will add a few words to explain physical meaning of the transformation 
of the Hamiltonian (2) into the effective Hamiltonian (7’), (8) and (9). The effect 
of the transformation insures “ diagonalization” of very complicated correlation effects 
of the long range Coulomb interaction into the form of the collective oscillation. In 
other words, this transformation enables us to sum up all contributions of the most- 
divergent clusters which cannot be handled in the scheme of Mayer's theory of ionic 
solution’. In Mayer’s theory only the parts of such most divergent clusters, namely the 
ring clusters, have been summed up and it has been shown that the result gives the 
Debye-Hiickel limiting term. 


§ 3. Caleulation of the partition function and the free energy 


Using the Hamiltonian (7), (8) and (9), the partition function can be expressed 
as follows, 


Zab exp {Sta (| I | dCy, dC_y exp{—F(k) Cy C_,} - 


fh dqy, dq_y exp{—F (hk) qx g_x} J(C, 9) (11) 
where a (k) =27ne"8/k? = (k,?/ 2k) (12) 
F (k) =a@(k) /n, (13) 
Ch = for k< k,, (14) 
= Pr for k > k.. 


The transfomation function ](C, q) is given as 


JC, )=|4%p. exp{—PS1p2/2m} [dx 
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TS Gein D5 (1—fiCps)).exp (= ikx,) ).0 (C.;,—++:).- 


IT8 (qn —VP Sf (p,) exp (—ikx,))0(q_.—-:-) (15) 
where 


fe (Ps) =0,7/Lw?— (kp,/m)?] for k<k,, 
=0 for k>k, = (16) 


The identity of eq. (11) with an ordinary phase space integral expression of the partition 
function for the Hamiltonian (7) is self-evident if one carries out the integrations over 
the collective coordinates (C;, qx). 

Now, our problem is simply to calculate the transformation function J(C, q). Details 
of the calculation will be described in Appendix. The result is 


j=( 27m tg iy Same fos Q }. 


Bae m/ hee nf, nf. 


Z exp ie sie. | (17) 
n(l—fy)” a(l=f,)? 
where Q, and P, are defined by eqs. (A, 4c) and (A, 4d). f, is defined by eq. 
(A, 23). Thus, we obtain for the partition function, 


“IT 


ob 2mm 3N/2 59 
Z=( RB ) V™ exp {> a'(6)} 


Wack) fe+1y* atk) (A—fi)? +1}. (18) 
The free energy is 
FF, KTS {a(®) —log (a ®) fi)? +1) — 


—log (a (k) fe’ + 1) } (19) 


where F, is the free energy for an ideal gas. 

Now, to calculate the partition function (18) we need an explicit solution of the 
dispersion relation (10). Though the question on existence of the root, which corresponds 
to the plasma oscillation, of the dispersion relation is confronted with mathematical 
difficulties as it has been discussed by Kampen,’” at least for the high density limit it 


has an approximate solution 
o=w, 1-3 (k/ky)? +6 (k/Rz) “|. (20) 


Hence, in the following, we will calculate the partition function at the high density limit. 
However, one must remember that the result (18) is free from any restriction of the 
magnitude of the density. Then, corresponding to the approximate solution (20), we 


have the following expression for the f;, 


fe= {142 (R/ha)? +6 (h/ha)“} (21) 
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Thus, the free energy due to the Coulomb interaction is obtained as 
> 


V En | 23/2 (22) 
2 NicR eile 114°¥= (a) |, 
ge oe An N 3/2 rs 


V (a) = |" de 32° log (1+ (2x) -*) — 


—log (1+ (1—f (x) /2x)*) —log (1+ (f(x) /2)*) | (23) 


where x=k/kj, @=k,/k, and f(x) = (1 +2x2-4 6x*).-". The factor (V/42N) (ka®/3)/2 ) 


1.0 


X= k/kd 
Fig. 1. Variation of the integrand of eq. (23) 


is the contribution arising from the upper limit of the & intergration, and it is the Debye- 
Hiickel term. The factor 1/2 is a characteristic factor of the present model of the 
plasma, in which we treat the positive ions as uniform background of positive charge and 
thus neglect the contribution of the inter-ion interactions. The second term in the bracket 
of eq. (22) represents the contributions of the long range correlation effect. 

It will be instructive to examine the structure of the long range correlation term 
VY (a). The term log(1-+ (f(x) /2x)*) is the contribution of the plasma oscillation mode 
and the rest of the integrand of eq. (23) represents the contribution of long range effects 
of the individual particle correlation. The integrand of Y(a@) is shown in Fig. 1. The 
figure shows that the main contribution comes from the region around k~0.7k,. Implica- 
tions of Fig. 1 are just the same as those of Fig. 2 of reference 8. The integral of 
Y'(a) is evaluated numerically and the result is shown in Fig. 2. From the figure, we 
can see that the effect of the long range correlation is insensitive to the critical wave 


number k,, if we take a reasonably large value of k. This is in accordance with the 
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Y (a) 


0.20 


0.10 


1.0 2.0 Ko) 


Oo = ke/kd 


Fig. 2. Variation of the Y(a) due to the long range correlation effects. 


result obtained by Brueckner and others for the degenerate electron gas at the high density 
limit.” The effect of the long range correlation amounts to be about 22% of the Debye- 


Hickel limiting term. 


§ 4. Discussions 


The result obtained in the preceding section shows that the contribution of the long 
range correlation to the free energy amounts to be about 22% of that of the short range 
correlation effect. At high temperature, the effect of the Coulomb interaction is so small 
that the thermal properties of the plasma can be described as an ideal gas. However, 
effects of the interaction are essential for the transport phenomena. To evaluate the 
relaxation time, the effective Hamiltonian (7), with (8) and (9), must be used as a 
basic Hamiltonian, which is transformed from the Hamiltonian (2) after the non-pertur- 
bational diagonalization of the strong long range correlation of the Coulomb interaction. 
Here, one may realize that Zubarev’s treatment is a perturbational calculation of the long 
range correlation in terms of auxiliary variables. 

Concerning the effective Hamiltonian (7), with (8) and (9), we will discuss effects 
of the long range individual particle correlations, namely the effect of the 7, 7, term 
and of the last term of Hamiltonian (8). Bohm and Pines has disregarded the 7; 7_», 
term by arguing that the term represents part of a screened interaction beyond the screen- 
ing radius k;'. They have also neglected the last term by the same argument except the 
term with i=j, which is involved as modification of the electron mass. However, since 
the last term is as a whole the counterpart of the kinetic energy of the plasma oscillators, 
it is hard to justify such inconsistent treatment of the last term of Hamiltonian (8). 
About the effect of the 7, 7_, term, the present analysis shows that the presence of the 
term is essential to get the k,-insensitive result. The &,- insensitive result in the high 


29) Y. H. Ichikawa 


density limit has been obtained by Brueckner and others” by correctly including the term 
bw (0). Hence it is clear now that if one includes the long range individual particle 
correlation term to the Bohm-Pines effective Hamiltonian, namely if one uses the effective 
Hamiltonian (7), with (8) and (9) for the degenerate high density electron gas the 
resulting correlation energy should agree completely with the result obtained by Brueckner 
and others.” 

To close the present discussions, a few remarks will be given on the random phase 
approximation. The random phase approximation picks up the most divergent correlations 
of particles in which the same amount of momentum is transferred among the particles. 
On the other hand, Mayer’s sum of the ring clusters, which results in the Debye-Hiickel 
term, consists only of the part of the most divergent correlations, or the random-phase- 
correlations. Therefore, if one gathers the random-phase-correlation parts from other various 
complicated clusters, they give as a whole the contribution which is also proportional to 
the square root of the density, 1/n. At the high density limit, according to the present 
investigation, it has been shown that the contribution is identified with that of the plasma 
oscillation mode. At the low density limit, the contribution may or may not be identified 
with that of the plasma oscillation mode, yet so far no theory has carefully checked if 
the contribution, which is also proportional to 4”, is negligible compared with that of 
the ring clusters. We will discuss these points in some details in a separate paper. 

It is very essential to extend the present theory to a realistic case, in which the 
motion of the positive ions is also taken into consideration. It has been shown that in 
the binary system of electrons and ions there may occur two kinds of collective motion, 
electronic plasma oscillation and the acoustic oscillation... Detailed studies of these pro- 
blems will be discussed in another separate paper. 

It is a great pleasure to thank Professors T. Kihara, S. Hayakawa and N. Fukuda 
for their stimulating discussions at the Symposium on Plasma Physics held in May 1958 
at Research Institute for Fundamental Physics, Kyoto University. The author is obliged 
to Professor Hayakawa for his suggestive discussions in the course of preparing this paper. 
Thanks are also due to Dr. Sumi for his critical discussions. 


Appendix 


We will present here detail accounts of the derivation of the transformation function 
J(C, q), eq. (17) and of the partition function, eq. (18). We have an expression (15) 
for the transformation function J(C, q). 


First, let us introduce the Fourier representation of the d-function as follows, 


0 (q,—V-'" fe (p,) exp (—ikx;,) ) 


1 . 2S : 
Ther (don exp] fog (q,,—V- "afe (p;) exp (— ikx,) )| ; (A-1) 


J 


0(C,—V-" >) Ix (pi) exp (—ikx,) ) 
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‘tay ea 
| dv, exp] i (C;,-hs D1 Ix (Pi) exp (—ikx, | (A: 2) 
where 9. (Pp) =1—f, (pd). 


Thus, we have 
0(Cy— ++) O(C_p.— ++) O(qur— +) O(q_n~—-*) 


= (7n)-* NI dw; dw_,, dv; dv_;, 
7 exp| (Grn os q-KO_k. =e Crp =F Gis v_.) | 
‘ 9 —ikx, +ik. 4 
exp| — Vo" > {fe (pa) (e Gre gD 


—ikx; +1kx; 
+9. ( ee Le vs} |. (A-3) 


Next, we will change the variables (wz, w_x), (x, Yn), (Gus q-n) and (Cz, C_,) 
by the following relation,” respectively : 


Ont+ o_~=U, sin , 

(A: 4a) 
Opn— W_p= +iU, cos gy 
Y,+Y_p,=V,, sin Or 

(A- 4b) 
Yp-—Y_p=twW, cos o, 
Gr + 4_-nr=2Q, cos 0; 

(A- 4c) 
Ik—4F-K=21Q, sin Op 
Cy. +C_,=2P, cos Tt, 

(A; 4d) 
C;),— C_,=21P, sin Tp 


The integrations over the original variables are transformed as follows, corresponding to: 


the change of variables (A-4a)—(A-4d), 


[org | dor-n= G/2) [aU Us ld (A-5a) 
fats, [do n= G/2) [arr Ps [db (A: 5b) 


jagu \uy-n =e. \ dQu Qu [do (A- 5c) 
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[aCr|dC1.= L255 | dP, P\dre. (A- 5d) 
Then, we get 

Gi Ox +9-KO_-k =Q,U, sin (Y: <p), (A-6) 

Cy Me +C_p Y-n=PV, sin (d.—Tx)> (A-7) 


fre (Pi) & fon ORT aan o_rK) + 
+9 (pi) Br gs BOR peta es 
=f, (p;) U, sin (kx,+¢,) + 
+92 (Pi) Vx sin (kx; + 0;)- (A-8) 
By using relations (A.5)—(A.8), the expression (A.3) becomes 


(27) ~4(i/2) ‘\au, U, (ae, (av, V \ 40, 


-exp[iQ, U, sin(¢@,—o,) JexpliP, V, sin (0,—7,) |. 
-exp| —iV >) fe (pi) U; sin (kx;+ ¢;) | 


-exp[—iV“? S) 94 (p) Ve sin (kx, +6,) ]- (A-9) 


Since the factors exp{—F(k)C; C_,} and exp{—F(k)q, g_,} of the expression 
of the partition function eq. (11) are indepenent of o, and 7,, as one can see from 
the changes of variables (A.4c) and (A.4d), which transform these factors into the 
following, 


exp{—F (k)C;, C_x} =exp{—F (4) Q,}, (A- 10a) 
exp{—F(k) qx q_x} =exp{—F(k) PZ, (A- 10b) 
we can average (A.9) over the angles oj, and t,. Then, using relations 
(27) “do, expliQ, Ux sin(¢,—ox) ]=Jy(Qz U2), (A- 11a) 
(27) “ae, exp [iP, Ve sin (j,—7,) J=h (eV), (A-11b) 


we can write (A.9) as 
(22)~* (i/2)*\dUy Us| dps (dV, Pe [dbs Jo (Qe Ud Jo(Pa Vi) 
-exp| —iV-"? Df (p) Ux sin (kx; + ¢,) } 


-exp|(— iV? S° 9, (p,) V_, sin (kx, +4,) ] . (A- 12) 
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Here, we may carry out the integration over the angles ¢, and ¢, approximately as 
follows, 


[ex exp| 7" 3 fap) Us sin (hx. +6.) | 

~27| 1— (U8/4V)S f(pdfilp,) cos (hex. | 

~on exp| — (UE /4V) > fel pd fe(p,) 08 (-,—x,) | ; (Ania) 
[48x exp | <7" 3 n(p)V asin (hx, +6.) | 


~or exp| — (V2/4V)S) 92 ps) Iu ps) cos (k-%,— x) | (A-13b) 
2,79 
Thus, (A.12) becomes 


(i/4n) ‘|au, Us Jo(Qe Us) \d¥ Ve Jn(Pe Vo). 


“exp — (4V) pa (Ue fi, (Pi) fi (Pp) +V 2p (p,) Ix (p;) ) cos (k- X,—X,) i 
(A-14) 
Now, let us turn back to the expression of J(C, p) and carry out the integrations 


over the spatial and momentum coordinates. We have 


JC, = 6/42) \avn UGC) Kap) \ar, Vi, Jy Pe Va): 
. \e"p. exp {— os pi /2m} jar aoe 


exp {- (4V) 2 (UP fi. (Pd fe (Pi) +42Ie (Pi) Ja (Py) ) cos (ke %;— 5) . 
(A-15) 


Here the contribution of terms with i<j is smaller by a factor 1 // N than that of 


terms with i=j, hence we get 
NV 
|? \4p exp {—/p’/2m} exp {— (4V) " (Onfe (Pp) +V iin (P)) | (A: 16) 


for the integrand of (A.15). The approximations employed in (A.13) and in (A.16) 
are exact in calculating the free energy up to the order of Vn. 


A factor of (A.16), 


\ap exp {— Sp?/2m} exp] — (4V) 7 (UP fe (p) +ViF 9: (P)) | , (A-17) 


Le ae 
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can be replaced by 


(2mm /)*"exp| — (4V)~ (Ue4 fb +V2I2)) | (A-18) 


where (f,2) and (9) are averages over the momentum space with the weight of exp 
{—p?/2m\. Thus, putting (A.18) into (A.15), we get for J (C, q) the following, 


JC, 4) = (22m/B)**PV" G/47)* 


Nd; Uz Jo(Qx Ur) exp {— (2/4) (fi U2} 


INAV, Vs Jo(PsVa)exp— (n 4) (92 )V i} : (A-19) 
The integrations over U, and V, give the final result for J(C, q) as 
J(C, 4) = (2am/p)*" V* (i/22)? 
“I (nt fey) “exp {= Qe /mfe)) 
IT (n{ 92>) exp {—Pe/n{ge>}. (A- 20) 
For the partition function, we get 


Z= (20m/b?8)*" V* exp {Sra (k)} 


: I Jaa (2Q./nd fi2>) exp {—Q.2/nd fi2>} 


II \ dP, (2Ps/n¢gs')) exp {—Pe/m 9°) (A-21) 
For the mean values (f,”) and (9,2), we will approximate them by expressions 


fe(p) =f’; 


(9 (p)) = (1— fi)” (A-22) 
where f;, is defined by 


fr=co,'/lo*— ((kx/m)*) a]: (A- 23) 
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Bose-Einstein Lattice Gas Theory of Ferromagnetism 
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Several calculations of the temperature dependence of the spontaneous magnetization of ferromagnet 
which have been published are not in coincidence with each other. In this paper, it is calculated by 
applying the cluster development of a gas to the spin-deviation gas—the Bose-Einstein lattice gas equi- 
valent to the Heisenberg model of ferromagnetism. The results same as Dyson has given are obtained with- 
out meeting with the problems of non-diagonality, kinematical interaction or non-Hermitic Hamiltonian. 


$1. Introduction 


In the previous paper,’ the author has shown that the problem of the Heisenberg 
model of ferromagnetism can be reduced to that of a non-ideal Bose-Finstein lattice gas— 
spin-deviation gas—, and that the results of the spin wave theory of Bloch* are obtained 
in the ideal Bose-Einstein lattice gas approximation in our formalism, namely by neglecting 
the interactions of spin-deviations. The next step will be, of course, to include the effects 
of binary collisions of spin-deviations. It is performed in this paper. 

The main task of this paper is to calculate the effects of the collisions of two spin- 
deviations, following the line due to Koster and Slater*) and Van Kranendonk* with cares 
on the attractive interaction of two spin-deviations when they are on nearest neighbor posi- 
tions: the neglect of this term and of the effect of finite K values has led Van Kranen- 
donk” to erroneous results for the case of S=1/2. Though Dyson has attributed the 
erroneous results of Van Kranendonk to the formalism to use the complete set //7_,a*"¥, 
which was introduced by Holstein and Primakoff’ and took up the non-orthogonal com- 
plete set //7_, S>" VW, it is mot the case. We will show that Dyson’s results are obtain- 
ed in the formalism of spin-deviation gas theory which is a generalization of the formal- 
ism of Van Kranendonk” for S=1/2 to the case of S>1/2. 


§ 2. Bose-Einstein lattice gas equivalent to the Heisenberg 
model of ferromagnetism 


The Hamiltonian of the Heisenberg model of ferromagnet with spin S is as follows : 


L 
Kg= —2)>) S;- Si— GP 2S ye (2-1) 


<fk> 


where J is the exchange integral, y the y-factor, /t,, the Bohr magneton, H the magnetic 
field along zdirection and L the number of lattice sites in our system. The first sum is 
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rover Lc/2 nearest neighbor lattice sites pairs, c being the coordination number. This J¢, 


‘has been shown to be equivalent to the Hamiltonian of a Bose-Einstein lattice gas : 


L 
Hs —L,JS—Lop,H+9p,H > a¥a,+ Hg (2872) 
j=1 
H g= 25ST (aF — a) (4;—d,) jeg a*a,aja, + Up Supine: 
<gk> 


ie 28-1 2S—1 
—29>{| ae ae (aay rag" ay) a, ay >) — aj" asl ; om ata, |+ ce} 


<jk> n=1 nl n! onal m! 
(2-3) 
with 27%=0o, where 
¢q=—1+ (1—1/25S)"? (2-37) 
C= 1—2(1—1/25) "+ (1—1/8)"? (2236) 


Here, 36, commutes with the number of spin-deviations N=>}/_, aj‘a,;, and so the free 
energy F, of our spin system at temperature kT==1// in a magnetic field H is related 


to the grand partition function Z,, of spin-deviation gas of chemical potential 
BekT In z= —G pH (2-4) 


and temperature kT. That is 


—pFs=Tr exp[ — G6 5|=e8 (LeJS* + Len,H) 4Lp. . (2-53) 


Here Z,,. is given by 
Zh Zip (2-6) 
where Zy is the partition function of N spin-deviations : 
Aye Teh? exp| — 26 «| ; (2-7) 
The first term of JC, is the Hamiltonian of an ideal Bose-Einstein lattice gas 


2 5 | /ipe 
OO neal a= —Je 7 Ar? (2-8) 


written in the formalism of the second quantization,” where 


— 26 (0580) HOC Teme), (2-9) 
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a,’s being vectors from a lattice site to its mearest neighbors and a=|a,|._ The other 
terms represent the collisions of spin-deviations. 
The magnetization M is related to the number of spin-deviations N by 
M/M,,=1—N/LS (2-10) 


where M,,=g/t,LS/V is the saturation magnetization, V being the volume of our system. 
With the introduction of the Weiss molecular field constant g=2cJV Ly*y,,° , the magnetic 
field is reduced to 


H/gM =F 73 lage (2-11) 
where T= 3k 2aNL. (2-12) 


In the following the quantities with a dagger are always measured in the unit of 2cSJ/3. 
The susceptibility is given by 


aM g) “ay 
pa) (ee a = ~ ———— , 2-13 
tT LST! Olnz — 


§ 3. Cluster development 


The problem of calculating the spontaneous magnetization has reduced to that of 
obtaining N/L for z=1. Then we must write N/L in terms of z. For this purpose, 
we heed a fugacity development of the grand free energy—logarithm of the grand partition 
function—, applicable to the Bose-condensation of a quantum gas. At the present, we 
have one such development due to Dyson.) However, it seems somewhat cumbersome. 
We will here present an alternative, simpler method of fugacity development, which is 
based on the method of the Ursell development. 


We construct the Slater sums in the momentum representation : 


W x(k, Fa ky) =W y({n,} ) a i : ates “2 ky exp [—S4 y]|k-*5 ky) (3- 1) 


ym 

where 

[Fi -**, Kew) =|k,)--|Rey) , 

NOPE) ria so hat for a continuous space, 

(Ae) om Ltr for a lattice space. 
Now, we apply the Ursell development to Wy(k,, «--, ky) as follows : 

W (k) =S, (k) 

W (ky, he) =S,(K,)S, (Its) +55 (Ky, kee) 
W,(k, k) =S,(k)?+1/2!-S,(k, k) 
W's (Ki, Key, Bes) =S, (He,) 5, (hey) Sy (ey) +5, (ey) Sy (ay ks) +S, (Io) Sy (Beg, ey) 
+5, (Beg) Sy (Hy bey) +55 (yy Keay Bes) 
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W(k, k, k’) =S,(k)*S,(k’) +5, (k’) -1/2!-S,(k, k) +25, (k) S,(k, hk’) + 
+1/2!-S;(k, k, k’) 
W,(k, k, k) =S,(k)*°+ 3S, (Kk) -1/2!-S,(k, k) + 1/3!-S,(k, ky, k) 


where we have assumed that k,#k,, k;, ky4k, and kA~k’. In general, 


Ly 


cali 118, 2 Hex 515 Boor, kx3,x) (302 )itt 


Np>o jo 1 


Wy (ky, «++, key) = DI, (his) 


(im =a) 


where nj, is the total number of k appearing in the arguments of S,’s with k>1 in 
the respective product of summand. We transform the right-hand side of (3-2) as 


W > ({mg}) =118,(k)"*+ >) = M1 (Pies — Pst) § Che Hey ITS, (Ie) "#4 eS 
1» ky) 11S, (ke) 
fke2! (1+dnna) ! 


_ SSI 
={143) > 5,4, ke) —— a 
kiko 2! (LAO hika)! OS, (k,) 0S, (ky) 
fol 
+S} —— S,(ley leg es) = bt. ieee Tt 
fevteades 31 °° 7 tn n'y.! 9S, (ky) 8S, (Keg) 8S, (Ke) 
Ee = 7 Gaps @ 
- = Ieatea eas Ki 2! ote oe 7 a! ! AS, (k;) OS, (hea) 
‘ 94 
MSS. OES SG a eT LTS. (i) 
lev ka.e.kea 4! Ci wb) re "ne! OS, (Key) ++ OS, (ea) sibsctiapakt abr 
(32) 
By the aid of the definition of the partition function 
L= xn) 5 (3-4) 
ae N 
the grand partition function is obtained to be 
Sins ee n! Sy k rey a) k,, n/TT jm a= 5S; k; 
joe Dhea,--- ken (1 /n!) Sr Ay ) zr 1(1—z5; ( on il (3:5) 
2 k 1—2S,(k) 
As the result, we have 
be Sn Chi, al piles) : (3-6) 


l =—S In(1—2S,(k D2 ; : 
nZ= >In ( z (k)) +50 k,n 11%, (A—<S,(k,)) 


n 


* To be understood as being identical with the Ursell development*) except for the appearance of the 


factor 1/IIn’;,\. 
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The number of particles is given by 


IN Spadina ZS ZS, (k) 


Az k 1—2S,(k) 
= ve Sp (ky, a3 k,,) = 25, (k;) . 
Es n+>)—1 _ ) (3-7) 
2 2 on, nt STR, (12h (eh i=1 1—7zS,(k;) / 


As is naturally expected from our Ursell expansion scheme, the first term represents the 
term for the ideal Bose-Einstein gas and the next sum represents the interactions of parti- 
cles. In the development by Dyson S,(k,,---,k,) is further divided into a sum of 
various terms. The correction due to interactions of our lattice gas will be considered here 
only up to S,(k,, k,). 

Before we calculate S,(k,, k,), we will calculate the number of particles N{/L at 


z=1 for our ideal Bose-Einstein lattice gas, of which one particle spectrum is given by 
Ef =J>)(1— cos k-a,) (3-8) 
s=I 


where k=27n/Ld, n=(n,, n,, n.), n,, n,, n,: integers, is taken to be in the first Brillouin 


zone. The Slater sum of one particle is given by 


(0) 


W (Bah lee Pee eee (3-9) 
The number of particles is given by 
Neda (3-10) 
k 1—2S5,(k) 
from which one gets for a simple cubic lattice 
N§$ /L=2.612 (Tt/2z)**(14+-0.1925T' +-0.1112T*-+ ---), (3-11) 


by putting z<=1. Analogous expressions have been given by Dyson" also for f.c.c. and 
b.c.c. lattices. The first term of (3-11) and those of corresponding formulae for f.c.c. 
and b.c.c. lattices represent Bloch’s T’/? law. In order to obtain the corrections due to 
the binary collision, we will turn to the problem of two spin-deviations in the next section. 
The interaction of more than two spin-deviations will not be discussed in this paper and 
will be retained as a subject of future investigations. 


§ 4. Two-hody problem 


The purpose of this section is to calculate 


1 


S, (ky, ky) =W,(k,, ky) —W (ky) W (Ky) . (4-1) 
1 + Ons, Te 


Eingen-functions of two spin-deviations can be written as 
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is ae 
a) aN 
P= >) Dt P(r Pe) 4p, *4,,* 2; (4°2) 
r=lrg=l 


where Y, is the state where no spin-deviation is present. The eigenvalue equation for 
((r,, 17.) is obtained by operating (V,a* aX from the left on 


H VH=EV. (4-3) 
Then we have 
Hh (F1, 2) =Ed (r,, r2) (4-4) 


with 


KE (r,, r,) = Jae (r, Gy rs) 20s, Ty) +¢ (ri; Ty +a,) | 


Cc 
= 2J>Privava, fs (r,, r,) UO einai?’ (r,, r,) » WFC (4 : 5a) 
for S=1/2, and 


Hoop (Ti r>) = — 253 (7, Fa, rs) ae 29 (r,, ry) +¢ (r, r.+a;,) | 


c 
> 2J > r.99+4, i (r,, a) 
5 


s= 


—s 25 Je }0rr al (r,, r; +a,) +¢ (r, a a,, Fy) ] =a 2> 10.900, p (r,, r,) | (4 $ 5b) 


for S>1, where 0,,, is Kronecker’s symbol. Because of the translational invariance of 


J€,, the solutions have the form 
P(T), T2) =Eh* b(r) (4-6) 
where 
ez (r-E rs) 2, T= os (4-7) 


The equation for ¢(r) for a value of total momentum K is obtained as 


Ed (r) = ~J>| cos a [yo (r + a,) - p (r oe a,) ]- 2h (r) 
~- 21> nig () (a,) ={ Un, 90” ? Uyj— © (4 i 8a) 
s=1 8 


for S=1/2, and 


Eq (r) = —25JS2 {cos “gh (r +a,) +96 (ra) |= 29'(7) | 
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c 
ay 2J>, Ora, () (a,) 


Ce fi e K.- ‘i 
—2S]e 0 ae bos as [¢ (a,) +¢ (—a,) ] 5 2 > rae cos —— a (0) | 
1(0r.0< 2 s=1 = } 
(4-8b) 


for S>1. 


The equation for the ideal spin-deviations is 


Ep (r) = —25J>}} cos" ‘[p(rta,) +¢r—a)]—24(7)}, 4-9) 


of which solutions are 


Exn=4 (1 — cos At cos k-a, ) ' 
s=1 / 


(4-10) 
hy (r) =L-1? eh 
From these solutions we construct the Green function 
G(r—r’) =p Pelee) (4-11) 
ik he 
satisfying 
K-a, 


EG(r—r!) = —25J>} jcos * {G(r+a,—r’) +G(r—a,—r’)] 


—2G(r—r’) |—d(r—r'). 
By means of this function, the eigenvalue problems (4-8a,b) are transformed to 


go) =p Pen a 2d) 1x (As) f(s) + U0¢"x (0) (0) } (4-12a) 


for) S= 1/2, and 


Hr) = EE | 2133 tala) (a) 


— 48fe dh, (0)S} cos ®° $h(as) +3395 (a,) cos Ke (0) | (4-12b) 


for S>1. These equations are closed when we take up the equations for r=0 and a, 
s=1, 2,--,c. IPf we write (0) in terms of ¢(a,) as 


toy! (0) = 2J>} cos —*“* h(a,) (4- 13a) 
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for S=1/2, and 
(E— 45]e) $(0) =—48J(1 +4) 3} cos AM as / (a;) (4-13b) 


for S>1, which are obtained from (4-8a) and (4-8b) respectively, and eliminate ¢ (0) 
from c equations for a,, then we have 


(a) = SI PE O_| — 27514 (ay) $ (a) +2] fu (0) 3S} 0s © g(a)| 
Ie E—Ex» t=1 t=1 2. 
(4-14) 
for S>1/2, where the completeness of #;(r), 
Su (ay) $x (0) =0, 


is used. 

Our problem has thus been reduced to the one of solving the secular equation of a 
set of c/2 linear equations: for the solutions we are interested in are those for which 
¢ (a,) =4(—a,). The coefficients $1.4 (r) $y (r’) /(E—Ex.,,) may be able to be evaluat- 
ed. However, the problem can be shown to be equivalent to that treated by Dyson, and 
so we do not here repeat the solution of our equations. The equivalence is easily seen 


by noticing that the equation (4-14) can be obtained from 
p= 25] > (aj —az) (4;—4,) ePIC — az) *a, a, 
j 


by the process just used to obtain Eq.; (4-14) from 3€, for the two-body case and that 
the complex conjugate of this XC, is the Hamiltonian adopted by Dyson; cf. eq. (57) 
of the first paper of Ref. 5. In this way we ‘find that the operators for the ideal fer- 
romagnet in Dyson’s paper are nothing but the operators introduced by Holstein and Pri- 
makoff at least for two-body problem. 

As the following processes, we can follow Dyson: we solve the scattering problem, 
calculate the energy shift for every set of K and k in first order perturbation, substitute 
it in Eqs. (4-1), (3-6) and (3-7), obtain the correction due to binary collisions to 
the free energy and the number of particles, then put z=1 and obtain the correction to 
N/L at z=1. We use this value in Eq. (2-10) and obtain the correction to the spon- 
taneous magnetization to be of the order J’ which is very small at low temperatures (see 
Ref. 5, p. 1243). As the result, we have obtained the results Dyson has given, by a 
method which is the generalization of that of Van Kranendonk, without meeting with 
the problems of non-diagonality, kinematical interactions or non-Hermitic Hamiltonians. 

The binary collisions have been found to be unappreciable for very low temperatures. 
On the other hand, effects of collisions are expected to be important near the Curie point. 
To treat the latter region, we should apply a method for high density imperfect gases to 
our lattice gas. The author hopes that a powerful method for high density gases will 


appear and be applied to our lattice gas. 
The author wishes to express his sincere thanks to Dr. K. Hiroike and Prof. H. 
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Ichimura for helpful discussions and criticisms. 
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An elementary theory is presented to estimate the rate of charged particle loss from the ends 


of a magnetic mirror device. 


Introduction 


One of the simplest ways of the magnetic confinement of hot plasmas is to construct 
a parallel magnetic wall around the plasma column. Although this type of configuration 
has the advantage of having no dynamical instabilities such as those present in the pinch 
effect, it has yet such an essential disadvantage that the charged particles can escape 
freely from the confining region when the magetic field lines are straight and the region 
has finite ends. One method of making up for this disadvantage is to use an endless 
apparatus, of doughnut type, say, and another is to make the field lines squeezed at the 
both ends to make use of the magnetic mirror effect’? to prevent the particle loss. 

In the former case, one has to make some special devices of applying other magnetic 
fields, since one can get no static equilibrium configuration only with the field lines parallel 
to the plasma column axis.” In this note we shall consider the latter case to see how 


the magnetic mirror effect can reduce the rate of particle loss. 


§1. The mirror condition 


Let the magnetic field be static, and assume that the motion of the charged particles 
in the plasma can be described by the first order orbit theory. It is well known that 
this theory can be applied with a good accuracy when the spatial change of the field 
over a distance of the order of the particle gyro-radius is sufficiently smaller than the 
field strength itself.*** It will further be necessary that the go-and-return time of a 


particle between the mirrors is sufficiently smaller than the interparticle collision time, 


* Lectured at the Plasma Physics Symposium held at the Institute for Fundamental Physics, Kyoto 


University, during 7th-15th May, 1958. 
** After this paper had been submitted to the editor, the recent issue of the Nuovo Cimento came to 


hand, in which E. Persico and J. G. Linhart®) are treating the “ Plasma Loss from Magnetic Bottles” by a 


similar way as used in this paper. 
*** Tn other words, when the gyro-radius is sufficiently smaller than the linear dimension of the confine- 


ment region. 


738 M. Sato 


since otherwise the system would have to be treated something like a fluid, rather than 
‘by the one particle picture. However, this condition may be well satisfied in a high 
temperature (and low density) plasma of interest, since the go-and-return time is propor- 
tional to the inverse square root, and the collision time to the three-half powers, of the 
plasma temperature (cf. § 3-1). 

Under this assumption, the particle undergoes a spiral motion along the field line. 
Let the pitch angle of the spiral be @ at the middle part of the confining region, and 
the field strength be B, and B, at the middle part and ends, respectively. Then the 
particle spiraling towards the end will be reflected back if # is larger than the critical 
angle #, given by” 

ie OS BBS. (1-1) 


We can then divide the particles into two groups according to the magnitude of 4: 
the reflecting group for which 6>0, and the escaping group for which #< @,. This 
corresponds to the division of the velocity space, associated with each point of the middle 


escaping region escaping region 
I \ 


critical cone 


Fig. 1. Escaping and reflecting regions, considered in the velocity 
space associated with each point of the middle part of the confining 


region. 


‘part, into the reflecting and the escaping regions, as shown in Fig. 1. Here the angular 
spread of the critical cone is given by the solid angle 


Q,=27(1—cos,.) ~ = (B,/B,,) (1-2) 
with (B,/B,,) <1. 
Actually, those particles which initially belonged to the reflecting group may also be 
scattered into the escaping group by the effect of inter-particle collisions, and the confine- 


ment by mirrors lasts only a finite time. To estimate the rate of the particle loss is the 
purpose of the following section. 


§2. The rate of particle loss 


The particle density (of positive ions, say) may be divided into two parts according 
to the division mentioned in § 1: 
n=n,+n,, (2-1) 


where the meaning of the suffices will be obvious. The rate of change in time of n 
and n, are represented by the mixing rates of both parts caused by scattering and by the 
net decrease of n due to the particle loss through the mirrors : 
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dn,/dt= —w(r—>e)n,+w(e—->r)n, (2-2) 
dn,/dt= + (r—>e)n,—w(e—>r) n,— (On,/OE) orc. (2-3) 


Here »(r—>e) means the probability per unit time for a particle of the reflecting group 
to go into the escaping group as a result of collisions, and w(e—>r) is a similar probability 


for the inverse process. The total density n decreases according to 
dn/dt=— (On,/ Ot) eso. (2-4) 


For simplicity, we shall assume here that those particles which suffer the large angle 
deflections go into respective groups with the relative probabilities proportional to the solid 
angles for the respective groups. This assumption will be natural if the encounters of 
particles occur with sufficient randomness; but further consideration may be necessary on 
this point. 

Taking the above assumption for granted, eqs. (2:2) and (2-3) are rewritten as 
follows. Let us define w by 


w=22,/47 ~ 3 (B/Br) (275) 


and let 7, be the collision frequency for the large angle reflections (including, of course, 


those large angle ones as a cumulative result of many small angle scatters). Then 
dn,/dt= EMO Or Ts ¢! 7: w) Ne» (2 : 6) 
dn,/dt= St Oe I's @! a w) ne— (On,/0t) esc* (2 7) 


In solving these differential equations, let us assume that 7, is nearly constant- 


Further we assume that 
(On,/ Ot) sec. Safle nN, > (2 e 8) 


where 7, is the reciprocal of the time for a particle of the escaping group to leave the 


confining region. Then, eqs. (2-6) and (2-7) become: 


d?n,/dt?+ (ye+7e) (dn,/dt) +a7s7em=0. (i=7, e) (252) 

The suitable initial conditions will be 
afi—O0) aon... (dn,/dt) ep =05 (2-10) 
n,(t=0) =n,, (dn,/dt) ,o= —7eM,", (2-11) 


meaning also that the initial total density n is divided into both groups proportional to 


their solid angles : 2, =n, on. =(1—w)n, (2-12) 


Then the solutions of eq. (2-8) are: 


(0) ‘ 
pele, ancl fA) eR AC) rey (2-13) 
7 4H) 


n°? (4) eS aCe 5) ? ACh 4 
= Seed (AE? — — (4? — e 2-14 
n, in {( 7) e ( rie) } ( ) 
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0 
n? 


-- {A — of.) * ei (4 — w7,) ere }, (2-15) 
i == Pied 


tae 


where 


P= GAT) £V G47)? — 40773 - (2-26) 
It can be seen easily that 4‘) is always much larger than /‘ and the term proportional 
to exp(—A‘ t) can be neglected for t> (AS). 
We are interested in the case of 7,>7,. Using w<1, we get the following 


asymptotic solution for t> (4°?) ~*: 
| Sh fp ay ie nen, ren eelst on men” (7,/7,) Or 5 (2-17) 
Popa] ==74 nan, ren ewtstl? ng mw w(n /2) wrt”, (2-18) 
Thus the time scale for the particle loss, t;, is found to be 
t, ~ t,/w = 2t,(B,./B,), (2-19) 


where t,=(7,)~' is the collision time, which may be identified with the mean collision 
time for positive ions, since the main rate of particle loss will be determined by the 
heavier particles (for numerical values of ¢,, cf. § 3-1). That the loss rate is determined 
by the longer one of the two characteristic times t, and t,(=7,-'), may be understood 
qualitatively. For in the case of t,<t,, for instance, the particles having once belonged 
to the escaping group will leave the confining region at once, while it takes a longer time 
for a particle to move from the reflecting to the escaping group. (Therefore, only very 
few particles are present in the escaping group in this case.) For ¢,<¢,, on the other 
hand, the mixing of two groups due to the collisions becomes important, bringing about 
the division of particles into two groups always in proportion to the solid angles. In 
this case it is legitimate to think that the plasma diffuses as a whole through the mirror 
holes, the aperture of which is given by w (see equations in the footnote to eq. (2-17), 
above). It should be noted also that the result ¢,0Cw~', obtained in eq. (2-19), is 
essentially dependent on the assumption which has been made earlier below eq. (2-4). 


§ 3. Remarks 


3-1.—The escaping time ¢,, that is, the time for a particle of the escaping group 
to leave the confining region, is given by 
é 
t= | de/vy (0), (3-1) 
where 7, (x) is the velocity component parallel to the field line, along which the length 
x from the middle point is measured, and / is the total length of the confining region. 
Now, 1\(x) is easily computed from the conservation law of the kinetic energy of the 
particle and the adiabatic invariance theorem of the gyro-magnetic moment, i. e., 


* 4 = : 
For 7e<7rs, we get npn; ee! for i=e and 7. 
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Uy (X) = ot L— (U9 ,/U)? B(x) /By) }"”, (3-2) 


where v is the speed at the middle part. Similarly, the reflecting time (or, the go-and- 
teturn time, as we called it before) ¢, for a particle of the reflecting group is 

be 

i= D dx/v,, (x) (3 $ 3) 

0 

where x=1, is the position at which the right-hand side of eq. (3-2) vanishes. 
It can be shown from a simple consideration, however, that the magnitude of t, and 

t. given by eqs. (3-1) and (3-3) are both of the order of //2),, which is the escaping 
time when the magnetic field is uniform (for ¢., we assumed that /,~/). That is, the 


middle region where v(x) ~ vj; (==v);(0)) gives a main contribution to ¢, and ¢,. 


Therefore, 
t,t, wl/ (kT /m)'?, (3-4) 
where k is the Boltzmann constant, T the temperature, and m is the particle mass. 

Let us compare f, and ¢,. with the collision time ¢,, where the latter may be te- 
presented by the so-called self-collision time, ¢,. This is given by (cf. eq. (5-26) of 
reference”) : 

t,==m'!? (3kT)*!"/ (8 X 0.714 me? Z? In A) (3-5) 
=16.1(T*’/nInA) (for D ions). (3 25") 
Then from eqs. (3-4) and (3-5), 
t,/t, a2 t,/t,az 107° InA(nl/T?) ~ 1074 (nl/T”). (3-6) 
Cg RS in. cm.” nin “particles car) 


Thus, for conditions usually considered in the controlled thermonuclear fusion research 
(I~10? cm, n~10"-”, T~10°"), we can choose the set of parameters to let ¢,,,/t;<1, 
as mentioned in § 1. Using eq. (2-19), we may see then that the particles between 
the mirrors repeat a number of go-and-return motions before they are lost. Here, the 
rather strong temperature dependence of ¢,; is to be noted: Higher temperature makes 
the confinement by mirrors easier. 

3-2.—The particle loss considered above is the one which is mainly caused by the 
collisions between positive ions. The ion-electron collisions, on the other hand, mainly 
determine the rates of plasma loss across the field lines and the field penetration into the 
plasma. These effects are macroscopically represented by the finite electrical resistivity 
transverse to the magnetic field, and are estimated by Spitzer (cf. eqs. (3-16) and (5- 
39) of reference 1)). Rough estimate of the transverse diffusion time (t,) and the field 


penetration time (t,) may be expressed as 
tp~ B R’/py, tp 4mRy/y, (3*7) 


where B is the mean value of the field, p the plasma pressure, 7 the electrical resistivity 
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in e.m.u., and R and R, are the radii of the confinement region and the plasma region, 
respectively. | rr 

We shall first compare t, with t,, eq. (2: 19). For practical ven ges it will be 
reasonable to require t,—t,, since, then, the ohmic heating of plasma will becomes 
effective. Using n= 139X410" In A/T?” e.m.u. as given by eq. (5-39) of 1) we get, 


as the equivalent condition to inate 
B,,/ By =, 6R,? (n/10"*). (3-8) 


For a low density plasma with the confinement radius of several cm, the realization of 
the condition (3-8) will not be technically impossible. 
On the other hand, ¢, will be much larger than tz, because R is evidently larger 


than R, and p is smaller than the magnetic pressure B 8z in the quasi-equilibrium state 
where the fields are partly penetrated into the plasma. Therefore, t, may be considered 
as larger than ¢,, and the diffusion loss at right angles to the field lines may be neglected 
in comparison with the loss through mirror ends. 

3-3.—A possible trouble inherent in the simple mirror bottle is the dynamical (flute- 
type) instabilities of the plasma, which may be present when the plasma boundary is 
convex along the field lines,” although this possibility may be reduced when we use a 
sufficiently long bottle and if the field is partially penetrated in the plasma. If such an 
instability proved to be serious,* an obvious way of remedying this situation will be to 
let the field lines convex everywhere against the plasma by using a quadrupole magnetic 
field. In such a case, the rate of particle loss may also be estimated in a similar way 
as treated above in § 2.” 

This work was initially motivated through the discussions with Prof. C. Hayashi 
(Kyoto University), Prof. G. Tominaga and Mr. H. Onishi. The author wishes to 
express his thanks to them and to the members of the Nuclear Fusion Research Group 
of Nihon University for helpful discussions. 


Note added in proof Instead of putting w(e>r)=ys(1—@) as used in eq. (2-6), one would have to 
put w(e>r)=7’ as adopted in 5), where 7’ is the reciprocal of the the time between two collisions at an angle 
larger than 0, and approximately given by) (several) -(n/wT%/2). No essential change is necessary for the 
subsequent argument but the initial conditions (2-10) and (2+11) should be slightly modified for (dn;/dt) p20 
(i=r, e) and the time scale for the particle loss (t;,) becomes 1+ (7/7) times as large as the one given by 
eq. (2-19), with 7//r.~ (several) - (10-4nl/wT). 
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A General Theory of Magnetic Double Resonance* 
Kazuhisa TOMITA 
Department of Physics, Faculty of Science, University of Kyoto, Kyoto 
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By using a similar method as was used in the preceding paper, it is proposed to present a general 
theory for describing a system which consists of two interacting different species of spin, one of them being 
saturated by a strong resonant radiation field and the other being detected by a weak resonant radiation 
field. Two rather different extreme cases are classified according to the relative magnitude of the static 
strength of the mutual interaction oj and the characteristic frequency of fluctuation ¢) of the relevant 
environment. A) When the fluctuation of the environment dominates (¢)>>09), then we are led to 
the situation which may be called a generalized “Overhauser effect”, i.e. the process of saturation 
works as an energy pumping. Without the effect of the continuous saturation the simultaneous equa- 
tion reduces to a generalized Solomon equation originally proposed for describing the coupled free 
induction of two kinds of nuclear spin system. B) If, on the other hand, the static strength of the 
mutual interaction dominates over the fluctuation (o)>¢9), then there results a phenomenon called 
“ Saturational narrowing”, i.e. the process of saturation works as a local field modulation. This 
latter case has also been illustrated by an application to the double resonance experiment on thallous 


fluoride crystal. 


§ 1. Introduction 


We suppose that there are two species of spin system having different magnetic 
moments, interacting with each other, and being immersed in a strong constant magnetic 
field. When we saturate one kind of spin by a strong resonant radiation, and at the 
same time trace the behaviour of the other kind of spin by using a weak resonant radia- 
tion, the method is called ‘Double resonance”. As a result of this type of experi- 
ment, two markedly different situations are found. The first kind of situation is that of 
the so-called ‘Overhauser polarization effect”,”~" and its typical example is found in 
alkali metals. The effect has been observed” as a remarkable enhancement of the nuclear 
magnetic resonance intensity under the application of a strong radiofrequency field which 
is resonant with the precession of the electron spins. A phenomenon of the same type 
has been found by Solomon™ for two different nuclear spin species, i.e. for liquid hydrogen 
fluoride, although the effect is much smaller quantitatively. However, a completely different 
situation is found for the nuclear magnetic double resonance in ionic crystals. When the 
resonance is saturated for one species of nucleus in these crystals, the width of the resonance 
absorption of the other species is considerably decreased, which should be called “ Satura- 


tional narrowing”. Saito” has observed this type of phenomenon in TIF and other 


* Read at the Hiroshima Meeting of the Paysical Society of Japan on April 6, 1957. 
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substances, and Searls and Cotts’”” observed the effect in NaF crystal. The corresponding 
effect has been found in the non-steady, echo-type experiment of Herzog and Hahn’ on 
NaClO, crystal. The main purpose of the present article is to clarify under what condi- 
tions the two markedly different situations result. It will be shown: 1) When the 
' fluctuation of the environment —the system outside the two species of spin system, which 
is conventionally called the lattice system—is strong enough to supersede the coupling 
between two species of spin, a general Overhauser polarization effect is expected. 2) In 
-contrast, when the intensity of coupling dominates over the lattice fluctuation, there 
‘results the saturational narrowing. This latter situation is illustrated by the case of TIF. 


§ 2. Fundamental equation 


In a previous paper”* the present writer discussed the behaviour of a system of 
single spin species under a strong resonant radiation by starting with the differential equa- 
tion which is obeyed by the density matrix of the whole system. Here we use essentially 
the same method and adopt similar notations and definitions for the purpose of convenience. 
When there are two kinds of spin system, which henceforth will be called the s-system 
and the t-system, there can be several different kinds of relaxation mechanism, that is the 
relaxation which should survive even when the interaction G between the two systems is 
virtually removed, and the relaxation which comes in through the existence of the interaction 
G itself. As the first kind of process was treated in the previous paper in detail, we 
here concentrate our attention on the second kind. This process is determined essentially 
by the interaction G (Hamiltonian divided by 6), which is given by 

C= DNGe= DD (+44) =0, 1, 2). (2-1) 


¢ wo My 


Here I, and I, denote the spin operators of the s- and the tsystem respectively, and /4,, 
f, stand for the number of respective quantum jumps (The bar on the top stands for the 


minus sign). The density matrix describing the whole system obeys the differential 
‘equation 


rom -[ 0, I), (2-2) 


where the total Hamiltonian 26 is given by 


I =6(H,+H,+G+F). (2-3) 

Here we used the abbreviations 
H,=E,+D,+G,+ F,, (2-4) 
H,=E,+D,+G,+F,, (2-5) 


where E stands for the Zeeman energy associated with the constant field H,, i.e. 


"Henceforth this paper will be referred to as paper I. 
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3 age ho Ay> ee, = (Ore) | Tg ) (ov, ie A) ’ (2 fi 6) 
E, SS ie Hy) r. = KO) De ’ (a, =F, Fd.) : (2 ‘ 7) 
t 


D stands for the energy associated with the interaction with the strong resonant component 
H,é’ of the radio-frequency field, 


a =—wy >) (,, coswt—I, sinw!), (w.=7,H,), (2-8) 
D, =— oy >) , coswt—I, sinwt), —(wg=7,H,)« (2-9) 
t 


G, and G, are responsible for the first kind relaxation and F, and F, are the relevant 
lattice degrees of freedom for the s- and the # system respectively. G is the interaction 
between the two systems and F is the relevant lattice degree of freedom. 

Note that, with superfixes, F%s"¢ stands for the part of G, which is dependent on 
the lattice F. (cf. (2-1)) 

In order to take the effect of saturation fully into account, first we change the frame 
of reference to the one which is rotating with the rotating field H, by way of the 


transformation 
Al ae8 he iP, (2-10) 
where 
EB! =—o(Sihe+ Sih). (2-11) 


‘Then the equation of motion in the rotating frame becomes 


dp” 


ea fp”, E’4+G7+F,1Ef4+G74+F,+GT+F, (2-12) 
t 


where EZ*(E/*) denotes the Zeeman energy of the s-system (tsystem), i.e. 


Beis ii {4, >) Tee tor >) I, 5 (4,=a,—o) > (2 : 13) 
eee = 1a; >) I, +o0u>5 I} > (4, =w,—w) . (2 14) 
t 3 


When we choose ww, the effective field @, for the s-system in the rotating frame 
becomes nearly perpendicular to w,, whereas the angle between “, and the effective field 
becomes either “0 or 7. As we have a condition 4,>wy,, we may safely neglect 


wy, in the following. The G’s can be decomposed into partial matrices in the rotating 


frame as follows. 


GPa DP Fieetrs', (con, = — a) (2-15) 
Ms 

Glad F Mets, (on, =—ho) (2-16) 
Me 

GT = SYST I" Fee et mnstouot, (2-17) 


Be My 
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Oy, 


(a) (d) 

Fig. 1. The description in the rotating system of coordinates. ; 
(a) The case in which w,<a,. 
(b) The case in which ow, > @;. 


Here and in what follows we dispense with the suffixes s and ¢ where there is no danger 


of confusion. 


Under the assumption that our system is essentially paramagnetic, the part described 


by G’s is considered to be a small perturbation as compared with the remaining part of 
the Hamiltonian. Therefore, we further transform to the interaction representation by 


way of the operation 


A¥ = el (EsTO+ Fs tb, Te +F, +F)t Ae—i(EsT*+F s+ E,TO+F,+F)t (2-18) 
The density ~7* in the new frame obeys the equation 
de™™* _ sy ore Gr* Gr* Gr* 
ae ile™*, GI* (t) +G7* (t) +G7*(2)], (2-19) 


where 


GI* = SVN" Fs (A) ef rat on,)t 
As Ms 


7 Dan, Vs T(»,) Fs (A) ef Wr, tou, tov,)e (2 +20) 


As Ms Vs 
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Gi*= 2 > >» dy, vz 1 (%) Eas (A) ef (Or, + ou, tae (221) 
2) Neb ve 


GE SSSI aig ve tu v, L(Y.) F(%,) Fes (A) ef at Ops t ov, + Oy, tor, 6, 


A Es Vig Pl Vig 


(2-22) 
In the above equations we have used the partial matrix decompositions like 
Ft* = eff! FY e-tFt S$) FH (A) eat, (2-23) 
a 
T(r.) *=elEsP eT (y,) e HES? C= T(y,) elt", (2.24)* 
I(Y,) * =ek"® tT, ent? a T(Y,) fvet, (2725) * 


where a new z’-axis has been chosen along the direction of the effective field for the s- 
system (or #system) in the rotating frame, so that we have obtained the simple form of 
decomposition (2-24) (or (2-25)). This additional change of frame is effected by a 
transformation like 


TY meet Ty I e329 Sta, L(y), (2-26) 
or explicitly by 
BG ig am rey 
7. 2 
bee 1 s 
loge Ph sta cosd+1 cos#—1 +) |, (2-27) 
| Zz. 2 
ese E GOs eae 
| =| os cosA+1 rp 
ieee 4 att ane ) 


where @ should be chosen as @, or 4, for the s- and the tsystem respectively. We have 


also used the abbreviations 
» PEAT 
(OL = — VWs — 3 V ont 4, (2-28) 
~ f Oman A? 
Ov, = 4 OQ = —wAV On 4. (2-29) 


If we write down the short time development of the density according to the equation 
(2-19), we have 


7 (8) =p (0) +4, 07* (0) + dap" (0) +o 


=/"* (0) -i | D1G* (4), 0 (0) ]— | | dtp S1G™ (t) Ga" (4), 0 (0) J] 


t t t1 
-'| dt,Si(G7* (4), e"* (0)]— | as, | dei? (4) [Gir * (4), 07* (0) |] 
} t ‘ ‘ t,t 


* In the corresponding equation (1-13) of paper I >) should be erazed in the last expression. 
v 
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t t t1 
—if ai,[G" (4), ¢7*(0) | [aes dG (DG), (OT + 

0 0 0 re 30) 
under the assumption that the three different lattice degrees of freedom, i.e. F,, F;, and F, 
do not interfere with each other. As the part of relaxation corresponding to the isolated 
s- or t-system has already been treated in the previous paper, we here treat only the part 
containing the interaction G in detail. Let us suppose that the lattice degree of freedom 
F is so large that the density matrix characterizing its state is practically independent of 
the spin complexion, then the total density matrix y can be factorized into those of the 


spin system o and the lattice system P, 
p=oXP, (2-31) 


where P,; may be assumed as the canonical distribution with respect to the free lattice 
FB, te; 
P,=exp 8 (2Q—6F) - (2-32) 

B=1/kT and exp—S2=Tr [exp — OF]. 
If we take an average of the initial condition over the lattice states, then we have the 
density matrix describing the spin system as follows, 

o?* (t) =o7* (0) —i | dt,[(G?*(t,) Ps), o7* (0) ] 
— | ae, | de, (t,)[G7*(t,), o7*(0)Pp]])ete, (2-33) 


0 0 


where ¢ , indicates the operation of taking partial trace with respect to the lattice 
system F. 

At this stage we further introduce a kind of Hartree approximation and decompose 
the spin density into those of the s-system and the tsystem. This is permissible so far 
as there exists a condition 


b\w, | > iG) 5 (2-34) 


because in this case only the time average of the effect of interaction can be observed. 


Essentially the same situation will exist so long as |@,—«,|> @,., therefore we put 
vig SE dy bi 
g *t=o,;*xXo;*. (2-35) 


In this approximation it is possible to talk about the equation of motion which is obeyed 
by a single kind of spin system. For simplicity we assume that spins of the same kind 
are equivalent with respect to the geometrical configuration of their environment. Let us 
derive, for example, the equation of motion obeyed by the system by taking an average 
over the fluctuation of the s-system. Corresponding to the situation (a) in Fig. 1, we 
have 7,0, au,v,—Ou,v,, © =~ 4,=0,—c, and 
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GEE) = ISTP IMF (A) leat ont inns, (2-36) 
s Me 
where 
Ou 2 Hop: 

Corresponding to the situation (b) in Fig. 1, we have 6,27, ay,1,=—u,.,, 
@,—~w—w,, and 

GE () = — DDI" FE) (Ox toy, Foy,)E (2537) 

wy My 


Let us confine ourselves to the case (a), #,~0, in the following. Then, after taking: 
an average over the state of s-system, we have 


op * (t) =o7* (0) + 4,0," +dof* 4, (2-38) 


of which the first order term is given by 


A,of*=— i\ dt, [SXG2* (t,) ns o7* (0) ], (2-39) 
0 § 
where 
cco (t,) bor == Ss ef pst On) th (Fes ¥e (0) Darel Pg It (2-40) 
Bs My 


from (2-36), and we have used the convention (4),=tr(o,’* A). By definition (I“s*) 
vanishes except for /4,=0, and only 4,=0 survives when we neglect the satellites, and 
(2:39) becomes 


t 
Aog*= =if dy ire (0))p(E*),[E", of*(0)]. (2-41) 
0 8s 


The second order term is given by 
t tL 


: 
dof == SISO TISD) [de | depelortay toner’ toys tone 
AAT Bg a? Uy EM, 0 ‘0 


x {CFP (d) PEP (i!) yn IM (e) LP (0) aL" 0 f* (0) 
ap (Fis! Ye (/’) Fee's (A) Det lhe (t,) ['s (t,) 9 ot * (0) [Ye [* 
— CERN (i) FasFe (A) ) p (LPO (t,) P20* (6) ), tof (0) 1” 


— (Pitot: (Ay Ree Fe (A) yo €1 em (4) Toe * (ty), oT oi" * (0) Tt} (2-42) 
where 
Cyesx (t,) Pi (t5) i =tr fogs (4) ya (t,) a (ty) } (2 : 43) 


stands for the correlation function of [“s and Is’ in the rotating frame. By factorizing the 
spin density in a self-consistent manner, we have already taken into account the mairr 
part of the effect of interplay of the local fields G, G,, and G,, even though we retain 
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terms only up to the second order. From the definition of trace we have w,+w,,=0, 
also we may choose wy,ty/=0 and wy, +op,/=0 corresponding to the neglect of 
satellites. Then (2-42) is considerably simplified. After these manipulations we may 
reduce (2-38) to an approximate differential equation, in which the part of time change 


due to the interaction G is given by 


d d d 
<). ti oe dt aor? =5 dé A, a: (2 a 44) 
where 
- 4,o7* =—id\F2 (0) re*). LE, o7'*], (2-45) 
and 
d t 
= aay Wage = = Sissas | de ener 
dt 8 Mh, Py 


0 
<[ (Fase (c) Fits" (0) CI** (c) I** (0) >, (I Ma 7*—I*ta 7 * Is} 
+ CF Es" (0) Fie” (c) ) (1? (0) 1% (=)), fog II — Io I J; 

T= 4-4. (2-46) 
Here we have used the correlation function of the lattice part of G which is defined by 
(Fae™ (=) Feet (0) ) == diet (Fis (A) Fie" (4) Dy, 

wet Pg SV t@)t / S\ ue Pa 3 cae 

(Fis (0) Fie *(z) pepe (F she(d) FR" (2) >». 

Tf WE came back to the static frame at this stage by remembering the relation o,’*(#) 
een *o,(), and derive from (2-45) a differential equation which is satisfied by 


the expectation value (Q,) of a spin operator Q, of the #system, the time variation due 
to the interaction G is given by 


d me 
17 ) Qd=-I1Q, E,])—iSi{Fe (0) )eTe*) LQ. L°]) 


t 


x { CF Reh (A) Fete (A) ) p(I** (z) F*#* (0), ((Q,, I] I) 


— CF fe" (A) Fis (A) ) p(T" (0) I** (x), C™[Q,, Ie] }, (2-48) 
or by 


d 
<). (Q:) = —it[Q,, E,]) DF a (0) we (L*), [Q., I} 


t 
al VUDI dreonstons 
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x {CFE (c) Fs" (0) CI" (z) F**(0)), ((Q,, I] I") 
(ire t(0)F ye #(c)) 5 Te* (0) Let (z)>,(1'*|0,, Let |}. (2-49) 


Essentially the same result is obtained for the case (b), i.e. 0,7, in Fig. 1. It should 
be noted that (2-49) involves two kinds of correlation function, for both of which we 


here assume smooth decay with finite lifetime, i. e. 
SNCF oe (r) Fee (0) ) = SF este Fst) e— Susur to yy Ze Suet, (2-50) 
CTPA (0) ead Tre Tis af (che (Tee aaa Scare, (2-51) 


The latter is the correlation function of the operator Is in the rotating frame, and, as 
will be shown later, can be calculated from the equation describing the s-system so long 
as the Hartree approximation is valid. However, we have simply assumed its lifetime as 
(D,,*) ~', so that we may obtain a clear qualitative idea. Let us introduce an abbrevia- 


tion for the time integral which appears in (2-49) 


t 


Dees =D etaet Oude CF ge"#(2) F yo" (0) pe T'e* (x) T'o* (0) ),/CP'e TP, 


=Oru, al dz exp {i (pst ou,) x (dus Be SP One he 


0 


se ee reel eal (2-52) 


i (us =i Wp By) a (bus Be et P.,*) 


Here we have five characteristic frequencies, i.e. W;, W:, Tiusuts Ousu,, Pus, and according 
to the relative magnitude of these frequencies we may classify several different cases. Let 
us remember the fact that @”:’?* is essentially the rate of phase variation of (Q,), so 
that (Q,) becomes practically vanishing as soon as the product #"’t becomes greater than 
unity. Two typical cases are discriminated according to the asymptotic behaviour of ”. 


aa 8 
= Oe psy 


. . s 
(A) The case in which Max(a,,, Ong Prarer Ous*) St, wey: 


am 3 ee —- — FT aT) 6 | 0\— 
Distt ~ Das == plat e* ‘a jst — o, m oh | dretiOu,+ ou, ) bys uyh ca Rs (t) 
9 


gt, 2 | Bonet ong) + Grane t Prs™) +} (2-53) 
aes (Ov, aa Ou) a = (bus Be 33 P,,*) : 


“ : 0 W4 ook Zs 
\ (B) The case in which Max (On etBpenseGdevas Lf )1SGs, wary: 


Dah ~ of wows ech 


t 


Owing to the condition w.> us, and w,>O%u,,, which are valid sacee 3 the case of 
very weak constant field, the case 4,70 or 4,70 belongs to the situation (A) and 
@"s"« is independent of time, whereas either situation (A) or (B) can exist for the case 
p=0. Up to this point we have discussed the equation of motion satisfied by the t 
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system which is not saturated but traced by a weak radiation. In exactly the same manner 
we may derive the equation of motion satisfied by the s-system which is saturated by a 
strong resonant radiation. As a counterpart of (2-49), we are led to find 


4) QP) =-iQ, ED FADDan Fa CQ, LOO) 
G Va 


t 
2 om / 
+= IPSS ITTY vss are (Oy, Ov; Oy ,)T 


bt 0 


x (CF Ha¥e(r) Fts¥e(0) > (1%* (z) I (0) >, ((Q7, T%) JT’) 
— (Fite"s (0) F¥s"(r) ) (Ie (0) I** (z) >, <7) (Qs, 1) J) }- (2-55) 


Here, in contrast to (2-33), Qe is a spin operator of the s-system in the rotating frame, 
and E7Z¢ is due to the effective field acting on the s-system in the rotating frame. Ac- 
cordingly, I(v,) is associated with », quantum jump against this effective field, whereas 
Cree (0) I%*(z) >, is the correlation function of I* in the rotating frame and is written 


in a form 
(T?e* (0) [tex (=) » = fait ft ()= Art—Oy,t (2: 56) 


where f,,(7) corresponds to the relaxation function in a frame which is rotating with the 
frequency «w,, because 7,—0. Let us assume fy,(7) has a relaxation time ®,,~', which 
can be calculated from the equation governing the motion of the tsystem so long as the 
Hartree approximation is valid. We may also define 


t 
Fishy vet (Mp, tOrvst Op, t (Fus*t(z) Fis wy, (0) ) 
0 
x CI*e* (0) I*e* (=) ),/ CIP Te), 
t 
7 an HN y | a: exp {i (Wp, tov, t Op,’) — (Ousn, + Pu,) 7 


0 


SEO. deh “| exp aaa Ov one’) = Grong + Pu,) }E= 1 , (2-87) 
i (op, tov, +y,') — (Gusv, +9,,) 


and again two extreme cases are discriminated with respect to the asymptotic behaviour 


. . ) ~ 
(A) The case in which Max(cwy,, Wr, Wyg's Orsver Png) POs, mores 
oo 
Bh Pi, Bil. Fay 
QP s*s*s=— Dl" 0s tt iQrare¥s— ot we bee | deeliions torte) Buoed® fi, (2) 
0 


~ot, besa i (Op, +r, + op,) i (du Me +9,,) | 
(Ops + Ov, + wy,’)? + (du vet Py,)? 


(B) The case in which Max(cy,, Wvgy) COng's Png nz) SOs, wy ys 


(2-58) 


A General Theory of Magnetic Double Resonance 753 


p's” ee a pe (2-59) 


Owing to the condition w,.>ot,u,y, and w,>o%u,»,, which is valid except in the case 
of very weak constant field, the case “,40 or 4,40 belongs to the situation (A), and 
Ds .*t is practically independent of the saturation level (*" w,>,) 


(ps De ¥,— 1% Vs Pet gQrres® oP, 


— gt aL | (dus, +Pu,) +i (Oust op, ) 
‘ie at > (on, toy,)? + (Gus u,tPu,)? 


(2-60) 


Either situation (A) or (B) can exist for the case #,=0 and 4,=0. 


S$ 3. The case of rapidly fluctuating lattice 


Overhauser polarization effect 


When the lattice system F fluctuates more rapidly than the relative precession due 
to the distribution of the local field arising from the interaction G, that is the condition 
7 <Ooo holds, it belongs to the situation (A) and (2:53) and (2-57) can be applied. This 
means that we have a perfect definition of relaxation time in the sense of linear irreversible 
process. As there holds a condition o,,,,—%,,* in general, here we have the. situation 
busy, P,,*. In other words, we may replace (I“s* (z) T*s* (0)), by (I*sT*s), in (2-49). 
In this case only the terms satisfying w,+y,+y,=0 survive and we have 


(D's "4* —e—Ph(oy,+oy,°) ps Hk j (3 , 1H) 


By virtue of this relation, the equation (2-49) now becomes 
i) QD= HQ ED FDO) eH ALQ, LD 


SWF (Ps), (Qe, PP) —e Blor.t on.) (TI), FAQ, PD} 
vB 
j (3-2) 


If the strong radiation is exactly resonant with the s-system, wy, us = — 4s; and. 
(3-2) essentially indicates the polarization effect which was first proposed by Overhauser. 
Actually, however, there also exists a relaxation due to the local field G,, which was 
treated in paper I in detail. Let us assume that this latter relaxation process belongs to 
situation (A) and add the relevant terms by using the result in paper I. Remembering 
Ayy=Oy, (* 0,0), we have the complete equation describing the t-system, which is. 


being traced, as follows : 
fq) =-HIQ, Ba) HIER OD) ASHE. CF2(0) Yeh Qe ED 
— SO", [*s) TP) — e=Bh on, (**(Q,, I*:])} 
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SI Oem TMT Fa), (EQ, LM]T7) eon + ee?) (TT), LL Quy PD} 
Me wy (3-3) 
(in the static system) . 


Exactly similar manipulation of (2-55) including the local field relaxation due to G, 
yields the following complete equation describing the s-system which is being saturated. 


2") aa =1t0,; Es |) 8D 14 Vs {CF (0) ») 4+) (Fs (0) > rt LQ"; T(»,) ) 
18 Vs ; 


— SID a, a5 Po" (QZ, Te) JL) )— ens) (1%) [Q7,1%) IY} 


Hy Vg Vs/ 


<IPIDAPI AAAS (ae 
We Vs Vs My 
(IMT), 102, T(0,) Es) )—e -Pon08/ +0429 (PTD) T,)(Q7, Te) D}- 


(3-4) 
(in the rotating system) 


It should be noted that (3-4) is valid in the rotating frame in contrast to (3-3) which 
is valid in the static frame. 


§ 3. A. Coupled free induction 


In the special case in which there is no strong radiation field resonant with the s- 


system, we have 6,=0, dy,v,=Oy,v,, and #,=¥,=—»,', so that (3-4) becomes 


d : : SVT 4K ‘| 
(Q) =i Qes EHF) + DL). CFB) Ye} (Qs LT) 
Be oe eee 
Ms 


= pape (cre ys. [Q:, [*s] I") — e Bb (wy, + @y,°) (TI), <I’(Q., I*s])} 
t s 


(3-5) 

(in the static system), 
and in (3-3) @*s"t* becomes M's", Therefore, equation (3-3) and (3-5) are com- 
pletely analogous to each other and form a set of simultaneous equations governing the 


coupled free induction of two kinds of spin system. However, in these equations the 


last term on the right-hand side involves quadratic terms in spin component and it is 


hot easy to solve the equations for a general value of spin I, or I,. The only exception 


is the case I,=I,=}, in which the above set of equations becomes exactly linear in spin 


‘components as is shown in Appendix A. On the other hand, we have for the magnetic 
resonance in particular a condition 


bo,<kT and bw, <kT (3-6) 


except, perhaps, in the lowest temperature range. (3-6) is often called the low frequency 
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condition. In this situation the equation (3-3) can be approximated by 
FQ) = iQ, EDGE O)Y+ SKE. CLO) Ye} LQ FD 
— BHC, I*:\I")) + Bay? <I"*{Q,, I**])o} 


— Speer rhe, (LQ, Peay + (ITD) PQ, Pel) 


+ 8b (wy, +op,) I*sT"), (T*e(Q,, I], (3-7) 


where we have retained the terms only up to the first order in (6«,/kT) or (bw,/kT), 
and < ), indicates the simple trace operation replacing the density matrix by unity. 
Exactly similar reduction is valid also for (3-4). Thus a set of linear simultaneous 
differential equations has been obtained. For the special case of coupled free induction 
the simultaneous equations are nothing but the equations proposed by Solomon" to 
describe the transient Overhauser effect in liquid H'F. The same type of equations 
have also been proposed by Hasegawa’ in analysing the coupled s-electron and d-electron 
system in the dilute alloy problem. 


§ 3. B. Overhauser effect 


In order to examine the effect of saturation of the s-system we must first solve 
(3-4). The treatment is, however, largely parallel to that which was presented in § 2 
of paper I, and under the low frequency condition (3-6), the equation (3-4) becomes 


prvi 4 Oo de he ee 
S| Cad J+] det Pine — Gay 0+ Pare || Can) |=] Oey | C09 
i,¥. a. Wete,) oe ila! Le. 
ox 0, Oo 
= we Dx 2a a ar (3-8) 
oz 0, —0) Lax. 


in the rotating system of coordinates. Note that the z-axis is along the direction of 
constant field in this equation. The relaxation constants dD, D*, 0, DO and &” can be 
expressed as linear combinations of the quantities QYs*s"4, Dits¥s, DYs’s*, and @'s”s,', 
and the actual coefficients are given in Table 1. Here ~.s*s are the relaxation constants 
for the s-system when the interaction G is virtually removed, and were defined in paper 
I as DY”. @"s’s" was defined by (2:57), P%s*»* and O"s”s,‘ are defined by 


(ps ¥s, > = Lia) (Dis ¥5° 42 Piss! 42 Phare?) , (3-9) 
53 


Os %s,! — 2+ 1) (p"s Ve (ps so) 7 GB e 10) 
3 
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ities 1 i inations 
Table 1. Relaxation constants (the quantities in the first row) expressed as linear combina’ 


of Ov’. The coefficients are tabulated using the abbreviations c==cos 6 and s=sin6, where 


i indi i i Note that 
6 is the angle between z and z,/-axis. The bar on the top indicates a minus sign. 


O'vuv t— Oley, ¢. 
/ 115 AA 11,3 
0,°+0% s O14 98 | 0/94 O18 9/1490 O/1+H 


D5 2 s° l+c 1—c 
Os, Cot s° 2s? c(c+1) c(c—1) 
0, . 2s? (c+1)* (c—1)* 
Dsx* | 2cs s(c+1) s(c—1) 
Den | s s(c+1) s(c—1) 
pees 2s* (c+1)? (c—1)? 
Os. (c+1)* (c—1)? 
Ore cs cs 
D522 2cs s(c+1) s(c—1) 


7 ZA 411, 2 Sia @//il, = 4 
| 0,//14 0,//%1, ‘| 0,//04 9/103) O//ULG//11s2 O, o SLSR) 


: fa 
ae | 2cs s(c+1) s(c—1) 
b., = s(c+1) EAI 
Orn 2s? c(c+1) c(c—1) —1 
Dsyx (c+1) c—1 —} 
Dsy2 s | 
Ds 2y 2cs s(c+1) s(c—1) 
Qt | Q/%1,¢ | @/10, ¢ @/lls¢ O’U.¢ 
7 a I,(I,+1) ve 
Osx! cs = 2c"s Bert) —- Ile 1) = 
I,(I; +1) 
O,,¢ cs cs 2cs s(c+1) s(c—1) =1L+)) ,,/* 
= — I; (Is +1) 
0,.¢ cs” 2s" ¢+1)° c—1)* = a 
82 s (c+ | ( l,(+) : 


Except in the case of very low value of the constant field @**= @ holds for “+0, 
and the results are somewhat simplified as given in Table 2. In particular the frequency 
shift is given by 


dog = (FP (0)) + ST"): CFG (0) De +2 (0+ 0") (3-11) 
t 


in this case, and we note it contains a term which is proportional to the expectation 
value of I... @’s are seen to be related to the frequency shift; however, it is usually 
higher in order than @ and their contribution may usually be neglected. Upon this 
simplification the equation (3-8) is reduced to 


hie bo —.. —A, 0 ;: PD. 


‘TS 

d \ / 

hi <I) ++] ay Oy — Wjs (Ty) z Oy (I?) 
é oh i ’ 0 Ws ~.. t ch. » 


At exact resonance, we have 


_61,(1,+1) 


3kT 


f= 
OF =0, 


?., Oy Ds: CF 


o Dy Or 


0, OW; _ DE Of_ 


P3 (Pp = Qrte Qt Git prose 
| Sri 7 


PE H=2 Pt Pre _ Pit 4 git 


by remembering the relation @"s¥s,/ = — @’s¥s,¢ (cf. (3-10)). 
of (I,’),, then it is possible to solve (3-12) to see the behaviour of the s-system ex- 


plicitly. 


factor S by the following formula, 
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-12) 


43) 
-14) 
a5) 


If we know the value 


To describe the steady state solution it is convenient to define the saturation 


Table 2. Relaxation constants (the quantities in the first row) expressed as linear combinations 


of @*”, using the same notations as in Table 1. 
? & 


(The case in which 01°=Q@U=9U= 9’) 


0,0 + 0: : 0/14 9/115 | 0/1401: 5 

Ds Ce se 
Ds, c s° | 
0,. | 
D,2* | 
Osx s 2s 

Bat a | 
0,. 4c 
(Pee cs cs 
D5 2% 


Qt 
Ox e c*s 
Osy! cs 
0,2* cs* 


0,14 O11 s 


Q/01; ¢ 


0,/ + QO"; s 


2cs 
—2 
—2 


1; ¢ 


2s (c2+1) 


4 


(F5°(0)) + S(T," ¢ F(0)) » 
—— t _ — 


wh WUitD yy, 
I,(g+1) ” 
ACS ey 
YL LE yee 
Siti 7; 
pila Tackles tr 
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> = (Ee%.. (1 —S) > 3 F 16) 
where 
(ya Te 17: (3-17) 
M4 3kT 


In order to pursue the behaviour of ¢I,’), we should solve (3-7) which is explicitly 


written as 
7 Ch) A D,, a (ow, #5 de,) 0 j (t) 
‘ie ee + o,+ 4a, D,, 0 Ty) 
Khioy 0 0 D,.. (Ts) = Ch Ye 
0 
—| 0 | (Ue) — Tepe) =0- (3-18) 
Or. 


. . . Hh u,¥ a 
Here the relaxation constants are expressed by a linear combination of @,"*** and Os", 


defined by (2-53), as follows. 
D,,= Dy = OP4+29/" +247, (1,4+1) {+46 147M 1 4PM 4g (3-19) 
@,,=40/" 447,41) (O%420%120" (3-20) 
C=, +1) {ee ory. (3-21) 


It should be noted that all the relaxation constants in (3-18) are functions of oy,y, 
and gy», only, and do not depend on the degree of saturation of the s-system, owing 
to the situation 7 <d,. The shift Jw, in resonance frequency of the #system is given 


by 
4w,= CFP (0) > + 1), CFS (0) x +2 0/420, (1,41) {O%+ 40% 4g) | 


(3-22) 
The second term on the right-hand side corresponds to the Knight shift when there is no 
effect of saturation, i.e. (I,’),—><I.>,. However, when the s-system is saturated by a 
resonant radiation, (3-22) indicates that the Knight shift is diminished depending on 
the degree of saturation. The largest effect of saturation of the s-system appears in the 


epolarization of the tsystem. To look into the explicit dependence let us solve (3-12) 
and (3-18) for a steady state condition. If we concentrate our attention on the z 
components of spin vectors, we have 

Py (1+A) Tse do— Poe Tre) = Pre Toe e— Pre Trees (3-23) 

ry D.. (Tee dg + 0. Chae pam P., (Teedet P,. (Teme > (3 ‘ 24) 


from (3-12) and (3-18) respectively. Here we used an abbreviation 
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A= 4s/ Puy P,. (saturation parameter) (3925) 


and ¢ , denotes the steady state value. Solving these equations, we have the steady 
state z-polarizations in terms of equilibrium polarizations and the saturation parameter / 
or of saturation factor S defined in (3-16). 


> 


I o= I,. {1 AP, Py. 
: . ‘ - (1+4) D.. 0 ,,— V, Cie. 


=P SPy (3-26) 


Z s wb Ogg Tiede )) 
cl: ede} (142), @, eidy Ds. ¥ ) 


oN) 


2 OO ea. 41. y +1) 5 
=) ete a = = : Be, 
: | 0, (OF, ‘s Sy ( ) 


The equation indicates clearly that the zpolarization of the t-system is affected when the 
s-system is saturated. This effect is most remarkable for the case in which w,>w,, and (3-27) 
is a generalized formula for the Overhauser polarization effect originally predicted for the 


electron-nucleus spin system." 


Suppose the s-system has spin I,=4 and the two systems 
are coupled through scalar product interaction, which is in turn the only mechanism for 


the lattice relaxation of the tsystem, then we have 


: ‘ b(a,— as) 
lim (I,,)) = Lea Be 
lim (Tee )o ae ae) (3-28) 


in the limit of extreme saturation. The situation may be described by saying that there 
exists a canonical distribution in the rotating frame’ in this limit. However, this simple 
description is valid only in the special case defined above, and in general there can be no 
such simple description. Nevertheless, essentially the same effect is expected because 
D4 O™ for a general type of interaction. At the same time (3-11) indicates that 
there appears a shift in the resonance frequency of the s-system owing to the extra- 
polarization of the tsystem. This is the so-called Overhauser shift” and was originally 
proposed” as a means of detecting the polarization effect. For the special case in which 
I,=I,=4, we need no low frequency condition to have a linear form of the differential 


equation. The treatment of this case is included in Appendix A. 


$4. The case of rigid lattice 


Saturational narrowing 


When the lattice system F does not actually fluctuate over many periods of the relative 
precession due to the distribution of the local field arising from the interaction G, i.e. 
the condition o> holds, there is mo assurance in general that we can draw any sub- 
stantial information about the time variation of density matrix from its short time behaviour. 


However, it does yield valuable information in a special case in which the origin of the 


760 K. Tomita 


width is due to many perturbers which have regular static arrangement. A Gaussian 


shape of distribution is expected in this case as a result of the central limit theorem, 
therefore one can reproduce the whole line shape in the absence of saturation once he 
has the value of the adiabatic second moment. Being aware of this restriction, we here 
limit ourselves to this special case, which is not without experimental example. In this 


case only the terms corresponding to w,=0 survive, and we may assume 0,,y,—0 in 
(2-50) and in the definition of @*s*** and @’s%s’"t, Let us further assume that in the 


absence of the interaction G the relaxation processes due to the local field G. and G, are 
of type (A). Then the differential equation governing the motion of the #system becomes 


d rs 5 ow / Poo 07)‘ 
£ (Q)=— iQ, ED) -H{CF(0)) + SKE). (F2(0) Pr} IQs LD 
—BOM(Q,, MYTH) —e-Ahan TA(Q,, IHD} 


Sa 2 Bak w, TP, 2) TPe’ (TE. TRY STP BIA) 
SIDS HF THM), (Q, IP) — I), PQ, I*e))} 
3 Ms 


(in the static system) , (4-1) 


where @*s"e* is defined by (2-52) keeping 0,,,,=0. In the same manner the equation 
governing the motion of the s-system is obtained as 
d 7 . . 1) 7 ; 
7 CQ) =—1(1Qs; Ee) —idal (0) + 1). (F2 (0) >r} <[Q7, 1) }) 
~ Bie yy yn PP {LQ TH) E04) pe mat 809 TH) QF, LQ) I} 


x {MTP CQ, Lex) LH) — CTI), )1Q7, T&D}, (4-2) 
(in the rotating system) 


where @"s”s'"t is defined by (2-57) keeping Ou,u,=0. Under the low frequency condi- 
tion (3-6) the equation (4-2) is explicitly written as 


Pip: ?.. 4 d, - Ps Ds 0« <I.) O, 
FF els) +] 4+ Pour ~,, —= Wis a ( Tow ae MH, {T,°) 
i aur > ; Do Os Pry P.. 4 (Te ) Pr. 
O® Pr, 
~ bI,(1,+ 1) : = w : 
a ae ox Ory | Fs | (in the rotating system) (4-3) 
Cee by ov 


where the relaxation constants are expressed by linear combinations of Ps and Ds¥she, 
which is defined by (2:57). The coefficients of linear combinations are formall te 
same as given in Table 1, except that O%’, @°., etc., correspond to @*, D.., etc ‘dads 
the contribution from G absent. When @"s vale *, we do have the ‘simplified redacted 
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given in Table 2. When compared with the corresponding equations, the largest difference 
lies in the fact that @%ss¥" involves fy, (7) explicitly in its definition. As we have 
discussed in the previous section, the terms corresponding to 4,740 or /4,740 belongs to 
the situation (A) ; however, their contribution to the relaxation constants is negligible as 
compared with that of the term having “,=/,=0. In the absence of saturation the 
term corresponding to #,=/4,=0 belongs to the situation (B), and the shape of the 
absorption is given by 


1 172 _ (Was)? 


f:() =( : tee 5 (4-4) 
PR SOT 
which has a half-value width 
\1/2 
or as Wx Nea} Ot). 5,00 (45) 


On the other hand it is clear from (2-57) that the situation must be changed into (B) 
when the intensity of the radio-frequency field, i.e. @,, becomes large enough. In the 
last case we have 


oO 


Pre ~ o%.0)\ de fe FF (c) (4-6) 
0 
In order to observe the qualitative behaviour in the entire range, we may replace the 
Gaussian limit by a correponding Lorentzian line which has an equivalent half-value width. 
An example, of the desired interpolation between (4-5) and (4-6) is given by 


foo} 


e 


Tela 1) O° ayo] 1—exp{—atn| ae ahi | (4-7) 


0 
where o1’,, is defined by the relation 
op ==Hl, (+ 1) 75.09 == 27,00 %s.00- (4-8) 


Owing to the fact that @’>”, the second order shift may be neglected in (3-11). In 
view of the fact that @/”s*>@" and 0,">0" (4-3) is simplified to be 


Tay] [Om — 4 0 [fay] [Oe may [one 
d t 0 DL. 8 
| lu [+] de Pn ee || Ton? |] Oey | = 

(Tee). o O18 DP, VX te) D%. P?. ws. 


(in the rotating frame), (4-9) 


where @, and @. stands for the corresponding @,, and &,, with the contribution of G 
absent. At exact resonance the formulae (3-13), (3-14), and (3-15) apply also here, 
and we see that @’, can be neglected as compared with %,. 

Under similar conditions the equation (4-1) is explicitly written as 
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ar ~,, —(w+4a,) 0 teload mL, 
on (Tyy |+] a+ 4o, Y,, 0) <I> |—] © 
Cle? 0 0 PV Te} LO. Te). 
are, 
a he : (4-10) 


0 \ 
Pi. Tie) e- 
. . . . - - u in , & * 
in which the relaxation constants are expressed as linear combinations of @,"*”* and @*s"¢ 


as follows. 


P,,=Py =O.” 420" 441, (L411) (OP 440% 420 * + 40 * +40) (4-11) 


O,,=40/" +41, (1,41) {O* 4 20* 4 20"*} (4-12) 
D,-= 40" (4-13) 
@:,=81,(I,+1) {(O"*—O"*} So. (4-14) 


It should be remembered that Y,.—-?. if the lattice relaxation of the tsystem is determined 
by G, rather than G, whereas M?.=0 if it is determined by G only. The shift Jw, of 


the resonance frequency is given by 
doog=(E?(0)) +SEE (0) De +20" + 2E (E41) (O40 + gga 
(4-15) 


If we compare these formulae with (3-19)— (3-22), the only difference lies in the 
definition (2-52) of @’s’** so far as it involves fos*(=). The terms corresponding to 
fs AO or ft, 0 belong to situation (A), but their contribution being small, they may 
be neglected. In the absence of saturation the term corresponding to “4,=/4,=0 gives rise 
to a Gaussian shape of absorption (situation (B)) having a half-value width 


1/2 

C5 LFS Oo. = 1.175( I, at 2. ) Fr mw > (4- 16) 
provided the width coming from process (A) is negligible. On the other hand the sitwa- 
tion must be changed into (A) and the line shape becomes Lorentzian when the s-system is 


saturated, for the lifetime of fu,* (7) becomes shorter when the radio-frequency field becomes 
stronger (nutational modulation). In this limit we have 


OM" ~ oi | de fi (2). (4-17) 
0 


To interpolate between the two extremes, (4:16) and (4-17), we adopt the same conven- 
tion as in (4-7), ie. 


AL (L-+1)0* =ala[ 1—exp were \ de fe*(2)} | (4-18) 
0 
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where 07/5) is defined by the relation 


9 


Of =41,(L.+ 1) 6% 9 = 57,00 Fr/00- (4-19) 


§ 4. A. Saturational narrowing 


From (4-11) it is clear that the transverse relaxation of the t-system depends on 
the saturation of the s-system mainly through @”*, for the other terms are either indepen- 
dent of saturation or rather small in magnitude as compared with @*. Accordingly, 
the transition of the situation from (B) to (A) means that the width of #systsm 
resonance is diminished upon saturating the s-system resonance, which should properly be 
called “ saturational narrowing”. Let us examine the transverse relaxation a little more in 
detail to see just at what level the effect of saturation comes in. This may conveniently 
be done in three steps. 

i) For the case in which the longitudinal relaxation of the tsystem is largely 
determined by G,, %,, is essentially equal to 1/T, for the free decay. Therefore 
fo’ (=) =e—%2* is easily obtained experimentally. 

ii) From Table 2, (3-9), and (3-10), we have 


D.., om py ai. gi Filo pi aL gp” 50 I, ct 1) | . (4 ; 20) 


where 


t 


0!" Re oiye| dz Out f(r) (4 : 2d») 


0 


from (4-5). If we adopt the interpolation formula (4-7), we have 


“Sttos} 
v » (4-22 


41, (I, ai 1 Or ng | Ie Wve ike po 


As for the contribution arising from G, we have already discussed it in paper I and have 


O59! P50 =) 
‘e 


O18 aly {1—e bs. + Os” (4-23) 


so that the total transverse relaxation is given by 


fo°* (zr) 


SS xp (=O p21) 


_— 
—~ 
— 
_—— 


T Time 


Fig. 2. The behaviour of fy**(r) as a function of time. 
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_ G50" bs0 Ts. y wes.) 
Ppy=0'9 {1 —e bo? tonet | +o 41-8 0,2 + Mis f « (4-24) 


iii) Having thus obtained the expression of @.,, and neglecting the coupling due: 
to G as small (‘,” they have only terms corresponding to #,=0), it is straightforward 
to calculate f,°*(t) from (4-9). This is done in Appendix B and the result is given 
by (cf. (A-20)) 


fe =e gaiget Cae: Dt) TOE Pa — Vgc 8 Fg (A225) 


where (cf. (A-8)) 


Q,- pa : 
(4 .)=3 | ny +) ay (2,,—@,,)?— 40, : ° (4 ; 26) 
Seo 


The behaviour of (4-25) is shown in Fig. 2 and indicates clearly that the relaxation 
time of I,° is decreased as a result of the forced oscillation by the radio-frequency field. 
iv) Inserting (4-25) into (4-18) we have (cf. (A-23)) 


" @ . 
£7, (4.1) @°* =c7 9) 11—exp( ——“2:"— 9 _ )} (4-27) 
41, ( ) 00} p( 0,,.0,. re } 
and according to the result of paper I 
C= a, 1— ( _ Fi Sa \} SS Oe « (4-28) 
’ \ Or 
Therefore the transverse relaxation of the tsystem is approximately given by 
Or,00" Oxy 
Dy =O" ELLIO" <0 9+}. {Ie Oy O.:+a,°+ .  (4+29) 


This is our general formula for the saturational narrowing, and indicates that the part 
oo, due to the interaction G, is narrowed off when the s-system is saturated. Associated 
with this narrowing there appears an increase in the peak intensity of the absorption which 
is clearly seen in the steady state solution 


L,.) Pre + Tee) Pie 
I, y= 5 seot heen Bs Oia (4-30) 
where H,==w,,/7, is the amplitude of a second weak radiation resonant with the t-system. 
§ 4. B. Depolarization effect 
As the steady state solution of (4:9) and (4-10) we have 


Pre Dez Tee + Pie Vi. Tree 

I, sy/ ys — tact tz 7 ; 

eda Scr 0,.D,.(1+2) —O. 0. (4-31) 
(1, ga Pe ie 144) Tiede+ Vie Pre Tendo 
y 0.9, (142) —O Dt, : 


(4-32) 
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where 4=«;,/P.,V,.. On saturating the s-system obviously (I,,),—>0, whereas Ley) 
(D1./%,2) Tazye- TE an appreciable part of the lattice relaxation of the t-system arises 
from the s-f interaction, i.e. D). is definitely smaller than @,., this means that the limit- 
ing value of the z-polarization of the t-system is definitely smaller than (I,.),. In contrast 
to the situation discussed in the previous section we have a depolarization effect rather 
than a polarization. It should be borne in mind that in this section the saturational 
behaviour of the peak absorption and polarization are not really proportional to each other, 
for the ratio (P,,/qw,,) actually depends on the degree of saturation of the s-system. 


§5. Comparison with experiment and discussion 


§5. A. Detection of Overhauser effect 


Let us summarize here various possible ways of detecting the polarization of the 
nuclear spin system (fsystem) on saturating the electron spin (s-system) resonance. 

(1) Increase of resonance intensity 

As there is a relation (I,,),=(I,.),(Wy/P,), it is possible to observe the absorption 
as a direct indicator of z-polarization. This is the method used by Carver and Slichter*? 
in their first confirmation of the Overhauser effect. We note that the direct proportionality 
is assured only in the case of rapidly fluctuating lattice, and not in the case of rigid 
lattice in general. 

(2) Overhauser shift 

As was mentioned in § 4, (3-11) indicates that the electron spin resonance frequency 
should change as a result of nuclear polarization. Kaplan’ did this type of experiment, 
but his result does not seem to be so clear as that of Carver and Slichter.” 

(3) A nuclear indicator of the electron spin depolarization which might be called 
differential Knight shift. 

The Knight shift, which is proportional to the z-polarization of the s-system as shown 
in (3-22), should decline to nought on saturating the electron spin resonance. This 
effect could be an indicator of the depolarization of electron spins, although the author 
has never seen this effect reported. In principle this effect may be used to determine the 
absolute value of Knight shift. The point is that here we have no ambiguity in the 
choice of reference frequency with respect to which the Knight shift is measured. For 
the case in which both s and ¢ are nuclear spin systems there exists in principle the same 
type of effect, provided the fluctuation of the lattice is large. In fact the coupled free 
induction in liquid hydrogen fluoride, which was observed by Solomon,'” 
of transient nuclear Overhauser effect. In this case we get no large polarization as in 


the case of electron-nucleus system; however, the effect can be a convenient indicator of 


is an example 


the resonance of the system to be saturated. 
S50 Bs Example of saturational narrowing 


(1) Non-steady experiment 
Corresponding to the case of rigid lattice we have a typical example in Herzog and 
a Py ¢ 23 
Hahn’s experiment’? on Na”Cl”O,. Under the continuous wave saturation of Na 


me 
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resonance, they observed the non-steady behaviour of Cl® nucleus, and established the fact 
that the transverse relaxation time T, of Cl® increases on saturating Na”. In the steady 
state language this corresponds to the narrowing of Cl® resonance. Our results on #,, are 
qualitatively similar to theirs ; however, they have assumed @%,, as constant, which actually 
changes according to the degree of saturation as we have discussed in detail, so that their 
analysis does not seem to be exact quantitatively. 

(2) Steady state experiment 

Saito" has observed a good example of saturational narrowing on various double 
resonance in thallous fluoride. Searls and Cotts'” have also observed the same effect in 


Table 3. Crystal structure of thallous fluoride (TIF). 


4-molecules in a unit cell 


Orthorhombic 
io 5-180 A, Tl at (000) (330) ($04) (043) 
by 5.495 A F at ($44) (040) (004) (300) 
cy 6.080 A 
Wark. We here propose to compare the result of our theory with Saito’s data on 


TP”F”’. The information on the crystal structure is summarized in Table 3, and the nuclear 
properties are shown in Table 4, in which we see that actually there are two different 
isotopes, TI” and TI”. 


Table 4. Nuclear data for TIF. 


F19 Ti20s T1205 

(1) Resonance frequency (for 10° gauss) | 4.0055 M.C. 2.433 M.C. 2.457 M.C. 
(2) Natural abundance 100% 29.52% 70.48% 
(3) Magnetic moment 2.6273 N. M. 1.5960 N. M. 1.6114 N.M. 
(4) Spin 3 i } 


a 


(a) The case in which TI” is detected on saturating F'". 
In this case we have from (4-29) 


oF 5.0 Or, 


anal D+8 ur | bain : ——<s 
Poay=Toa,00" + os, 1 —e ® Fy Orz+ oF {> (5-1) 


where the suffixes J,, @, and F stand for TI", TE” and F", respectively, and 
TH. = 0}s,00 + Fh9,0- (5-2) 
Under the assumption M,,.=@,,.=@,., the Pry in (5-1) can be written 


@ ; 1 _ O ry,” Fo \ oN9\+89 F, 000 4- 
a= ° 3 0 ar ————— — 
ry =F ro 41 3 e drvitane? | bargtis™ {1 —e Oo +o,F* 


(5-3) 


by using (4-24), where 
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61+092 9, 2 82 2 
OF,00 =O7F.00 + OF 00 : (5 i 4) 


If we suppose that the magnetic dipole interaction among fluorine nuclei makes negligible 


contribution to the lattice relaxation of fluorine, then we may put 
Om=Op, (5-5) 


as we did in paper I. 
(b) The case in which F” is detected on saturating T°”. 
In this case we have from (4-29) 
_ o'r, 00°? Dery 


Dry =O7Fs* + o'fiy {1 —e G9 Or--Fores (5-6) 


where Y,,, is given by 


Table 5. Calculated second moment (in the unit of gauss”) for TIF. 


4 Contribution a pis T1205 
from eet oe eS ee ee 
—— ri = me i GO 92,007 =2.1189 
T1203 OF 99° =0.2308 799,007 =0.0592 
T1205 OB 99? =0.5619 Fo2,0° =0.3258 
| Chg a ae aye ee ee gee 
ee ae ae | ey 2.0148 | 2.5038 
Table 6. The values of o’, o’’ for TIF. 
Seis. 4 Ode Gee 
: ie as | 0.729 0.0528 
[F 3s 1.1299 1.8752 
25 
(. . 1.2990 0.9409 
P 
{4 + bs 0.3689 anaee 
aay. 1.4164 1.0252 
i bat 0.2516 2.2334 
) 0.6707 0.4857 
Oo, 0 
{2 bo 0.2858 0.2070 
[E i 0.9025 2.3478 
%» 
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Table 7. The value of @, for TIF. 


| cycles/sec gauss 
Ea Or. (2 msec—>) 500 1.2484 x 10-1 
952 | (50 msec—) 20 7.8524 X 10-3 


(a) 


Half value width of TI?” 
e N 


—=— Hj resonant with F'® 


Half value width of F!9 


: 4 6 8 10 D2 
gauss 


—- Hii resonant with TI?°> 


Fig. 3. Saturational narrowing of the nuclear resonance in TIF. 
(a) The width of Tl°° on saturating F!’. 
(b) The width of F!® on saturating T°". 


_ F920 bo20 "99,0 ba20 


=o : “dice anaes® 10 ——5 1% 
Puy=h,041 a cae e Pos 0+ 192" | + Oas.00 1 l—e Oar e+e 


iP =e 
+ 93,00 {1 —e Op,+ 0102 


(5-7) 


ot"! “if Oo rane 
> 
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and we may put ¢y,0=¢),0=V,y. as a result of a similar consideration as before. The 
definitions of primed and doubly primed quantities have been given in the previous section ; 
however, as all the above formulae are meant to be an interpolation, it is desirable to have 
a correct asymptotic values of width. For this purpose we slightly modify the definition 
of the quantities as follows. 


f 2\2 9 ‘ 
Oo9,0 = 1.175 {y (ops)? + (O80)? — oon 07}, (5-8) 
OF = =1.175 iV (O70)? + (Oyo) *—_ Oyo} > (5-9) 
oF Ww =1.175 iv f (Gre she ke? 00) 2 Fi, (5-10) 


oy mervin—e br Ales V4 Kom Oy ae One) orem (Gano ees) te Gelb) 


Other quantities are defined by the standard formulae. The calculated values of necessary 
second moments are given in Table 5, and those of o’ and o’’ are given in Table 6. 
By using the values of observed lattice relaxations, which is given in Table 7, the theoretical 
results are compared with the observation by Saito in Fig. 3. It should be emphasized 
that no adjustable parameters were employed. We see that the general tendency is satis- 
factorily reproduced ; however, quantitatively the agreement is not quite exact. On the 
theoretical side the cause of this discrepancy may be traced back to i) the unproven 
legitimacy of the interpolation formulae employed, and ii) the use of the phenomenological 
relaxation @ instead of ¢. z 

Experimentally there appears a skewness and a collapse of the absorption of the traced 
nucleus in the early stage of saturation, which is not simply derived from our theory. 
Bloembergen'® has recently argued that this phenomenon can be explained by the higher 
order transitions using the results of simple two spin system. If this is the case, we have 
neglected such effect at the stage in which we have factorized the spin density matrix 
into two parts and have taken an average over one kind in Hartree’s sense, i.e. assuming 
the density as diagonal. The neglected off-diagonal part is responsible for the higher 
order transitions, therefore it is only natural that we have missed the explanation. It is 
desirable to check the Bloembergen’s explanation quantitatively for a real example consisting 
of many spins, which may be amenable to the moment method. 

In the expression (4:12) of the longitudinal relaxation ~,, the term @/"'* corresponds 
to that which was discussed by Kaplan.’ In the case of rigid lattice, however, prix 
is explicitly given by 

t 
Oris =o, (de cilws— wt f* (7), (5-12) 
0 
so that we should use the relaxation function fi'*(c) in the rotating system. Kaplan 
himself has simply assumed 
t 


FOO =A; (Ty) HF ie He Te7e', (5-13) 


but there seems to be no justification, for we obtain a different function based on the. 
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theory as will be shown (A-10) and (A-8). In addition @”'* cannot be a dominant 
part, as Kaplan presumed, when there is an appreciable contribution of @,/ which is 
inherent to the t-system, and %,, is little affected by saturating the s-system. 

The method of double resonance has several merits and their applications in the case 
-of rigid lattice. 

(1) When we are in search of a weak resonance of the s-system, which is difficult 
to observe owing to the weakness of absorption, etc., the narrowing of the tsystem reso- 
nance can be used as an indicator for the s-resomance as was shown by Herzog and 
Hahn.’ The point is that we need no appreciable population difference of spin levels 
-of the s-system. A mere communication between s-levels which is enhanced by the reso- 
nance is enough to modify the transverse relaxation time, or the width of the tsystem. 

(2) When there are several different origins of the local field being felt by a 
nucleus, the method of double resonance may separate out the effect of just one kind of 
the origins quantitatively. Therefore the method will doubtlessly be helpful in the detailed 
-analysis of the local field. 

Finally we might mention the work of Bloom and Shoolery”? which has much to 
‘do with the physics presented in this paper. They observed a collection of line spectra, 
not a single hump as we postulated in this paper, but the behaviour of each line upon 
saturation is quite suggestive. It should be emphasized that in their observation, too, 
the central components are enhanced at the expense of the wing components in the fsystem 
resonance on saturating the s-system. It is desirable to make a detailed analysis of simple 
systems”””» to look into further details of the mechanism of relaxation, which will, 


however, require a more detailed theoretical treatment than is given here. 


§ 6. Conclusion 


Double resonance is one of the most ingeneous methods to analyse and also artificial- 
ly to modify the local situation surrounding a magnetic moment; however, the observed 
characteristics varies delicately from case to case and we cannot expect a universal result, 
as once there was a conceptual objection to the Overhauser polarization effect. In this 
paper it has been clarified under what criteria we observe the Overhauser effect on the one 
hand, and the saturational narrowing on the other. We found that the situation solely 
‘depends on the relative magnitude of the strength of the static local field o, due to the 
interaction of the systems and the frequency 0, with which the interaction is modulated 
by the environments. A) When the fluctuation of the environment dominates, i. e. 
o)<Gy, it becomes an energy reservoir, so that it absorbs the excess energy instantaneously. 
Suppose the s-system is excited by the radiation, the tsystem is polarized through the 
interaction in a definite sence, but before the s-system re-emits the radiation the environ- 
ment takes away the excess energy, thus leaving the #system polarized in a definite sense. 
In other words, the interaction plays the role of an energy pump. This is the case where 
the Overhauser polarization effect is observed. B) When, on the other hand, the rela- 
tive precession due to the interaction dominates, i.e. o> 6,, the interaction is considered 
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just as a rigid mechanism connecting the states of the two systems in an unambiguous 
way. Even if the s-system is excited by the radiation, it eventually re-emits the same 
amount of energy quantum in the form of radiation. Side by side the polarization of 
the tsystem is also flipped in an analogous way. This means that upon saturating the 
s-system the t-system is also saturated by a forced modulation. This situation is quite 
different from the previous case. Also at the location of the t-system the local field 


variety is diminished owing to the rapid nutation of the s-system, thus resulting in the 
saturational narrowing. 
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Appendix A 
Whewcase; of spin’ 1-1/2. 


When the fluctuation of the lattice is dominant the equation for the t-system becomes 
automatically linear in spin components for the special case of spin I=}. In particular 


the zcomponents obey the following equation. 


d si (pi sig™ i CI, y= Qua »»} 
fay =—2[(O" +4 )} G+.) -ekT GC, 


B (W4—Os 


Dy) 
+97 @—(h,.)) G+) —€ FT G+{In)) @— Cay) f 


Tw +s) 
+0" | +n) (+¢,,))—e &T G—Us)) a-(.))} 
=0,[(I.))—Us)] (A-1) 


where 
bor 
@,,=2| ("+30") (ekT +1) 
_ B(wy—as) Bb (w,+as) 
+} {0% (@ AT +1) +0 (6 kT +1} 
_ b(wr—as) b (wt +s) 

+e) {0%\e HF 10M eT tl, (2) 

and 


_ b(w,—os) ACTa 
AL ¢ cal VB +Q"(e kT =1)} 


bo 
{I,)oPe=| 0" +40) (CRF —1) +4} 


, , Phas= Oe) b (wr +s) 
+) {OMe $10" AT +1} |. (A-3) 
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Appendix B 
The solution of the Bloch equation in the rotating frame. 


At exact resonance the Bloch equation in the rotating frame is given by 


i+@,u=9,u,, (A-4) 
0+%,v=—w,M., (A-5) 
M,+0,M,=0,v+9.M,. (A-6) 


Eliminating v from (A-5) and (A-6) we have 
M, + (0.4 9,) M,+ (0.9,+ 02) M.= (®.9,) M, - (A-7) 


—t 


Putting M,cce~*, we can solve the relaxation constant @ as 


(F J=HG@ +2) +V (@,—%,)?— 402 }, s) 
1 


so that the solution becomes oscillatory when w,>(%,—@.)/2. (A-8) corresponds to 
(4-26) in the text. The solution of the inhomogeneous equation is given by 


PD 
VE ‘\ = —Po7 —- eon SE a's AS 
| ae e ery ee 
1 be a ct + vo, @. 
v(t) =— {(0,—@,-) c,e~°* $+ (@,—@,*) cge-*™" "| — M, at Sl A-10 
| Yay ( eee \0,0.+02 ( ) 
\ u(t) =ce“** + 4,. (A-11) 


Table 8. Non-steady behaviour of the polarization in the rotating frame upon saturation. 


A Ioical The behaviour at later time 
du= Au > du= dup e~Pat = Aug f2*(0) (A+12) 

I< 4v=0 — dv=0 (A-13) 
4M,=0 > 4M.=0 (A-14) 
4u=0 > du=0 (A-15) 

Ir J 4u=4u > dv=dvo sat et eae es. WE seed Re (A-16) 
.AM.=0 ~> AM, = 40)” —_ 2 (A-17) 
du=0 Py tes : (A: 18) 4 

I J 40=0 > dv=4M 9 G28) fares os 2 (A+19) 
4M,=4M.9 > 4My= 4M “2 or er x = Orde mites fire. 


a 
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If we denote the time dependent part by using 4, we have the results shown in 
Table 8, corresponding to several different initial conditions. 


The Fourier transforms of f,*(t), f,*(t), and f.*(t) are given by 


dD, 
~Q¢t 
[0 fie sae z (A-21) 
( " {.2°0, +0. (OD, +02) } +12 {2+ O2—«;)} 
* (2) eb dt= : ‘ A: 
\f aie L242? (02 +0,2—20,) + (0,0,+0,2)? nee) 


or, {29,40, (0, +.02)} +12{ 2+ (O2—wf)} 
*(t) tgp vt EN : . 
fe" (4 e OWE O2+-0,2-202) 4+ (Oona O°??? 


oF 8B 


If we take the limit of 2-0 in the real part of the last equation, we immediately 
obtain (4-27) in the text. 
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Note added in proof. Bloch has put forth a theory of line narrowing in a recent paper (Phys. Rev. 111 
(1958), 841), which the writer has had a chance to look at but has had little time to study carefully before 
he sends in his final proof. His treatment seems to correspond to the situation B, i.e. the case of Saturational 
narrowing, according to the classification in the present paper. The concept of saturational narrowing cor- 
responds to Bloch’s recognition of the growth of sidebands at the expense of central component. It should be 
remarked, however, that in general not only the relaxation times of the traced system but also those of the 
saturated system are changed upon saturation. This latter effect has already been treated as the situation B 
in paper I by the present writer, and its existence makes difference when we try to describe the intermmediate 


region corresponding to a partial narrowing. 
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On the Aksorptive Range in the Pion- 
Nucleon Collision at High Energies 
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According to the recent experiments on 
the pion-nucleon collision at high energies 
with an additional pion production,'? (1) 
the angular distribution of the recoil nucleon 
has a peak in the backward direction in 
the center of mass system, (2) the angular 
distribution relative to the recoil nucleon 
of the more energetic pion has a strong 
peak in the forward direction and that of 
It has been 


shown by Kovacs” and extensively by Ito 


the slower is nearly isotropic. 


et al.” that these evidences seem to suggest 
the knock-out process in which the incident 
pion interacts strongly with the pion field 
surrounding the nucleon core, and knocks out 
the pions, rather than to suggest the thermal 
process in which the incident pion is ab- 
sorbed. directly by the core. This may also 
be supported by the fact that the elastic 
Scattering is consistent with the diffraction 
scattering by an absorptive disk with a 
radius of about (1.0~1.2) X 107" em,” 
because this large radius does not seem to 
be due to the direct absorption by the core. 
Here, we shall then investigate the absorp- 


tive range from the standpoint of the 7—7 
interaction model. 

In the low energy region, the absorptive 
phenomena may be described by the imagi- 
nary potential iW (r) as the function of 
the relative coordinate of the interacting 
particles. In the relativistic region, how- 
ever, such a simple picture may not hold, 
so that it is necessary to introduce a new 
physical measure to specify the absorptive 
range. 


to define the root mean square (d?)'" of 


For this purpose, it is convenient 


the impact parameter of the incident pion 


relative to the nucleon, in such a way as 


PCH=P= Vlil+-1)e,/>}6;,° * @) 
7 : 


where o, is the cross section of the partial 
wave with the orbital angular momentum 
l, and P the relative momentum. The 
right-hand side of eq. (1) is simplified on 
account of the angular momentum _conser- 
vation,” and is expressed as 


fa 1h" (P'|T1d(E—H,)T|P)} prop 
p<P|Ttd(E—H,)T|P) : 


(2) 
where T is the reaction matrix, |P) and 
\P’) are the initial and final states with 
the relative momentum P and P’ (p=p’), 
L” is the square of the angular momentum 
operator acting on P’, E is the total energy 
of the system, and H, the free Hamiltonian. 
d® thus introduced is the simplest quantity, 
because it is unnecessary to calculate each 
oc). 
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We then calculate the d? under the 
following assumptions. The pion number 
surrounding the core is only one, which 
may be supported by the fixed soutce 
theory, at least, in the outer region in 
which the knock-out process may be domi- 
nant ; the pion-core interaction Hamiltonian 
is 


H=ig/p-7,0-gradd; (0), (3) 


when the nucleon is assumed to be fixed 
in the laboratory system; the local s—7z 
interaction Hamiltonian is simply 


p 


ee \ 16! (x) d°x ; (4) 


finally, the final state interactions between 
the outgoing particles can be neglected, 
which seems to be natural for the knock- 
out process. The calculation is straight- 
forward. The result is simplified in the 


high energy limit as follows, 


d°?=7h?/2m,cp, for b/p<b/m,c, (5) 


where p is the pion momentum in the 
laboratory system, and m,, is the pion mass. 
The numerical values are listed in Table 1. 
As the uniform absorptive disk with the 
radius R gives d°?= R°/2, the calculated d? 
is smaller compared with the experimentally 


inferred one.’? (If one assumes the scalar 


type interaction H= fg, the (d?)'" is 
calculated as b/V 3 Np, pr O82 10= om, 
which is independent of the p.) 


Table 1. The root mean square of the impact 
parameter, (d*)1/2 and the radius of the 
uniform absorptive disk, R (d’=R/2). 
re Li Ls 
| 


Energy of 1.4 Bev | 2.0 Bev 


sa ‘ 1.0 Bev 
incident pion 


(d2)1/2« 1018 ch 0.67 | 0567 | 0.48 
| | 


RX10%cem | 0.94 | 0.78 0.67 


The =—7Z interaction model, however, 
may not be inconsistent with the experi- 
ments, if one takes into account the nucleon 
recoil correction and the spread-out 7—7 
interaction. Since the local /4¢' interaction 
which acts only between the isotopic spin 
even states may not be consistent with the 
experimental charge ratios of the outgoing 
pions, the 4g" thus may play little role 
except to cancell the divergences in the 
renormalizable field theory, and the correct 
“Hamiltonian”? may rather be expressed 
as the spread-out interactions including the 
space-time derivatives.” Details of this 
note will be reported in near future. The 
author would like to thank Prof. Nakabayasi 
for his encouragement and many valuable 
discussions. He also thanks the members 
of Tohoku University for helpful discus- 


sions. 
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97 (1955), 797. G. Maenchen, W. B. Fowler, 
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An Illustrative Example of the 
Nuclear Collective Motion 


Fumiaki Iwamoto 


Department of Physics, Rikkyo University, 
Tokyo 


August 20, 1958 


Recentey Elliott and others’? have shown 
that states of the rotational property emerge 
with a particular coupling among shell 
modell configurations. In order to see the 
underlying mechanism in a clear-cut way 
it may be of some interest to study the be- 
havior of another simple dynamical system 
with quadrupole interactions among particles. 

Instead of many fermions in many levels 
let us suppose a system of bosons in a 
two-dimensional well and consider just two 
levels, i.e., the lower s-level with eigen- 
function R,(r) and the higher d-level 
Re(o) eae: 
annihilation operators of these states by 
bn*, bm (m=0, +2), the Hamiltonian of 
the system is assumed to be 


Denoting the creation and 


H=T (6,* by +b_»* b_») 
a Maa b,* by by +b_s* b,* b by 
+ b,* b_o* by by + by* by* byb_2), (1) 


where T is the d-level energy measured 
from the s-level and V the matrix element 
with angular momentum transfer by 2 units. 
This attractive quadrupole interaction is the 
essential character of the model which, 
although quite unrealistic, exhibits main 
features of nuclear collective motions. 
Since the total number N is a constant 
of motion, the Hamiltonian is expressed 


by two sets of creation annihilation operators ; 


A *—=bh * b, (b,* b) sh 


Vm 


B= (bb) 27 b,* 6, G2 


Or, changing to canonical variables 
pa=(i//2) (Ba*—P_m); 
Gm= (1/2) (BmtBm*), (3) 
[Pm > Fmt |= — FO mm 


ihe. Pur 1=[49m5 Gus |}=9, (m, mt’ = +2), 


we can write 


H=T p,p_2+ (T—2NV)q.q_2 


+ 2V (psp_2t 424-2) 424-2 
—tF=hP), (4) 


where terms of 0(1/N) are neglected. 

As is often done in other problems, we 
shall find the approximate solution as small 
oscillations about the equilibrium point. 
There are two cases of different characters 
according as T—2NV=>0. 

As long as T—2NV >0, the minimum 
of the Hamiltonian stays at p,,=g,,=0. 
Then, we neglect the fourth order terms 
of p, g,°) and the Hamiltonian (4) be- 
comes a two-dimensional harmonic oscillator 


with the energy spectrum : 
En, n= (m+n_»+ 1)w—(T—ND), 
My, n_»=0, 1, 2, stor (5) 


where the eigenfrequency w is 
y T(T—2NP), which is smaller than the 
inititial separation T between s- and d- 


levels. The ground state wave function is 


T= exp(— ot q2)-%, (6) 


where @, is the free ground state and the 
exponential factor represents the correlations 
induced by the interaction V. This is the 
weak coupling case corresponding to the 
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vibrational levels of medium weight nuclei. 

In the strong coupling case, T—2NV 
<0, the minimum forms a circle on the 
q-plane, i.e., p,,=0 and q.g_.=—/3,”, where 
Bv=V (2NV—T)/4V. As was done by 
Wentzel” in his strong coupling meson 
theory, it is convenient to transform q’s to 


polar coordinate by 


Pen, 


Then p,p_» is the two-dimensional Laplace 


qo=pe®. (7) 


operator and p, is, in the original variables, 
2 (b,* b,—b_»*b_2) which is the total 
angular momentum operator with eigenvalues 
M=0, +2, +4, For the small dis- 
placement around the minimum at f=/, 


the Hamiltonian is approximated as 
H=(——+ 


(al Sey il 
Miles pe Pie -—1)} 
ey: P: V B 9 (Pe ) 
+8V 8, (8—f,)?—2V8,' (8) 


Its eigenvalues and eigenfunctions are 
] \ 
| ET Ns see 


; (M?— 1). 2V Beis 


1 
+73 


Pisy= 2H 4V 8 (B—,)) 
VP 


—VVS (ea ge. (9) 
where ,=2/3)1 /V(T+2NV) and G= 
168,°/(T+2NV). 


spond to the rotation-vibration levels in 


x 


These spectra corre- 


heavy nuclei. 
It is to be noted that in the configura- 


tion space our q,, g_2 may be written ap- 


proximately as 


#1 soe, G0) 
ee 

which are the collective coordinates in the 
usual theory” except that f(r) is not simple 
r°, but depends on the radial functions 
Ry (7), Ro(r). 


it 1s easy to show that / represents the 


With these correspondence 


deformation and ¢ the orientation of our 


system. 


1) J. P. Elliott, Proc. Roy. Soc. A245 (1958), 128. 
S. A. Moszkowski, Phys. Rev. 110 (1958), 403. 

2) This corresponds to the approximation first used 
by Bogolyubov in the theory of the phonon 
state of liquid helium: N. Bogolyubov, J. Phys. 
WRSTS. Re LIN (1947) 23: 

3) G. Wentzel, Helv. Phys. Acta 13 (1940), 269. 

4) S. Tomonaga, Prog. Theor. Phys. 13 (1955), 
467. 


Molecular Processes induced by s- 
Mesons in Hydrogen Bubble 
Chamber. It 


Transfer Process of 2 Meson from 
Proton to Deuteron 


M. Shimizu, Y. Mizuno and T. Izuyama 


Department of Physics, University of Tokyo, 
Tokyo 


August 28, 1958 


We here report our study on the process 
of transfer of a /¢ meson from a proton 


to a deuteron, when a /¢ mesic proton 


{ This is one of our reports which were published 
in the Progress Report of Research Group for the 
Study of Molecular Structure in Japan, No. 7 
(December, 1957). 
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atom collides with a deuteron with very 
low incident energies.” Estimation of the 
reaction time of this process has been at- 
tempted by many people? and they have 
found the values which are spread over a 
rather wide range. We carried out a 
calculation which stands on a sounder basis 
than the previous ones and is expected to 
give a better result. 

The total Hamiltonian after separating 
the motion of center of gravity is given by 


pee £2 4, ae e en 
2m tT Yq 
e i 
Se aid a 1 
PUR ak (1) 


where R is the relative vector from p to 
d, r is that from the center of gravity of 
p and d to pw, 1, and r, are the distances 
between - and p and d, respectively, and, 
further, M and m are respectively (1/M,, 
+1/M,)~* and (1/m,+1/ (M,+M,)) = 

Here, we assume the required wave func- 
tion to have the form 


D=y(r, R)G(R)+u(r, R)U(R). (2) 


In the above, y and uw are respectively 
(Iso) and (2po) orbitals satisfying the 
equation 


hb? e e e 
— — 4,—-—- — R 
( athe + R Jew, ) 


=E(R)¢(r, R), (3) 


in which R appears only as a parameter. 
Their asymptotic forms as R—>©o are as 
follows : 


g=- - (h(r,) +4 (ra) ) 
V2 


and  u=—>—(b(r,)—h(rg)), (4) 
y 2 


h(r) being the 1s orbital of the 4 mesic 
hydrogen atom with the reduced mass of 
m. Then the variation principle leads to 
the simultaneous equations for G and U, 


A+ 1 (W—E,)G+ ( | G*4,gdr)G 


= — (\ 9* gradpudr) - grad, U 


. 


— (\9*4,udr)U (5) 


4,U+ 2 (W—E,)U+ ( \ u*4,udr)U 


=— (\ u* grad, gdr) - grad,,G 


— (\u*J,Q9dr)G, 


where W is the total energy associated with 
the Hamiltonian of (1). 

Accordingly, our task is to find the 
solution of eq. (5) satisfying the boundary 
condition as R-> oo 


ikR 
P(r, R) >eEh(r,) +F . h(r,,) 


- eiklR P 
a . R (rq). (6) 


Now eq. (5) is invariant with respect to 
any rotation of the R space. Then we 
can solve eq. (5) by the method of partial 
waves. Further, since we consider only the 
case of very small values of |k|, we may 
take up only the s wave. For a given 
value of k, the values of k’, F, F’ and 
W can be determined by the requirement 
that the condition (6) should be compatible 
with eq. (5). As a result of this require- 


ment we get the relation 


al eee 
2M 2M 2M J (70) dab (ta) dr 


p 


1 
aon \ h(r,) deh (r,) dr=159 e. v. 
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Table I. Reaction Time in Normal Hydrogen Bubble Chamber* (T) 


Author Skyrme Jackson Ours Cohen et al.) WHayashi et al. 


T Gi 10-5" sec) 0.01 0.02 0.39 0.62? 3 
ee eee 


* The normal hydrogen bubble chamber contains 5.9108 deuterons per cm’. 


Then-we find the energy Q released by 


the present reaction is 


1 1 I ace 
aes | $2 ple 
Q 2 pen tein abl 
(aes ( I 1 #2 pe 
2 Mit me, My 


2M. 


Pp 


=| 148— 0.0748? * |e vi 


Especially, for the collision with cold 
velocity under consideration, this may be 


safely replaced by 
Q=148 eV, 


while the corresponding correct value or 
experimental value is 135 eV and is of 
Then 


this result seems to suggest that the ap- 


course completely independent of k. 


proximation (2) is a fairly satisfactory one 
even for // mesons, if the nuclear motion 
is sufficiently slow, as well as for electrons. 

For’ 6, and ©, 6: éq. (3), we have 
adopted the ones calculated by Teller.” 
On the other hand, the non-adiabatic terms 
or the kinetic correction terms have been 
evaluated for large R by using LCAO ap- 
proximation and for small R by using UAO 
approximation for the orbitals gy and u. 
Then two independent solutions of eq. (5) 
have been found by integrating it numeri- 
cally up to R=6 (in 4 mesic unit) and 
the required solution composed of these 
two solutions has been determined by the 
requirement that it must smoothly join 


with the approximate analytic solution for 


R>6 which has the form of an s wave 
of eq. (6). 

In Table I, the reaction time found by 
this calculation is given together with those 
by other authors. 


1) L. W. Alvalez, et al., Phys. Rev. 105 (1957), 
VI272 

2) J.D. Jackson, Phys. Rev. 106 (1957), 330. 
C. Hayashi, et al., Prog. Theor. Phys. 17 (1957), 
651. : 

T. H.R. Skyrme, Phil. Mag. 2 (1957), 910. 
Ya. B. Zel’dowich and A. D. Sakharov, J. E. 
T. P. 32 (1957), 947. 

3) E. Teller, Zeit. fiir Physik 61 (1930), 458. 

4) S. Cohen, et al., Phys. Rev. 110 (1958), 1471: 
Their method of calculation seems very similar 
to ours, though its details are not yet published. 


Absorption Effects in Antinucleon 
Phenomena, II 


Y. Kakudo, T. Kammuri and R. Nakasima* 


Department of Physics, Osaka University, 
Osaka 
* Research Institute for Atomic Energy, 
Osaka City University, Osaka 


September 15, 1958 


) the absorption 


In the previous note,’ 
effects in antinucleon production processes 
within a nucleus were considered and it 
was found that the experimental results 


can be reproduced fairly well in the case 
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of antiproton production by taking account 
of the effects of the intranuclear motion 
and of the reabsorption of produced anti- 
protons. In the case of antineutron produc- 
tion by charge exchange of antiproton, 
however, desired agreement with the ex- 
periments was not obtained by taking into 
account only the absorption and reabsorp- 
tion effects. As an attempt to remove the 
discrepancy, we use an improved nuclear 
model in the present note. In particular, 
since one may expect that the strong an- 
nihilation of antinucleon makes the reaction 
occur near the nuclear surface only, it is 
hoped to take more realistic shape of the 
nuclear surface. 

According to many experimental results,” 
the form of charge distribution in a nucleus 
can be represented by Fermi-type-distribution 


such as 


e(r) = (0) /lexp{(r—e) /a} +1], (2) 
e= 1:08 Avex 10°" em. 
d= (53 © 10 cr, 


here the values of c and a are those deter- 
mined by the electron scattering experiment 
on the charge distribution, but we assume 
that the expression (1) is applicable also 
to the density distribution in a nucleus. 
Therefore, (0) should be determined not 
as \e@)dV=Ze but J\e()dV=A, Tak- 
ing the diffused surface nuclear model, 
we express cross section of antineutron 
production as 


o 


r= 2m, bd | patra 


—-o 


co 
Xexp|—o. | p(r)dx, (2) 
eo 
where o,. is the elementary cross section 
for charge exchange process, 7, is the an- 
nihilation cross section of antinucleon, /,,(17) 
is the density of proton and x is the path 
length at the distance of 6 from the center 
of the nucleus. The expression (1) is 


well approximated by” 
p (r) = (0) u (r) 


u(r)=1 for ON ric—?t/2, 
1 3 /r—c? r—c\* 
Te —- — +2 
2 b,! ( t ) ( t 
for c—t/2<r<c4+ 2/2, (3) 


u(r)=0 for c4+t/2<r, 

t=4.23X 107" cm. 
Then (0), density at r=0, is given by 

(0) =4 | 4z(8/3+ct*/20) ]. (4) 
In the integration on 6 of eq. (2), it is 
found that almost all the contribution 
comes from the region c—t/2 \bSc+#/2, 
thus showing the importance of the dif- 


The results 
for carbon and lead targets, together with 


fuseness of nuclear surface. 


our previous one’? based on model-A in 
which protons and neutrons in a nucleus 
are distributed uniformly within the same 
region, are tabulated as follows. 


Table 1 
ee 


Present results 


o for carbon 0.74Xo ex 


o for lead 0.94 Xo ex 


Previous results E ' , 
(Model-A) xperimental results 
0.22Xcex 2233 { a XCex 
0.20Xoex 1.30 or eee 


ee 
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As is seen from this table, the results 
of the present calculations seem to be in 
better agreement with the experiments 
compared with the model of rectangular 
density distribution used previously. Further- 
more, the effect of finite range of anti- 


nucleon-nucleon which was 


interaction, 
attempted by Agnew et al.” in interpreting 
the antiproton reaction cross section, may 


Therefore, 
one may expect that the process of anti- 


lead to an improved result. 


neutron production within a nucleus can 
be interpreted in terms of the absorption 
effects only. 

After the completion of this calculation, we 
came to know that the similar calculations 
have been made by R. C. Weingart.” In 
his calculations, the values of pp, pn, np, 
and nn attenuation cross sections were used 
as the cross section responsible for absorp- 
tion and it was assumed to (pp) =o, (fn) 
=0o,(np) =o,(nn) =104 mb, while in our 
calculation they are not the attenuation 
cross sections but the annihilation cross 
sections and the values are o,,(pp) =o, (np) 
=89 mb and o,,(pn)=c,(nn) =74 mb. 
The different choice of these values is 
slightly reflected in final results. We would 
like to thank Dr. G. Goldhaber for send- 
ing the unpublished report of Weingart. 


1) Y. Kakudo, T. Kammuri and R. Nakasima, 
Prog. Theor. Phys. 20 (1958), 243. 

2) R. Hofstadter, Rev. Mod. Phys. 28 (1956), 214. 

3) J. W. Cronin, R. Cool and A. Abshian, Phys. 
Rev. 107 (1957), 1121. 

4) Agnew, Chamberlain, Keller, Mermod, Rogers, 
Steiner and Wiegand, Phys. Rev. 108 (1957), 
1545. 

5) R. C. Weingart, thesis, UCRL-8025 (1957), 


unpublished. 


The Meissner-Ochsenfeld Effect 


in the Bogoliuboy Theory 
J. M. Blatt and T. Matsubara 


The F. B. S. Falkiner Nuclear Research and 
Adolph Basser Computing Laboratories, 
School of Physics,* The University of Sydney, 
Sydney, N.S. W. 


September 30, 1958 


In the calculation of the magnetic be- 
haviour of a system the quantity S,,(q) 
appears ; in the limit of zero temperature 


Suv (q) 


V5 (Oljn(g) Ik) <Alju(—9) 10) 
ey aay (1) 


where j,(q) is the q/th Fourier component 
In the 


Bogoliubov theory’? the operator j,,(q) has 


of the current density operator. 


matrix elements to double Fermi-type ex- 
citations. However, the Bogoliubov theory 
also contains Bose-type excitations with an 


energy spectrum 


Urlp 

E.(p) == elPl (2) 
2) 

where vw, is the velocity of an electron at 


the Fermi surface. The latter appear as 


> 


“collective excitations’ in the Bogoliubov 
approach, and are therefore missed by a 
perturbation expansion of the type used by 
Wentzel.” Without inclusion of Bose-type 
excitations, the sum (1) yields a result, 


§{(q), with the property” 


3 ued A het 550) (q small) (3) 
fev qT 


* Also supported by the Nuclear Research Foun- 
dation within the University of Sydney. 
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This therefore violates the Buckingham 
identity” 
ne 
pie 5, Q=tbe— | (4) 
by gq mc 
Bogoliubov’s expressions for the collective 
excitations show that there is a non-zero 
matrix element of j,,(q) to the Bose-type 
state with p=q. Inserting this one extra 
term into (1), we get the additional con- 


tribution : 
Si? (q) eet L (q small) (5) 
@ 


Adding this term to (3), we find that (4) 
is satisfied, i. e., the result is gauge in- 
variant. In the limit of small q the Fermi 
contribution to the kernel K(q) is regular; 
the leading term is the Bose contribution 


from (5), namely 


Kg) =—L/q?.  (q small) (6) 


This corresponds precisely to the London 
phenomenological equation, with a number 
n, of “superconducting electrons” equal 
to the total number of electrons. 

The spectrum (2) breaks off when &,(p) 
exceeds 24, where 4 is the energy gap in 
the Fermi-type excitation spectrum. The 
maximum value of p determined from this 
condition defines a wave number /¢ of the 
order of (10-‘cm)~'. For q> yt, the 
contribution (6) ceases, and K(q) reduces 
essentially to the Fermi contribution. The 
length y-' is of the right order of magni- 
tude for the coherence length of Pippard.” 

It is interesting to compare the Bogoliubov 
theory with the quasi-chemical equilibrium, 
or pair correlation, approach to super- 
In the latter, there is an 
energy spectrum &, for single particles, and 
a spectrum 7(p) for correlated pairs with 


conductivity.” 


centre-of-gravity momentum p. Both spectra 
are temperature dependent. The 7(p) is 
related to the spectrum u, of the “ quench- 


ed correlation matrix” by 
u,=exp[(24—7p) }. (7) 


We have found the following analogy use- 
ful: the Fermi-type excitations are analogous 
to single particles, the Bose-type excitations 
to correlated pairs with non-zero centre-of- 
gravity momentum; hole theory is used 
for the single particles. The analogy is 
not perfect: the Fermi type excitations are 
superpositions of holes and electrons, not 
simply electrons ; the Bose-type excitations 
involve operators which create pairs of holes, 
and which scatter holes and electrons, as 
well as operators which create electron 
pairs. Nevertheless, our result can be 
understood physically in terms of this 
analogy. The dependence of (5) on 9, 
is identical to that of the ideal Bose gas 
in the limit of zero temperature,” and arises 
in the same way. However, the coefficient 
involves not the number of correlated pairs 
in the ground state, but the total number 
of electrons. This is related to the energy 
gap in the single-particle spectrum, which 
prevents the single particles from making 
any significant contribution to the sum (4) 
in the limit of small gq. 

It should be noted that excitations with- 
out an energy gap are the essential factor 
in obtaining a gauge-invariant Meissner 
effect. If, as Anderson claims, the 
Coulomb between electrons 
destroys the spectrum (2) and reduces all 
the collective modes to high-lying plasma 
quanta, it would be difficult to see how a 
Meissner effect could result from the theory. 

The specific heat contributed by (2) is 
a factor 10° below the ordinary lattice 


interaction 


ss 


Errata 


specific heat. Thus the Bogoliubov theory 
leads naturally to a two-fluid model of 
superconductivity: the Fermi-type excitations 
give the “normal fluid”, which appears 
in the specific heat but does not super- 
conduct ; the Bose-type excitations provide 
the “superfluid”, which contributes es- 
sentially nothing to the specific heat, but 
is primarily responsible for the spectacular 
electromagnetic properties of superconductors. 
We are grateful to Drs. S. T. Butler and 
M. R. Schafroth and Mr. R. M. May for 
valuable discussions concerning this work. 
One of us (T. M.) would also like to thank 
Prof. H. Messel and the Nuclear Research 
Foundation within the University of Sydney 
for making possible his stay in Sydney. 
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A Comment on Bardeen’s Theory of Superconductivity 


S. Nakajima and T. Kasuya 
Prog. Theor. Phys. 18 (1957), 662 
(October 3, 1958) 


The letter published by us under the above title contains incomplete and ambiguous points. The 


matrix elements of Ho oscillates in sign and no gain in energy results from the trial function proposed in 


that letter. 
magnitude V of the Hamiltonian Hy is constant. 


However, there still remains a possibility of obtaining condensed state if we consider that the 
Actually, however, V is proportional nearly to (|C|*Fa 


—47e2/k,2) where |C|, w) and k, mean respectively the coupling constant of electron phonon interaction, 
Debey cut off angular fequency of phonon and the shielding constant of Coulomb interaction, and k, 


becomes very large in condensed state. 


again. 


Therefore V becomes negative and the condensed state destroyed 


From these considerations our comment concerning to Bardeen’s theory is not correct. 
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